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Abstract 
Faced with environmental legislation imposed by authorities, manufacturers must review 

their short- and mid-long term strategies in order to integrate the environmental 

dimension into the decision making process. In that context, in this paper, we address the 

problem of an unreliable manufacturing system producing one product family type to 

meet a demand. We consider that the manufacturing system’s operations generate 

harmful emissions into the environment. Hence, in addition to inventory, production and 

backlog costs, an environmental penalty is imposed when the emission level reaches a 

specific limit (cap approach). Because technology investments in production clean 

processes is often heavy and to improve its environmental strategy, we consider that 

demand can be partially satisfied by an unreliable subcontractor. The subcontractor which 

is characterized by a high development and innovation on sustainable technology requires 

a high selling cost and a random availability. This work examines this decision making 

problem in order to propose a new joint production and subcontracting control policy 

which takes into account the emission level. The objective is to optimize the total cost, 

which includes the inventory, backlog, production, emission and subcontracting costs, 

over an infinite horizon. An experimental approach combining simulation, experimental 

design and response surface methodology is used to solve the problem. Through 

numerical examples and further sensitivity analysis, the structure of the control policy is 

confirmed and analyzed. Thanks to the practical usefulness of the resolution approach, 

we provide a decision support system to help managers in deciding whether or not to 

subcontract, depending on green subcontractor characteristics (availability and cost). 
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1. Introduction 

The paper aims to develop a coordination strategy between a less green company that 

generates harmful emissions and another company with a high and innovative green 

technology in order to reduce environmental damage which is never considered in the 

past works. Then, inspired by industrial practices, we investigate the possibility of taking 

advantage of developed green subcontracting as an external source (outsourcing) for the 

company in order to reduce costs (storage, production and environmental cost) and 

improve the environmental management strategy. In a dynamic and stochastic context 

(failure, repair activities, availability), a new structure of feedback production control 

policy is proposed in order to take into account the environmental aspect in the 

production as well as the subcontracting decisions.  

The literature presents several approaches that have been developed to provide better 

control and management of unreliable manufacturing systems. Feedback control policies 

are among the topics that have attracted the attention of many researchers. Through 

several research studies, such policies have been proven to be efficient in managing 

random events in a stochastic and dynamic manufacturing environment. In that context, 

the hedging point policy (HPP) was developed for a manufacturing system composed of a 

single machine subject to failures and repairs (Kenné and Gharbi, 2000). This policy 

considers the production rate as a control variable, while the state of the system and the 

inventory level are state variables. This involves maintaining the stock level at a specific 

threshold when the production system is available, in order to avoid backlogs during 

failure periods. The concept of HPP has evolved to include the study of more complex 

problems based essentially on HPP extensions to specific areas, such as preventive 

maintenance (Kouedeu et al., 2014), supply chain (Hajji et al., 2009), setup (Assid et al., 

2014), quality (Rivera-Gomez et al., 2013) and subcontracting (Hajej et al., 2014)).  

Recently, the integration of environmental aspects into manufacturing systems control 

has begun to attract the attention of researchers. In the context of the optimal control 

theory, Ben-Salem et al. (2015b) studied a pollutant manufacturing system composed of a 

single machine subject to random failures and repair activities, and producing a single 

type of product. Under the emission cap approach, the authors developed a control policy 

https://www.researchgate.net/publication/257580958_Joint_optimisation_of_maintenance_and_production_policies_with_subcontracting_and_product_returns?el=1_x_8&enrichId=rgreq-3eb0d438-214c-42f3-9dac-974b9174d1df&enrichSource=Y292ZXJQYWdlOzI4MTEwOTg3NztBUzoyNjQ1NjI2NzkyMTgxNzZAMTQ0MDA4ODA2NjQ5NQ==
https://www.researchgate.net/publication/239396111_Joint_replenishment_and_manufacturing_activities_control_in_two_stages_unreliable_supply_chain_Int_J_Prod_Res?el=1_x_8&enrichId=rgreq-3eb0d438-214c-42f3-9dac-974b9174d1df&enrichSource=Y292ZXJQYWdlOzI4MTEwOTg3NztBUzoyNjQ1NjI2NzkyMTgxNzZAMTQ0MDA4ODA2NjQ5NQ==
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with multiple thresholds, called EHPP, which integrates the emission level into the 

production decision. The results showed that EHPP has an economic advantage and 

reduces the emission balance compared to the classical HPP. The same authors in Ben-

Salem et al. (2015a) developed a relationship between the equipment degradation 

phenomena and the emissions generated by a production facility which is never 

considered in the past works. Moreover, various aspects that can influence the process of 

decision making are considered simultaneously. Results showed that the multi-hedging 

point policy, which takes into account the emission level, has given an economic gain and 

reduced the environmental damage (emission generated). Li (2014) focused on the 

problem of production and maintenance control for a manufacturing system subject to 

quality deterioration under the emission tax approach. In addition to production and 

maintenance rates, the author considers the rate of investment in pollution R&D as a 

decision variable. Drake et al. (2012) investigated the importance of technology choice 

and capacity decision in the context of emission control. Among the important results 

obtained by the authors was the finding that the choice of technology could reduce 

emissions. However, as mentioned by Baas (2007) and Cebon (1993), the integrating of 

green and ecologic aspect in the manufacturing domain can face financial obstacles, lack 

of expertise, difficulty in implementation and various other constraints. Until today, many 

companies have not yet invested enough in sustainable technologies despite 

governments’ encouragement. Then, manufacturing companies that work with less green 

technologies can found an opportunity to use outsourcing with high green and innovative 

technology (Ramudhin et al. (2008), Brown (2008)). As a consequence, in one part, 

environmental damage will be limited by reducing the emission. In the other part, 

subcontracted products can also be beneficial if we consider environmental cost that the 

company would have to pay (Lambert et al., 1996). This partnership could be used in 

various industrial domains such as mining industries (Sivakumer et al. 2014). In the same 

context, Kumar and Subrahmanya (2010) indicate that big companies develop a 

subcontracting relationship with small and medium enterprises (SMEs) in automobile 

industry. The authors said that big companies take advantage from high and innovative 

subcontractor technology in order to enhance the economic performance.  

https://www.researchgate.net/publication/235316004_It_is_good_to_be_green_Environmentally_friendly_credentials_are_influencing_business_outsourcing_decisions?el=1_x_8&enrichId=rgreq-3eb0d438-214c-42f3-9dac-974b9174d1df&enrichSource=Y292ZXJQYWdlOzI4MTEwOTg3NztBUzoyNjQ1NjI2NzkyMTgxNzZAMTQ0MDA4ODA2NjQ5NQ==
https://www.researchgate.net/publication/255553644_Corporate_obstacles_to_pollution_prevention?el=1_x_8&enrichId=rgreq-3eb0d438-214c-42f3-9dac-974b9174d1df&enrichSource=Y292ZXJQYWdlOzI4MTEwOTg3NztBUzoyNjQ1NjI2NzkyMTgxNzZAMTQ0MDA4ODA2NjQ5NQ==
https://www.researchgate.net/publication/228139255_Technology_Choice_and_Capacity_Portfolios_under_Emissions_Regulation?el=1_x_8&enrichId=rgreq-3eb0d438-214c-42f3-9dac-974b9174d1df&enrichSource=Y292ZXJQYWdlOzI4MTEwOTg3NztBUzoyNjQ1NjI2NzkyMTgxNzZAMTQ0MDA4ODA2NjQ5NQ==
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Regarding subcontracting, we should note that several research studies have shown that 

outsourcing can help the company achieve its objectives, such as reducing inventory and 

backlog costs (Abernathy et al., 2000). In the literature, the problem of in-house 

production and outsourcing has been the subject of several research papers. Among them, 

Dahane et al. (2011) addressed the joint production maintenance control problem in a 

subcontracting environment. In addition to the production system composed of a machine 

M1, the authors consider an unreliable subcontracting machine M2 characterized by a 

constant failure rate. Machine M2 is used because of the capacity lack of the machine M1 

in order to meet a constant demand. Analytical and simulation models are developed to 

study the performance of the production system when governed with an integrated 

maintenance-subcontracting strategy. Bradly (2004) considered the production/inventory 

problem for a manufacturing system that can take advantage of two subcontractors to 

meet a stationary demand. Based on the approximations of Brownian, the author 

developed a model that approximates the optimal threshold of the basic stock for an 

M/M/1 system. The results obtained showed that for this system, the threshold policy 

(HPP) is optimal when the second subcontractor is used in preventive mode to build up 

the stock (make-to-stock) or to solve the problem of expected orders (make-to-order). 

Bradly considered that the subcontractor is always available. Yang et al. (2005) studied 

an inventory/production system with Markovian capacity and the possibility of 

subcontracting when production cannot meet demand. The authors considered a reliable 

subcontractor, but this assumption may not be very realistic in practice. In the context of 

subcontractor unavailability, Tan (2004) presented and studied a model composed of a 

manufacturer and an unreliable subcontractor with random demand. The author 

considered that the subcontractor provides services to several manufacturers, and as a 

result, may not be available to satisfy demand immediately. The problem was modeled 

analytically based on the stochastic control theory (continuous flow, discrete state) and a 

multiple HPP was proposed. The author showed that the immediate unavailability of the 

subcontractor allows him to benefit from demand pooling and reduce his optimal capacity 

and propose a lower cost. As in Tan (2004), the unreliable subcontractor is considered in 

this paper. However, we will investigate the problem at the producer level, which is 

different from Tan, who focused on the behaviour of the subcontractor in the face of 

https://www.researchgate.net/publication/232888283_Development_of_joint_maintenance_and_production_strategies_in_a_subcontracting_environment?el=1_x_8&enrichId=rgreq-3eb0d438-214c-42f3-9dac-974b9174d1df&enrichSource=Y292ZXJQYWdlOzI4MTEwOTg3NztBUzoyNjQ1NjI2NzkyMTgxNzZAMTQ0MDA4ODA2NjQ5NQ==
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demand fluctuations. In our study, we consider that the uncertainty of the subcontractor 

availability is due to his production facility maintenance. Indeed, maintenance activities 

aim to keep his production system at a high green level and limit the environmental 

damages as in Ben-Salem et al. (2015a). After random production stoppages, 

maintenance activities are conducted and subcontractor can again provide products to 

partners.  

In the light of the enhanced requirements mentioned and the new reality faced, the main 

contribution of this paper is to provide decision makers with manufacturing strategies that 

incorporate both economic and environmental dimensions. Compared to other works in 

this domain, first, the paper focus on the problem under stochastic dynamic context. 

Moreover, various aspects that can influence the process of decision making are 

considered simultaneously (production, inventory, emission, subcontracting) which is 

never considered in the literature. The study considers also the integration of the concept 

of green and innovative outsourcing to limit the environmental damage (emission 

generated) and enhance economic performance which is an important point of difference 

with other works.  

We thus address the problem of an unreliable manufacturing system that generates 

emissions in the context of environmental legislation. The manufacturing company, 

which does not yet migrated to green production technologies, is facing environmental 

constraints and wants to improve its green aspect by reducing emissions and optimize 

costs. As a solution, we assume that the company can develop a partnership with 

subcontracting innovative green companies in order to limit its harmful emissions and 

improve economic performance.  

In this work, we combine the environmental aspects in a manufacturing system control 

with the concept of outsourcing. Therefore, a joint production, emission and 

subcontracting feedback control policy is developed. The objective is to measure the 

effectiveness of using green outsourcing to improve the company’s environmental 

strategy and minimize the total cost. In this paper, we propose an experimental resolution 

approach combining simulation, experimental design and response surface methodology.  
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The rest of the paper is organized as follows: The notations used herein, as well as a 

description of the studied system are presented in Section 2. The proposed control policy 

is described in detail in Section 3. In Sections 4 and 5, the resolution approach and the 

simulation model are presented, respectively. A numerical example and the sensitivity 

analysis are developed in Section 6. Section 7 presents a decision support tool for 

choosing whether or not to use a subcontractor based on characteristics (cost and 

availability). Finally, Section 8 concludes the paper and summarizes the results. 

2. Problem statement 

2.1. Notation 
The following notations are used in this paper: 

x(t) Inventory level  

x0 Initial inventory level 

u1(t) Production rate 

u2(t) Subcontracting rate 

e(t) Emission level 

Umax Maximum production rate of the manufacturing system 

d Demand rate  

Ls Standard permitted limit of emission 

Lv Voluntary limit of emission 

θ Emission index 

Ti Length of emission control period 

N Number of periods in the planning horizon 

𝝆 Discount rate 

Ds Subcontractor availability 

Dp Production system availability 

C
+
 Holding cost/Unit/Time unit 

C
-
 Backlog cost/Unit/Time unit 

C
e
 Penalty cost for emissions/Unit 

Cp Production cost/Unit 

Cs Subcontracting cost/Unit 

Z Hedging level 

MTTF Mean Time To Failure of the production system 

MTTR Mean Time To Repair of the production system 

MTSG Mean Time to Stop the production system of the Green subcontractor  

MTMG Mean Time to Maintenance of the production of the Green subcontractor  

 

2.2. Problem description 
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We study a manufacturing system composed of a production facility subject to random 

failures and repair activities, and producing one product family type to meet a constant 

demand rate. Because of the harmful emissions into the environment caused by the 

operations of the manufacturing facility, production may incur sanctions imposed by the 

relevant authorities. To counter its increase in-house total cost (inventory, backlog, 

production and emission costs) and to improve its environmental management strategy, 

the company can meet demand through subcontractor characterized by clean and 

innovative production technology. Figure 1 presents the system under study.  

Green subcontractor

Stock x(t)

ClientManufacturing system

Environment

u1(t) d

u2(t)

Availability

Failure

e(
t)

Emission

Total cost = Inventory/backlog cost + Production cost+
Subcontracting cost + Environmental cost

 

 

As shown in Figure 1, the manufacturing system makes products at a rate u1(t) to build a 

stock x(t). In addition to the inventory, backlog and production costs, emission generated 

at a rate �̇�(𝑡) can generate an environmental cost under the emission cap approach. This 

cost is due to the emission penalty paid by the company when its emission level in a 

control period (e.g., one year) exceeds a standard limit (Ls) fixed by the authorities (Chen 

et al., 2013). Faced with the increase in in-house costs, a green subcontracting, at a rate 

u2(t), is one of the effective solutions that can help meet customer demand, keep its 

customers confidence and reduce the emissions. Because of his production system 

maintenance activities, we assume that the subcontractor will not always provide 

additional capacity to the company.   

Figure 1: system under study 
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Given the significant compromise that must take place between in-house production and 

emissions, the main objective of this paper is to propose a feedback adaptive policy 

which provides a better control of the production and the subcontracting rate, taking into 

account the environmental aspect. 

For any specific time t, the manufacturing system and the subcontracting states can be 

described by a continuous-time discrete-space stochastic process{α (t), t >0}∈ I{0,1} and 

{ 𝛽(𝑡), t >0}∈I{0,1}, respectively, with α(t)=1 when the system is operational, α(t) = 0 if 

the system is under repair, 𝛽(𝑡)= 1 when the subcontractor is available, and 𝛽(𝑡)= 0 if 

the subcontractor is unavailable. Note that in Tan (2004), the subcontractor can be 

unavailable only at the beginning of the subcontracting process. However, in our study, 

we assume that the subcontractor unavailability is due to his manufacturing system 

random stoppage and maintenance activities. Let Ds be equaled to  
𝑀𝑇𝑆𝐺

𝑀𝑇𝑆𝐺+𝑀𝑇𝑀𝐺
, it is the 

fraction of time in which the subcontractor is available. In the same context, we define Dp 

as the production system availability which is equal to 
𝑀𝑇𝑇𝐹

𝑀𝑇𝑇𝐹+𝑀𝑇𝑇𝑅
. Hence, the state of the 

production system and subcontractor can be described by the state variables 

(𝑥(𝑡), 𝛼(𝑡), 𝛽(𝑡)), with x(t)∈ R, 𝛼(𝑡)and 𝛽(𝑡) ∈ I= {0,1}. 

The differential equation (1) presents the inventory dynamic: 

                                     
𝑑𝑥(𝑡)

𝑑𝑡
= 𝑢1(𝑡) + 𝑢2(𝑡) −  𝑑, x(0)=x0                            (1) 

The production rate, at any time t, must satisfy the capacity constraint of the production 

system given by equation (2): 

                                                 0 ≤ 𝑢1(𝑡) ≤ 𝑈𝑚𝑎𝑥                                                 (2) 

Given the random unavailability of the production system, its capacity must satisfy, at the 

very least, the demand rate presented as follows: 

                                                       d ≤ 𝑈𝑚𝑎𝑥 × 𝐷𝑝                                                    (3) 
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Inequality (3) shows that all the demand can be satiated from in-house production. 

However, in this work, subcontracting is used to reduce emissions and the environmental 

penalty. 

When processing at a rate u1(t), the system generates a quantity of harmful pollutants θ, 

called the emission index, for each part produced. The dynamic behaviour of the quantity 

of emissions is given by equation (4): 

                                                     
𝑑𝑒(𝑡)

𝑑𝑡
= 𝑢1(𝑡) × 𝜃                                             (4) 

To take account of the stochastic aspect of emissions, we adopt θ as a random variable 

that follows a uniform distribution [a, b] as in Chen and Monahan (2010). 

2.3. Cost function 

The instantaneous inventory, backlog, production and subcontracting cost function g1(.) 

is given by the following equation:  

                          
   (t) +(t) (t) (t),, 2s1p211 uCuCxCxCuutxg  

                      
(5) 

where x
+
= max (0, x), x

-
= max (-x, 0). 

The emission cost at the end of reference periods i is given by the following equation: 

                                       
   NiLsteCtg i

e

i ,..,0,,0max)(2                                     (6) 

Hence, the total cost J(.) can be defined by the equation (7) using g1(.) and g2(.): 

                     

   








 
1

2

0

211 )((t) (t),,),,,(
i

i

tt tgedtuutxgeexJ i

                            

(7) 

The production and subcontracting planning problem considered here is to find an 

admissible decision or control policy that minimizes J(.), given by (7), subject to 

equations (1) to (4). Hence, the objective is to determine the production and the 

subcontracting rates as a function of the inventory level, the emission level, the 

production system and the subcontractor states, in order to minimize the total cost.  
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3. Control policy 

An extended version of HPP taking into account the subcontracting possibility and 

environmental aspects is developed in this section. As presented in the introduction, for 

continuous flow manufacturing systems, HPP is optimal for the same class of system 

(Kenné and Gharbi, 2000), but without considering emission or subcontracting. From an 

operational standpoint, to control the manufacturing system under study, the manager 

must choose between reducing production and accepting backlog costs or increasing 

production and accepting inventory and emission costs. In an unreliable manufacturing 

environment, the manager, in order to remain competitive in the market, cannot accept to 

permanently limit production at the standard limit Ls or ignore the possibility of an 

occasional emissions overflow. Hence, subcontracting can be an effective way for the 

company to avoid backlogs and reduce the negative effects in the environment at the 

same time. Indeed, items produced at the subcontractor manufactory generate less 

harmful emissions but with a higher production cost.     

In the light of this discussion, we start from the HPP and develop a modified one which 

introduces the emission level in the production planning decision and takes advantage of 

subcontracting to reduce emission and costs. In this context, the decision maker should 

consider a specific emission level beyond which in-house production is reduced and 

subcontracting is started.  We propose a new control policy which consists in setting a 

voluntary emission limit Lv that controls the production and the subcontracting rates 

based on the emission level. When called, the subcontractor provides products at a rate u2 

during his up time and until the end of the control period. 

Equations (8) and (9) present the proposed control policy for a given emission control 

period i: 
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The proposed policy consists in monitoring the emission level e(t) over an emission 

control period i. When the emission level is below the level Lv, the policy involves in-

house production according to the classical HPP without subcontracting (see equation 8). 

When the emission level reaches Lv, the system can use subcontracted products to meet a 

proportion of the demand and reduce emissions (see equation 9) with respect to the 

hedging point policy. Both in-house production and subcontracting rates depend on the 

inventory level (x(t)) and the availability of both manufacturing systems (α(t), β(t)).   
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           (9) 

This policy is a voluntary commitment which consists in setting a specific limit that 

controls the production and subcontracting rates, based on the inventory and emission 

levels.  
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4. Resolution approach 

An approach combining simulation and statistical optimization methods is used, as in 

Ben-Salem et al. (2015a) and Assid et al. (2014), in order to solve the problem. This 

approach is described in the following main steps as presented in Figure 2. The definition 

of the control policy is the first step; the structure was established in Section 3 and 

presented by equations (8) and (9). This policy is used to control inventory-production 

and emission levels based on different control parameters (factors) Z, u2 and Lv. In the 

next step, a continuous-discrete simulation model is built to describe the system 

dynamics using the control policy as an input and the total cost as an output (see section 

5). Then, an experimental design approach defines the experimental domain to conduct 

several experiments and thus evaluate the system performance. The effects of the factors 

and their interactions (ANOVA) on the response variable (total cost) through a minimal 

set of simulation experiments. Later, the response surface methodology is used to 

establish the relationship between the significant main factors, their interactions and the 

output variable (total cost). Thus, the optimal values of the control factors (Z, u2, Lv) 

which minimize the total cost incurred are determined. At the end, sensitivity analyses 

are performed to evaluate the proposed control policy and the robustness of the resolution 

approach.  

 

Figure 2 : Proposed resolution approach 
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5. Simulation model 

In this paper, we use the “ARENA” simulator with C
++

 routines to develop a combined 

discrete-continuous simulation model. This type of model has shown the advantage of 

using this combination in terms of simulation time and reproducibility of the system 

dynamics (Assid et al. 2014). Figure 3 presents the diagram of the simulation model. 

The model is initialized by defining the parameters required for the simulation (d, MTTR, 

simulation run time, etc.) (block 1). The manufacturing system (block 2) then allows the 

production of parts according to the production policy (block 3) presented by equations 

(8) to meet the demand rate (block 4). The machine is subject to random failures and 

repair activities (block 5). The state equations (block 6) describe the variation of 

inventory level x(t) and the emission level e (t). The simulation time advances (block 7) 

and the model updates the inventory and the emission levels (block 8). The emission 

level is controlled (block 9) in order to check the condition e(t) ≥ Lv. When e(t) reaches 

the level of Lv, the production policy changes according to equation (9) (block 10); in-

house production is then reduced and subcontracting begun (block 11). Note that the 

subcontractor system is also subject to random stoppage and maintenance activities 

(block 12). Finally, we calculate the cost according to the following variables: inventory 

and backlog (x
+
 and x

-
), emission, production and subcontracting levels (block 13).   
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START

END

1.INITIALISATION

2.MANUFACTURING 
SYSTEM

u1(t)

4. DEMAND
d

5. FAILURE AND REPAIR
MTTF, MTTR 

6.STATE EQUATIONS

7. ADVANCE TIME

8. UPDATE 
INVENTORY AND 
EMISSION LEVEL

13. UPDATE COSTS

T=TEND

3. CONTROL 
POLICY
EQ. (8) 

11.SUBCONTRACTOR
u2(t)

12. STOP AND 
MAINTENANCE

MTTSG, MTTMG 

9. e(t) < Lv
YES

NO

10. CONTROL 
POLICY
EQ. (9) 

 
 

Figure 3: Diagram of the simulation model  

In order to validate the simulation model, the variation of x(t), e(t), u1(t) and u2(t) over 

time is generated by the simulator. Figure 4 presents the results obtained when the system 

parameters are set to Umax= 3, d= 2, u2 =1, Z=10, Lv=150, Ls=100 and Ti= 100 units of 

time (UT), respectively: 
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Figure 4:      Variation of x(t), e(t), u1(t) and u2(t) over time 

From Figure 4, when: 

 0 ≤ t < 56 UT, the manufacturing system produces according to the classical HPP, 

with Z = 10; the production rate u1(t) = Umax= 3 if x(t) ≤ Z ( see 1  in Figure 4) and  

u1(t) =d= 2  if x(t)=Z ( see 2  in Figure 4). The emission level increases as a 

function of the production rhythm. When a random failure (such as F1 or F2) occurs, 

the production is stopped, and therefore, the cumulative emission level remains at the 

same value. Production is restarted after a random repair activity. The simulation time 

advances and the emission level reaches the standard limit Ls at t=36 UT (see 3  in 

Figure 4). From this point, an emission cost is added to the other costs (inventory, 

backlog and production).  
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 56 ≤ t <78 UT, the emission level e(t) reaches the voluntary limit Lv at t= 56 UT (see 

4  in Figure 4), and hence, the production rate is reduced and subcontracting is 

started (see 5  in Figure 4 ); u1(t)+ u2(t) =2 +1 = Umax if x(t) ≤ Z and  u1(t)+ u2(t)=1 

+ 1= d if x(t)=Z. Therefore, the emission rate decreases, which explains the change 

of the slope in the emission level graph. At t= 65 UT, a new failure (F3) occurs. 

 78≤ t <90 UT, at t= 78, shutdown of the subcontractor production system (S1) occurs, 

as presented in the subcontracting rate graph (u2(t)=0)), and the demand is satisfied 

from in-house production (u1(t)= 2=d) alone. Then, at t= 82 UT, the subcontracting is 

restarted (u1(t)+ u2(t) =1 +1 = d ) after the subcontractor maintenance activity is 

completed.  

 After 90 ≤ t <100 UT, the simulation time advances and another failure (F4) occurs at 

t= 90 UT, before the end of the control period i at t= 100 UT. From this moment, the 

cumulative emission level is reset to zero and subcontracting is stopped for the 

beginning of the next control period.  

Based on several verifications and validation simulation runs, we can affirm that our 

simulation model adequately describes the dynamic of the system under study.  

6. Numerical example 

In this section, we use the resolution approach adopted in order to find the optimal total 

cost and optimal values of the parameters (Z, u2, Lv) defining the control policy. 

Therefore, an illustrative numerical example is defined, followed by a sensitivity 

analysis.  

Table 1 summarizes the different parameters of the operations and costs characterizing 

the system for a basic case.  

Table 1: Parameter values for the basic case 

Parameter d Umax MTTF MTTR L C+ C-  

Value 100  125  Exp (8UT) Exp (0.5UT) 550000  1 20  

Parameter Ce Cs Cp a b MTSG MTMG Ti 

Value 3 6 3 0.5 2 Exp (1UT) Exp (20UT) 5760 UT 
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We adopt a full factorial design 3
3
 with five replications for each combination of the 

factors (Z, u2, Lv), which means we have 135 simulation experiments. The levels of each 

factor are presented in Table 2. The duration of each simulation is set to 500,000 UT to 

ensure that the steady-state is reached.  

Table 2: Factor levels 

Factor Low Medium High 

Lv 530,000 565,000
 

600,000 

Z 50 90 130 

u2 0 62.5 125 

6.1. RSM model and optimization  

The statistical processing of the data is carried out using the “STATGRAPHICS” 

software, which is used to perform the ANOVA. Thus, we obtain the effects of 

independent variables (policy parameters), their interactions, and their quadratic effects 

on the dependent variable (total cost). 

For the selected system parameters (Table 1), the correlation coefficients R
2

adjusted found 

is equal to 95.35%, which is sufficiently high to judge the good quality of the model. In 

the same vein, an analysis of the residual normality and of the homogeneity of variance 

was also carried out to check the conformity of the model. 

The second order RSM model for the proposed control policy is given by: 

Cost̂ =  641.758 +  1.27201 10−4 × L𝑣 –  2.71879 × Z +  0.866834 × u2 −

 3.00375 10−6 × L𝑣  × u2 +  1.18145 10−2 × Z2 –  1.3659 10−3 × Z × u2  +

 9.81962 10−3 × u2
2                                                                                                      (10) 

Figure 5.a and 5.b present the Pareto diagram and the estimated response surface of the 

model, respectively.   
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                   (a). Pareto Diagram                              (b). Estimated response surface 

Figure 5: Optimization results 

The optimal policy to apply for this manufacturing system case study is defined by 

optimal parameters summarized in Table 3. For the sake of comparison, we also present, 

in the same table, the results of the optimization when the classic HPP is adopted for the 

manufacturing system. Note that the classical HPP does not take into account the 

emission level in the production decision, nor does it allow the system to resort to 

subcontracting (𝑢2(𝑡) = 0, ∀ 𝑒(𝑡)). Therefore, we use a polynomial regression model in 

order to optimize its unique HPP parameter (Z), as in Kenné and Gharbi (2000). The 

model obtained is presented by the following equation:  

                            Cost̂  =  725.973 − 2.8853 × Z +  0.0122047 × Z2                       (11) 

Table 3: Optimization results 

Control 

Policy 
Factor Optimum Cost* R

2
adjusted Confidence interval (95%) 

Proposed 

policy 

Z* 118 

530.898 95.35% [529.64; 532.07] u2* 51.893 

Lv* 574,235 

Classical 

HPP 
Z* 118 555.44 97.29% [554.05; 558.82] 

 

To cross-check the validity of our models, we confirm that the optimal cost for each 

control policy falls within the confidence interval at a 95% confidence level (see Table 

3). This confidence interval is obtained using n= 25 replications of the simulation models. 
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From Table 3, for the selected system parameters (Table 1), we note that the proposed 

control policy presents an economic advantage, compared to the classical HPP, with a 

4.42% reduction in total costs. On the other hand, the results show that the proposed 

policy reduces the average quantity of emissions to 640.407x10
3 

emission unit/control 

period, compared to 713.360 x 10
3 

emission unit/control period for the classical HPP, a 

reduction of 10.23% in terms of emissions generated from the in-house production. These 

improvements are mainly due to the ability of the proposed policy to better control the 

production rate and the efficient use of subcontractor with clean technology, such as to 

obtain a good compromise between economic (cost) and environmental aspects 

(emission). 

6.2. Sensitivity analysis 

In this section, a sensitivity analysis is conducted to illustrate the effect of the variation of 

the cost parameters on the proposed control policy. This analysis provides further 

evidence of the usefulness and robustness of our resolution approach. Table 4 shows the 

results of the sensitivity analysis. From this table, we note that the economic gain of the 

proposed control policy compared to the classical HPP can reach 5.55%. 

Table 4: Results of sensitivity analysis 

Case 
Cost parameters  Control policy parameters Gain/HPP 

(%) 
Remark 

C
+
 C

-
 C

e
 Cp Cs  Z* u2* Lv* Cost* 

1 1 20 3 3 6  118 51.893 574,235 530.898 4.42 Basic case 

2 0.8 20 3 3 6  126 52.57 574,754 509.545 4.63 Z*↑, u2*↑, Lv*↑ 

3 1.2 20 3 3 6  110 51.22 573,658 550.708 4.24 Z*↓, u2*↓, Lv*↓ 

4 1 15 3 3 6  105 51.61 571,537 517.567 3.7 Z*↓, u2*↓, Lv*↓ 

5 1 25 3 3 6  126 52.234 577,211 541.654 5.13 Z*↑, u2*↑, Lv*↑ 

6 1 20 2.5 3 6  118 48.138 584,589 522.611 3.37 Z*↔, u2*↓, Lv*↑ 

7 1 20 3.5 3 6  118 56.12 566,279 538.395 5.55 Z*↔, u2*↑, Lv*↓ 

8 1 20 3 2 6  118 45.008 584,896 440.243 3.34 Z*↔, u2*↓, Lv*↑ 

9 1 20 3 4 6  118 58.796 558,501 619.553 5.48 Z*↔, u2*↑, Lv*↓ 

10 1 20 3 3 5.5  118 55.488 566,545 525.228 5.44 Z*↔, u2*↑, Lv*↓ 

11 1 20 3 3 6.5  118 48.329 580,561 536.016 3.5 Z*↔, u2*↓, Lv*↑ 

 



20 

 

- Variation of C
+
 and C

-
: From Table 4, the variation of C

+
 and C

-
 has an opposite 

effect on the control policy parameters. Let us start with the critical threshold, 

when C
+
 increases (case 3) (respectively C

-
 decreases (case 4)), the critical 

threshold Z decreases to avoid additional inventory cost. The opposite occurs 

when C
+
 decreases (case 2) (respectively C

-
 increases (case 5)).  

On the other hand, the results show that the variation of the parameters Lv and u2 

is related to the variation of the critical threshold Z. Indeed, we notice that when Z 

increases (case 2 and case 5), the system draws on its high stock to meet demand 

before starting subcontracting by increasing Lv. 

Regarding u2, if the system increases the critical threshold due to the variation of 

the inventory or backlog cost (C
+ 

decreases (case 2) or C
-
increases (case 5)), the 

subcontracting rate increases. In fact, it is more advantageous to increase the stock 

from subcontracted products than from in-house production in order to avoid 

additional emission costs. When Z* decreases (cases 3 and 4), the opposite effects 

occur on Lv and u2. 

- Variation of C
e
: The results show that the variation of C

e
 has no effect on Z. This 

makes sense since the critical threshold Z is mostly sensitive to C
+
 and C

-
. 

However, the variation of C
e
 mainly affects the voluntary limit Lv and the 

subcontracting rate u2. Indeed, when C
e
 increases (case 7), the emission cost 

increases, resulting in a decrease of Lv, causing subcontracting to start earlier. In 

the same vein, the subcontracting rate u2 increases to avoid additional emission 

costs. When C
e
 decreases (case 6), the opposite occurs.  

- Variation of Cp and Cs: When varying Cs or Cp, no effect is observed on Z. 

However, the variation of Cp or Cs has an effect on the decision relative to the 

subcontracting process. In fact, faced with an increase in Cp (case 9) (respectively 

decrease in
 
Cs(case 10)), the system recommends more subcontracted products by 

reducing Lv and increasing u2 to avoid additional in-house production costs. The 

opposite occurs when Cp decreases (case 8) (respectively Cs increases (case 11)). 

To conclude this sensitivity analysis, the results show that, for higher values of Cs (Cs 

≥ 6.8), when considering only the economic aspect, the system chooses to produce 

only in-house (u2(t) =0) to avoid subcontracted products. However, regarding the 
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environmental issue, the subcontracting solution can be beneficial to reduce harmful 

emissions. 

6.3. Effect of subcontracting and production system availability 

As mentioned in the problem description, we defined the production system availability 

Dp as the fraction of time during which the production system is available. In addition, to 

better approximate industrial reality, we assume, in this paper, that the subcontractor is 

unreliable. In this section, the effects of the subcontracting and the manufacturing system 

availability on the control policy parameters are analyzed. Table 5 summarizes the results 

obtained.  

Table 5: Results of the variation of Dp and Ds 

Case 

Availability 
Control policy parameters 

Remark 
Ds Dp Z* u2* Lv* Cost* 

1 95.23% 94.11% 118 51.893 574,235 530.898 Basic case 

2 95.23% 96.15% 69 40.272 594,559 480.297 Z*↓, u2*↓, Lv*↑ 

3 97.22% 94.11% 113 61.372 568,270 520.914 Z*↓, u2*↑, Lv*↓ 

 

It is important to note that the results found are logical and confirm our expectations. 

Indeed, we note that greater priority is given to in-house production when the production 

system availability increases (case 2), which explains the increase of Lv and the decrease 

of the subcontracting rate u2. On the other hand, the results show that when the 

subcontractor availability increases (case 3), in-house production is reduced to allow 

more subcontracting by reducing Lv and increasing u2. In other words, the system sees 

greater benefit in using a subcontractor, which has greater availability. Moreover, for 

both the production system and the subcontractor, we note that increasing the availability 

leads to a decrease in the critical threshold Z because the backlog risk is reduced.  

Another observation is that for a low subcontractor availability (Ds ≤ 90%), the system 

produces only in-house (u2(t)=0) because subcontracting does not provide any economic 

benefit. In fact, in this case, the optimal cost is equal to that obtained when the classical 

HPP is applied: Cost∗ = CostHPP
∗ = 555.44 (see Table 3). 
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To finish with this subsection, we conclude that the green subcontractor availability is a 

very significant indicator to be taken into account because it has a direct effect on the 

economic as well as the environmental issue of the company.  

7. Decision support: Choosing whether or not to subcontract  

From the previous sections, we see that subcontracting can be used to improve the 

company’s environmental strategy and minimize its total costs. The key idea is to reduce 

in-house production (u1(t)) and take orders from a green subcontractor ( u2(t)) when 

emission costs increase. However, the results show that the effectiveness of this solution 

(subcontracting) depends on the characteristics of the subcontractor (cost Cs and 

availability Ds). Indeed, from Section 6.2, we conclude that compared to the classical 

HPP, subcontracting does not present any economic advantage when Cs ≥ 6.8. In the 

same vein, availability is an important issue to take into account when deciding whether 

or not to subcontract, as explained in Section 6.3. In fact, for low subcontractor 

availability (Ds ≤ 90%), the manager meets demand solely through in-house products. For 

both cases (high Cs and/or low Ds), the proposed control policy is equivalent to the 

classical HPP with u2(t) = 0 and Z=ZHPP= 118, leading to the same optimal cost value, 

555.44.  

Hence, in this section, the experimental resolution approach used in this paper provides 

the advantage of allowing further analysis in order to address the aspects related to the 

subcontracting process. This study aims to propose a tool to support decisions allowing 

the manager to choose the green subcontractor based on its characteristics (Cs and Ds) 

and thereby achieve the economic objectives of the company. In extreme cases, the 

company can accept to produce only in-house when the subcontracting process has no 

economic benefit.  

The approach consists in considering the subcontracting cost Cs as an independent 

variable to be optimized along with other independent variables (Z, u2, Lv). Then, the 

total cost (dependent variable) is maintained at the value CostHPP
∗ = 555.44 for different 

subcontractor availability cases. This allows obtaining the indifference curve presented in 

Figure 6. 
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Figure 6: Indifference curve 

Form Figure 6, we can distinguish two main zones: a first zone (see  in the Figure 6) 

where the system recommends subcontracting, in addition to in-house production, to 

reduce emissions generated as well as the total cost; in the second zone (see  in the 

Figure 6) in-house production is more profitable. The curve between the two zones 

indicates that subcontracting has no effect on the total cost. 

A general observation that can be made is that when the green subcontractor provides 

high availability, the company agrees to pay a more expensive subcontracting cost. For 

example, for a subcontractor availability of only Ds= 92%, the manager could pay up to 

Cs= 6.15, otherwise he has no economic advantage in dealing with this subcontractor. 

However, the manager can accept to pay more, up to Cs = 7.1, for a subcontractor that 

guarantees higher availability (Ds = 97%). We note that the previous results remained 

valid when the system parameters (MTTR, MTTF, C
+
, C

-
…) vary. Indeed, the curve 

shape is preserved with different system parameters. 

8. Conclusion 

This paper addresses the integration environmental considerations into the manufacturing 

system control. Under the optimal control approach, we studied an unreliable 

manufacturing system that spews harmful emissions into the environment and may incur 

sanctions in the form of an environmental cost imposed by the relevant authorities. In 

addition, we assume that, due to various constraints, the company has not yet invested in 

green technologies. Thus, to improve its environmental strategy and reduce costs, items 
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can be purchased, at a higher cost, from a subcontractor characterized by a high 

development on clean technology and a random availability.   

The main contribution of this paper is that these aspects (production, subcontracting and 

emission) are considered simultaneously in a dynamic and stochastic context (failure, 

repair activities, availability) which, to the best of our knowledge, have never been 

considered as such in the literature. A control policy inspired from the HPP that 

integrates emission control in production and subcontracting decisions is developed. We 

used an experimental approach that combines simulation, experimental design and 

respond surface methodology in order to solve the problem and minimise the total cost, 

including inventory, backlog, production, emission and subcontracting costs. Through 

numerical examples, results show that the proposed control policy has an economic 

advantage as compared to the classical HPP, where subcontracting is not permitted. This 

economic gain reached 5.55%, and can increases if Cs decreases and/or Ds increases. 

Furthermore, the proposed policy, which considers the subcontracting possibility, allows 

the company to considerably reduce its emissions. However, the economic advantages of 

such policy are strongly related to the subcontractor characteristics (availability, cost). 

For this reason, companies must take into account the green aspect in their future 

strategies and incorporate clean technology by taking advantage of government subsidies 

to be more ecologic and also more autonomous. 

At the end of the paper, we presented a decision support system to help the manager 

choose whether or not to subcontract based on the subcontractor characteristics 

(availability/cost) thanks to the usefulness and advantage of our resolution approach.  

Given that in the industrial domain, some companies have to use an environmental 

strategy based on trading emission permits, the consideration of this environmental policy 

in manufacturing system management can be an interesting subject for future research.  
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