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In-flight ice accretion code predictions depend on heat loss over rough sur-
faces. The equivalent sand grain roughness models the friction coefficient, but
an additional model is needed for heat transfer predictions. In this paper, a
two parameters model based on a turbulent Prandtl number correction is de-
rived from the sublayer Stanton-based model. For flow over rough surfaces,
the new model predictions will be compared to a three parameters model from
the literature. First, the models are coupled with the Spalart-Allmaras turbu-
lence model to predict heat transfers over rough surfaces. Thereafter, the two
models are implemented in the open source software, SU2, and then verified
and validated for flow over rough flat plates. Lastly, the predictions of the two
models are shown to be similar for ice accretion roughness on flat plates, air-
foils and a wing. Model discrepancies are always within the experimental 15%
error margin.
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1. Introduction

Aircraft ice accretion models, such as those used in Lewice (Wright 2008), IGLOO2D
(Trontin et al. 2017), or FENSAP-ICE (Beaugendre et al. 2006), are commonly used to
increase the safety of aircraft flying in icing conditions. The overall ice shapes depend
strongly on the local convective coefficient, which in turn is a function of the surface
roughness (Liu and Hu 2018). Early experimental works by Shin (1996) showed that the
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size and the distribution of the ice roughness depend on the icing parameters used. An-
derson and Shin (1997) and Anderson et al. (2003) established a correlation between the
ice roughness element diameters and two dimensionless parameters, the accumulation
parameter and the freezing fraction. Nevertheless, a common practice in ice accretion
code validation is to rely on a single parameter, namely, the equivalent sand grain rough-
ness height (Han and Palacios 2017). However, Hanson and Kinsel (2019) and Aupoix
(2015) recently proposed models that use other parameters. The equivalent sand grain
roughness increases the friction and the heat transfer coefficients by altering the bound-
ary conditions at the wall. This in turn changes the resulting ice shape, as shown by
Beaugendre et al. (2003). The equivalent sand grain roughness height is obtained from
empirical correlations, which are sometimes a function of the freezing fraction at the
stagnation point (Walker et al. 2014). For Lewice (Wright 2008), these correlations are
developed by selecting the equivalent sand grain roughness height that provides the best
agreement with a set of selected ice shapes. Ice shapes depend on many models, such
as the ice accretion model, the ice growth model and the number of ice layers in the
simulation. Current icing codes need improvement in many models to predict the ice
shape more accurately. Investigating the heat transfer prediction is one of the essential
steps required to enhance agreement with experiment, as concluded by Hanson and Kin-
sel (2019). RANS simulations could help investigate flow over significant wall roughness,
but near wall models need to be improved (Corson et al. 2009).

Owen and Thomson (1963) were among the firsts to propose a model for the heat
transfer over rough surfaces. They introduced the sublayer Stanton number concept to
model the effect of horseshoe eddies at the bottom of roughness elements on the heat
transfer. Using experimental results, they suggested that the sublayer Stanton number
should be a function of the roughness Reynolds number and the Prandtl number. Inde-
pendently, using their own experimental setup, Dipprey and Sabersky (1963) suggested
a similar expression for the sublayer Stanton number, but with different constant values.
Ligrani et al. (1979) implemented this heat transfer model into a boundary layer code
to predict heat transfer over rough surfaces. The inverse of the sublayer Stanton number
was used to shift the temperature at the wall. Later, Kays and Crawford (1993) also
used the sublayer Stanton number with an integral method to derive a relation to shift
the temperature at the wall and compute the heat transfer above a rough surface. These
models use the shear velocity over a rough surface to compute the roughness Reynolds
number.

The equivalent sand grain roughness height, hs, computed from a correlation for known
roughness geometries (Dirling 1973, Pailhas et al. 2008), enables the evaluation of the skin
friction coefficient. For RANS turbulence models, the equivalent sand grain roughness
is used to impose a non-zero turbulent viscosity at the wall (Aupoix and Spalart 2003,
Knopp et al. 2009). The extension of the Spalart-Allmaras turbulence model developed
by Boeing to take into account the roughness, called SA Rough in this paper, correctly
predicts the wall friction coefficient (Aupoix and Spalart 2003). This model assumes that
the flow is averaged over numerous roughness elements, such that there is no need to
discretize and solve the flow equations around each of the roughness elements. Instead,
the roughness effect on the flow is modeled by an equivalent sand grain roughness height.
The value of hs is selected such that the shear stress at the wall is equivalent to the one
above the real roughness elements. The non-zero turbulent viscosity at the wall increases
the eddy diffusivity for the momentum equations, thus resulting in an increase in the
friction coefficient. Due to the turbulent Prandtl number assumption, the eddy diffusivity
for energy is also higher near the wall, and the heat flux values therefore increase as
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compared to the smooth wall values.
The SA Rough model is sufficient to predict the shear stress at the wall, but additional

corrections are needed to model the heat transfer. Suga et al. (2006) suggested increasing
the turbulent Prandtl number in the roughness region to account for the thermal barrier
created by the fluid trapped at the bottom of the roughness elements. The additional
constant expression for their model was obtained through numerical experiments referring
to thermal log-law profiles. Instead of increasing the turbulent Prandtl number near the
rough wall, Hink et al. (2014) directly increased the turbulent thermal conductivity
by a damping function. An additional polynomial damping function was needed in their
model, and the coefficients were devised by fitting the heat transfer prediction to available
experiments. Aupoix (2015) suggested a correction for the turbulent Prandtl number near
the rough wall, together with two additional parameters and three additional expressions,
to compute the turbulent Prandtl number correction. He used numerical results from a
discrete element approach to calibrate his model. Chedevergne (2018) extended the use
of the Aupoix thermal model to an analytical wall function to avoid the need for fine
meshes at the wall.

Most ice accretion codes used heat transfer models based on the sublayer Stanton
number and an equivalent sand grain roughness height with an integral method (Wright
2008). Kays and Crawford (1993) integral method corrects the turbulent heat transfer
prediction through a shift of the effective wall surface temperature. The model needs one
parameter, hs, although its constants can be adjusted to match the roughness shapes, as
proposed by Owen and Thomson (1963). RANS based ice accretion codes, could benefit
from a model based on the sublayer Stanton number of Dipprey and Sabersky (1963). It
could ease the transition between RANS and integral method based ice accretion codes.
The main objective of this paper is to derive and implement a two parameters model,
called the two parameters Prandtl correction (2PP correction) based on the thermal
correction model of Dipprey and Sabersky (1963) that can compute roughness thermal
effects above fully rough surface and transitional roughness. A secondary objective is to
compare the results of the 2PP correction against the results predicted by the relatively
new Aupoix (2015) correction.

First, the three parameters model proposed by Aupoix (2015), named Aupoix Prandtl
correction in this paper, and the 2PP correction used to compute the turbulent Prandtl
number above a rough wall are presented. Then, the two turbulent Prandtl number
correction models are implemented, verified, and validated against the literature. Finally,
the differences between the heat transfer predicted with the Aupoix Prandtl correction
and the 2PP correction over a rough wing and iced airfoils in atmospheric conditions
typical of aircraft icing are quantified.

In this paper, the two different thermal models are implemented in SU2 5.2, a compu-
tational analysis and design package (Economon et al. 2016). The SA Rough turbulence
model is first added to the turbulence models available in SU2. Then, the two thermal
models are implemented in SU2 to improve the heat transfer prediction. These models
assume an increase in the turbulent Prandtl number near the wall in a bid to reduce the
heat transfer. In addition to the equivalent sand grain roughness height, these models
require the specification of one or two parameters to characterize the roughness shape.
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2. Thermal roughness models

In this section, the two turbulent Prandtl correction models are presented and validated.
The general equations for the computation of the turbulent heat transfer above a rough
wall are defined first. Then, the Aupoix Prandtl correction is exposed, in the context of
the RANS variables readily available in SU2. Next, the 2PP correction model is derived
and calibrated against the models of Ligrani et al. (1979).

The thermal roughness models are added to the CFD code in a two-step process. The
process begins with the extension of the turbulence model to include the roughness ef-
fects on the momentum equations. For the Spalart-Allmaras model, the work of Aupoix
and Spalart (2003) suggests several test cases for verification and validation. The experi-
mental results of Hosni et al. (1993) are often exploited for model development. The SU2
implementation of the SA Rough model has been partially validated in Tagawa et al.
(2018). In the present paper, additional comparisons are made with the test cases utilized
by Knopp et al. (2009). Although the latter paper focuses on the k−ω model extension,
it also presents numerical results obtained with an implementation of the SA turbulence
model with a constant Prandtl number. The process ends with the implementation of
the thermal correction. For thermal correction validations, the experiments for flows over
rough flat plates by Healzer et al. (1974), Ligrani et al. (1979), and Hosni et al. (1993)
are the most commonly used. Although useful for model calibration, these experiments
are based on spherical roughness elements that are not necessarily representative of ice
accretion roughness. The experimental results of Dukhan et al. (1999) are more relevant
for icing, and have been used by Radenac et al. (2018) for extended rough wall model
validation.

2.1. Heat transfer above a rough wall

For a flow over a rough surface, the Figure 1 presents a close-up view of the roughness. The
roughness height, h, above the wall, is different from the equivalent sand grain roughness
height, hs. Below a certain height, in the melt-down region, the flow is trapped, and
recirculation occurs. For the flow between roughness geometries, the proposed model
increases the turbulent Prandtl number, Prt, and reduces the turbulent heat transfer
from the wall. The increase in the turbulent Prandtl number, ∆ Prt, should be a smooth
function of y, such that it goes from a maximum value at the wall to the free-stream

value, Prt, above the roughness. In the figure, the effective Prandtl number, Prefft , is
drawn as a function of the normal distance from the smooth wall, y.

In a RANS flow solver, a modification of either the effective thermal conductivity, ke, or

the effective turbulent Prandtl number, Prefft , can model the heat flux reduction caused
by the flow trapped at the bottom of the roughness elements. The heat flux at the wall,
qw, depends on the temperature gradient in the normal direction and on ke:

qw = −ke
(
∂T

∂n

)
w

(1)

The Stanton number, a dimensionless number that characterizes the heat transfer from
the wall to the fluid, is defined as



April 6, 2020 11:31 International Journal of Computational Fluid Dynamics IJCFD˙paper5˙clean

International Journal of Computational Fluid Dynamics 5

Figure 1. Turbulent Prandtl number evolution above a rough wall

St =
qw

ρU∞cp(Tt − Tw)
(2)

with U∞ the free stream velocity, cp the specific heat, Tw the wall temperature and Tt
the total temperature.

For turbulent flows, ke is related to the laminar thermal conductivity, kL, and the
turbulent thermal conductivity, kt:

ke = kL + kt (3)

kL =
cpµL
Pr

(4)

kt =
cpµt

Prefft

(5)

where µL is the laminar viscosity, and µt is the turbulent viscosity.

By definition, an increase in Prefft is equivalent to a reduction of kt. Calvo (2009)
suggests limiting the thermal eddy conductivity kt by a damping function, which depends
on the dimensionless wall normal distance, the Prt, and the Res. Equivalently, the Prt
can be corrected near the rough wall by a given value, ∆ Prt which is a function of the
rough wall distance and the roughness element shape:

Prefft = Prt +∆ Prt (6)

For a turbulent flow over a smooth wall, the usual assumptions are that Prt = 0.9
everywhere and µt = 0 at the wall. However, µt > 0 in the case of the SA Rough model,
see appendix A. It is important to note that the ∆ Prt function does not change the SA
Rough model. Thus, the ∆ Prt values are computed in the post-processing step at each
iteration, after the turbulence model equation is solved.
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2.2. Aupoix Prandtl correction

Aupoix (2015) derived a model for the ∆ Prt based on numerical results obtained with the
discrete element approach. This approach is able to reproduce the difference between drag
and heat transfer enhancement by surface roughness. The discrete element approach is
formulated for the boundary layer equations and has been thoroughly validated. Aupoix
(2015) uses it as an alternative to DNS simulations or experiments for the calibration of
the following correction function:

∆ Prt = F (∆u+, Scorr)G
(y
h

)
(7)

where Scorr is the corrected wetted surface ratio, and ∆u+ is the shift of the mean
velocity profile. Nikuradse related the shift ∆u+ to the roughness Reynolds number,
Res, as mentioned in Aupoix (2007). The Res is a function of the shear velocity at the
wall, uτ , and hs

Res =
uτhs
ν

(8)

An alternative relation, derived by Grigson can also be used, according to Radenac et al.
(2018)

∆u+ =
1

κ
ln

(
1 +

Res
e1.3325

)
(9)

where κ = 0.41.
The function G is designed to restrict the ∆ Prt correction to the roughness sublayer,

because experimental measurements in the boundary layer above rough surfaces show
that Prt values are still around 0.9:

G
(y
h

)
= exp

(
−y
h

)
(10)

where y is the normal distance to the closest wall. The function, F , depends on the ratio
of the corrected rough wetted surface to the smooth surface, Scorr. The corrected wetted
surface calculation neglects the troughs below the melt-down surface, as defined in the
discrete element approach (Aupoix 2015). This ratio varies with the shape of the single
roughness element and the ratio of the roughness spacing over the roughness height. The
typical values are between 1, for large roughness spacing, and 1.4, for densely packed
cones:

F (∆u+, Scorr) = A∆u+2 +B∆u+ (11)

A = (0.0155− 0.0035Scorr)(1.0− exp(−12.(Scorr − 1.0))) (12)

B = −0.08 + 0.25 exp(−10.(Scorr − 1.0)) (13)
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The shear velocity uτ is needed to compute Res. This velocity is not readily available at
node points above the wall in SU2. However, the Spalart-Allmaras turbulence model has
been tuned such that the ν̃ value is related to uτ and the corrected rough wall distance
d+ 0.03hs (Aupoix and Spalart 2003):

uτ =
ν̃

κ(d+ 0.03hs)
(14)

According to Calvo (2009), this solution applies in the fully rough area, but leads to
poorer predictions in the transitionally rough area, when 0.03hs does no longer hold.
Nevertheless, this approximation is used in this paper, and gives good predictions. In
the SU2 model implementation, a modification of the original Aupoix model prevents
the F function from taking negative values in the course of the iterative solution, F =
max(0, F ). Negative F values can occur when ∆u+ values are near zero, depending on
the values of A and B.

2.3. Two parameters Prandtl correction (2PP correction)

A two parameters model to compute the ∆ Prt is derived based on the works of Ligrani
et al. (1979) and Dipprey and Sabersky (1963). Experiments at Stanford led to a model
based on an increase in the rough wall temperature by a value δT0 (Ligrani et al. 1979).
This temperature shift is usually normalized by the friction temperature Tτ

Tτ =
−qw
ρcpuτ

(15)

δT+
0 =

δT0ρcpuτ
qw

(16)

This model is coupled with an integral method for heat transfer prediction over rough
surfaces in the advanced heat transfer work of Kays and Crawford (1993). Over a rough
surface, the temperature T+ is obtained by integration:

T+ =
(Tw − T )uτ
qw/(ρcp)

=

∫ y+

0

dy+

1/Pr +kt/(ρcpν)
(17)

≈
∫ y+v

0
Pr dy+ +

∫ y+

y+v

dy+

kt/(ρcpν)
(18)

where y+
v is the effective conduction sublayer thickness, yvuτ/ν. In the logarithmic region

of a rough boundary layer, we have, according to Kays and Crawford (1993):

νt
ν

= κ(y+ + δy+
0 ) (19)

with y+ = yuτ/ν and δy+
0 = 0.031 Res. With Prt defined as kt/ρcpν, the second integral

on the right hand side of the equation (18) becomes:
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∫ y+

y+v

dy+

kt/(ρcpν)
=

∫ y+

y+v

Prt dy+

κ(y+ + δy+
0 )

(20)

After integration, equation (20) is:

∫ y+

y+v

Prt dy+

κ(y+ + δy+
0 )

=
Prt
κ

ln

(
y+ + δy+

0

δy+
0 + y+

v

)
(21)

If y+
v << δy+

0 , the temperature T+ is:

T+ =
Prt
κ

ln

(
y+ + δy+

0

δy+
0

)
+

∫ y+v

0
Pr dy+ (22)

If we make the assumption that only molecular effects, Pr, account for the thermal
transport in the effective conduction sublayer, from 0 to y+

v , then

T+ =
Prt
κ

ln

(
y+ + δy+

0

δy+
0

)
+ δT+

0 (23)

The average conduction sublayer thickness y+
v depends on the roughness geometry,

the flow velocity, and the fluid properties. Dipprey and Sabersky (1963) and Owen and
Thomson (1963) found that experimental data could be represented by

δT+
0 =

Reαs Prβ

C
(24)

Experiments over flat plates covered with roughness provide the values for C, α, and β.
Equation (24) is used with values C = 1.92, α = 0.45, and β = 0.8 in most icing codes,

according to Radenac et al. (2018). Kays and Crawford (1993) suggest instead C = 0.8,
α = 0.2, and β = 0.44. The constant C depends on the roughness geometry. Ligrani et al.
(1979) suggest multiplying equation (24) by a function g to reduce the temperature step
δT+

0 when the roughness Reynolds number is in the transitionally rough regime. As
suggested by Kays and Crawford (1993), the smooth regime occurs if Res < 5, and the
fully rough regime if Res > 70. This leads to the following equation:

δT+
0 = g

Reαs Prβ

C
(25)

g = 1 if Res ≥ 70 (26)

g =
ln Res− ln 5

ln 70− ln 5
if 5 < Res < 70 (27)

g = 0 if Res ≤ 5 (28)
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As the function g only corrects the thermal model, the smooth wall behavior for Res ≤ 5
is only recovered as long as the momentum model, the SA Rough model in our case,
captures it.

The equation (25) is shown to be equivalent to the corrected turbulent Prandtl, ∆ Prt.

If we replace the Prt in equation (20) with Prefft = Prt +∆ Prt, the integral is:

T+ =

∫ y+

y+v

Prt dy+

κ(y+ + δy+
0 )

+

∫ y+

y+v

∆ Prt dy+

κ(y+ + δy+
0 )

(29)

By comparison with equations (18) and (23), the last term on the right hand side is
equivalent to δT+

0 , if y+
v << δy+

0 . Let us assume that the corrected turbulent Prandtl
takes the form ∆ Prt = F exp(−y/h), similar to equation (7). If h = hs, then:

δT+
0 =

1

κ

∫ y+

0

F exp(−y+/Res)dy
+

y+ + δy+
0

(30)

δT+
0 =

1

κ
F

∫ y+

0

exp(−y+/Res)dy
+

y+ + δy+
0

(31)

To evaluate the value of the constant F , the following assumptions are made: δy+
0 =

0.031 Res. The upper integral bound value was selected by trial and error, such that
a further increase in the value does not change the integration results. If the integral
bounds are from 0 to y+ = 10 Res, the integral in equation (31) reaches an almost
constant numerical value:

δT+
0 =

1

κ
F

∫ 10 Res

0

exp(−y+/Res)dy
+

y+ + 0.031 Res
(32)

δT+
0 ≈

1

κ
F3.02 (33)

Then, the value F is a function of Res and Pr:

F =
κ

3.02

gReαs Prβ

C
= 0.136

gReαs Prβ

C
(34)

Thus, a ∆ Prt function consistent with the semi-empirical correlation used in existing
icing codes can be obtained. Radenac et al. (2018) followed similar steps as above to
cast the Aupoix thermal model in a form compatible with the integral boundary layer
method. In SU2, the correction equation (7) is implemented as ∆Prt = F × G. The
G value is computed with equation (10). The F function is computed either with the
equation (11) for the Aupoix Prandtl correction, or with the equation (34) for the 2PP
correction. As the equation (34) relies on ReS , the shear velocity uτ is computed with
equation 14. Although the constant values of equation (34) can be modified, the default
values C = 1.92, α = 0.45, and β = 0.8 are used for the test cases.
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2.4. Validation

The implementation of the SA Rough model is first verified by comparing friction co-
efficients with those obtained in the literature. Then, the Aupoix Prandtl correction is
validated, along with the 2PP correction against experimental results for flow above
rough flat plates.

2.4.1. Verification of the implementation of the SA Rough model

The equations for the SA Rough model, as implemented in the CFD code, are detailed
in the appendix A, together with the RANS equations. The numerical methods used to
solve the RANS equations are detailed in Economon et al. (2016). The equations are
discretized with a standard edge-based structure on a dual grid with control volumes
constructed using a median-dual vertex-based scheme. Median-dual control volumes are
formed by connecting the centroids, face, and edge midpoints of all cells sharing the
particular node. The convective and viscous fluxes are evaluated at the midpoint of an
edge. The JST scheme, a central scheme with artificial dissipation, is used to compute the
convective flux with a Green-Gauss numerical method for the spatial gradients (Blazek
2015). The system of linearized equations is iteratively solved using an implicit first order
Euler time-stepping scheme and the GMRES algorithm. The numerical results obtained
are compared to numerical results from Aupoix and Spalart (2003) and Knopp et al.
(2009). The friction coefficients are verified against the so-called MSU2 test case and the
NACA 652215 airfoil results of Knopp et al. For all the test cases in this paper, the flow
is assumed to be fully turbulent.

The MSU2 case represents a turbulent boundary layer flow over a rough surface of
length L = 2.4. The farfield velocity is 58m/s and hemispheres of diameter 1.27mm
create the wall roughness. The equivalent sand grain roughness, hs = 1.0946 × 10−3m,
is computed from the Dirling (1973) correlation equations. The computational domain is
similar to the one used for the flat plate turbulent test case available on the NASA turbu-
lence modeling resource webpage (https://turbmodels.larc.nasa.gov/flatplate.
html) (Rumsey 2014), but the flat plate length is 5m instead of 2m. The Reynolds
number is 1.92×107 (based on the flat plate length) and the Mach number is 0.169. The
computational mesh has 98 elements in the normal y-direction and 180 elements along
the x-direction, with 154 elements belonging to the plate. The Jameson-Schmidt-Turkel
(JST) numerical scheme is used for the flow inviscid terms in SU2, as it was used for the
calculation by Knopp et al. The maximum value for y+ is 0.5 at the beginning of the
plate, and this value falls below 0.3 for x values greater than 0.85m.

In Figure 2, the friction coefficient computed respectively by SU2, Knopp et al., and
Aupoix and Spalart for the MSU2 test case are compared. The three results are obtained
with the SA Rough model. Results from the MSU2 experiment are also shown as a
reference. As expected, the SU2 and Knopp et al. results are almost identical, even if
the meshes were different. While the Aupoix and Spalart results predict a slightly higher
friction coefficient value, the model implementation was, however, done in a boundary
layer code with numerical methods different from those used in RANS codes.

The model implementation is also verified for a pressure gradient flow, the flow around
the NACA 652215 airfoil. The roughness covers the entire upper surface and the first 15%
of the lower airfoil surface near the leading edge. The equivalent sand grain roughness
is hs = 3.08 × 10−4mm for an airfoil chord of c = 1m. The Reynold number is Re =
2.6× 106, the Mach number is Ma = 0.182, and the angle of attack is 12◦.

A C-grid computational domain is used around the airfoil, shown on the left of Figure 3,
extending 50 chords away from the airfoil leading edge. The CFD results are obtained on
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Figure 2. Friction coefficient for the MSU2 case with the SA Rough model implemented in SU2
compared to numerical results from Knopp et al. (2009) and Aupoix and Spalart (2003), and
experimental results from Hosni et al. (1993)

three quadrilateral grids: coarse, medium, and fine. The medium mesh has 292 elements
on the airfoil boundary and 884 elements on the farfield boundary. The growth ratio
between the grids is 1.41 in each direction. Hence, the coarse grid and the fine grid have
206 and 413 elements on the airfoil surface, respectively. The element size in the normal
direction is smaller near the airfoil surface, with a spacing between the first node and the
surface of ≈ 2× 10−6m and a growth ratio of 1.1. This gives a y+ ≈ 0.2 on the leading
edge area on the upper side of the airfoil for the medium grid.

The computed 2D flow around the airfoil is illustrated on the right of Figure 3. The
pressure coefficient iso-contours show a strong pressure gradient on the upper side of the
airfoil, with a minimum value of around −7 near the leading edge that goes back to −2
for about 10% of the chord. The streamlines highlight the separation region near the
airfoil trailing edge.

Figure 4 compares the friction coefficients computed by SU2 to that of Knopp et al.
(2009) obtained with the SA Rough model. The SU2 friction coefficients are almost
the same for the three meshes. The largest discrepancies between SU2 results are near
x/c = 0.5 and near x/c = 0.9. SU2 predicts the separation point near x/c = 0.75 on
the upper side of the airfoil, while it occurs at x/c = 0.65 for Knopp et al. Although
not presented here, our numerical tests show that the separation point is sensitive to
the choice of numerical scheme in SU2. As it is the case in the literature, only the
results obtained with the JST scheme are shown. This difference in the separation point
location creates differences in the pressure coefficient distribution on the upper side of
the airfoil. Therefore, the SU2 friction coefficient is shifted slightly from x/c = 0.3 to the
trailing edge. On the lower side of the airfoil, the friction coefficient changes abruptly
at x/c = 0.15 because the surface goes from rough to smooth. The friction coefficients
predicted by SU2 are lower than those obtained in the literature between x/c = 0.1 and
x/c = 0.15, with a maximum value of cf = 0.0026, as compared to cf = 0.0028 for
Knopp et al. It should be noted that Knopp et al. used a hybrid mesh, with prismatic
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Figure 3. NACA 652215 airfoil at 12◦ angle of attack: on the left computational domain out of
scale, on the right pressure coefficient distribution and streamlines.

Figure 4. Friction coefficient around the NACA 652215 airfoil at 12◦ angle of attack.

elements near the airfoil, triangular elements in the farfield, and an unknown size for the
computational domain. Taking this into account, as well as the fact that the exact JST
scheme implementation used by Knopp et al. is not known, the comparison between SU2
results and those from literature results is considered satisfactory.

2.4.2. Validation of Aupoix Prandtl correction (Aupoix 2015)

The first test case selected to validate the Aupoix Prandtl correction, inside SU2,
corresponds to experiments from Stanford University on flows over a flat plate entirely
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covered with closely packed spheres. The spheres had a diameter of 0.635 mm, and the
equivalent sand grain roughness was 1.25 times the diameter, i.e., hs = 0.79375 mm. The
roughness height is not defined in Aupoix’s paper, and half of the sphere diameter, i.e.,
h = 0.3175 mm, is used in our simulations. The corrected wetted area ratio considered
is Scorr = 1.1418. In the experiments of Healzer et al. (1974), the Stanton numbers are
deduced from a thermal balance on heated flat plates. In our numerical simulations, the
free-stream temperature is set to 293 K and the flat plate is heated to 300 K. This is
slightly different from the experiments, but St results are not sensitive to this choice. The
free-stream velocity is set to 73.8m.s−1. In Aupoix’s article, the author mentions that
the flow is turbulent from the beginning of the measurement region. In our numerical
set-up we run the flat plate fully turbulent, and the Reynolds number is set to 4.86×106.
The corresponding roughness Reynolds number Res is about 200 for this test case.

First, a mesh sensitivity study was conducted (Figure 5). Three meshes were used: i)
coarse mesh; 50 × 77, max y+ = 1.95, ii) medium mesh; 100 × 144, max y+ = 1.19 ,
and iii) fine mesh; 200× 288, max y+ = 0.89. We observe the mesh convergence for the
friction coefficient and the Stanton number. The Stanton number is more sensitive to the
mesh size, as the coarse mesh results are significantly higher than those for the medium
and fine meshes.

The results obtained on the fine mesh are then compared to the literature results. In
the Figure 6, two SU2 computation results are shown: a first one with the SA Rough
model, and a second one with the Aupoix Prandtl correction. The Aupoix Prandtl cor-
rection models have almost no effect on the friction coefficient because the temperature
difference of 7 K between the flat plate and the free-stream is too small to induce sig-
nificant changes in the air properties. As expected, the predicted Stanton numbers are
significantly lower when the Aupoix Prandtl correction is used. Both friction coefficients
and Stanton numbers are in good agreements with experimental and other Aupoix nu-
merical solutions. The SU2 values are higher than Aupoix’s numerical results, but are
closer to the experimental results. The Aupoix numerical solutions are obtained with
the Clicet code (Aupoix 2010), a boundary layer code. Small discrepancies exist between
the Aupoix numerical solution and SU2 near x = 0.5m. We believe that the different
model assumptions at the beginning of the turbulent boundary layer calculations are at
the root of these differences.

The second test case validate the model prediction above ice roughness. Dukhan et al.
investigated several surfaces corresponding to different icing conditions. The experimental
set-up was a flat plate with a 0.0508 m smooth part before the rough part. The smooth
part is adiabatic, while the rough part is heated. Our numerical set-up prescribed a free-
stream temperature of 293 K and a heated temperature of 300 K. In our simulations, the
laminar/turbulent transition is not prescribed, and the following three test cases are run
fully turbulent. The free-stream velocity is set to 47.24m.s−1. Three sparse roughness
cases are presented here.

The first one, an intermediately spaced rough glaze, corresponds to an equivalent sand
grain roughness of hs = 15.63 mm, a corrected wetted area ratio of Scorr = 1.22, and a
roughness height of h = 3.07 mm. The roughness Reynolds number Res, around 4000, is
very large for this test case. Here, the Stanton number SA Rough is highly overestimated
(see the top of Figure 7). The equivalent sand grain roughness approach, coupled with a
constant turbulent Prandtl number model, over predicts the effect of roughness on heat
transfer, as previously reported Aupoix and Spalart (2003). Aupoix Prandtl correction
significantly improves the predictions as compared to experimental data from Dukhan.
The results obtained using SU2 with and without Prandtl correction are in good agree-
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Figure 5. Healzer et al. experiments, mesh sensitivity study.

ment with Aupoix’s results (Aupoix 2015).
The second test case, corresponding to a rime feathers condition, is set using an equiva-

lent sand grain roughness of hs = 23.04 mm, a corrected wetted area ratio of Scorr = 1.22,
and a roughness height of h = 4.32 mm. The reduced value of Res is about 6000 for this
case. Again, the numerical results obtained using SU2 are in agreement with the liter-
ature and experimental data (see middle of Figure 7). The turbulent Prandtl number
correction significantly improves the numerical prediction of the Stanton number. The
Stanton number is almost divided by a factor of 2.

The third test case corresponds to a smooth rime icing condition. The equivalent sand
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Figure 6. Healzer et al. experiments (Aupoix 2015), most closely packed spheres: top - skin
friction; bottom - Stanton number.

grain roughness is 2.25 mm, the corrected value of the wetted area ratio 1.08 is used,
and the roughness height is 1.09 mm. This time the reduced value of Res is about 400.
Again, SU2 results agree with experimental and literature results (see the bottom of
Figure7). The turbulent Prandtl number correction improves the numerical prediction of
the Stanton number.

2.4.3. Validation of the 2PP correction

The 2PP correction model is built to give results similar to the wall temperature shift
equation (23). The experimental results, exploited by Ligrani et al. (1979) to calibrate
the equation (23), are therefore used to validate the 2PP correction model. According
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Figure 7. Dukhan et al. experiments (Aupoix 2015) - Stanton number distribution: top - inter-
mediately spaced rough glaze; middle - rime feathers; bottom - smooth rime.
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to Ligrani et al. or Healzer et al. (1974), the constant values for δT+
0 were selected such

that:

δT+
0 = Re0.20

s Pr0.44 (35)

Ligrani et al. obtained experimental heat flux for flow over a flat plate covered with
spheres, identical to that of Healzer et al. At the time, the equation (25) was implemented
in a boundary layer method. The turbulent Prandtl number model was a function of the
eddy diffusivity for momentum, as opposed to the constant Prt = 0.9 used with the
RANS equations. A mixing length model was used for the turbulence model. The code
was able to predict the experimental values well, but because of the differences in the
mathematical model and in the numerical method, CFD results are not comparable.
Thus, the CFD computed St are only compared to the experimental values.

For this test case only, the constant values for equation(34) are C = 1.0, α = 0.20 and
β = 0.44. However, the results sensitivity to the constant choice is studied. The figure
8 shows that for the constant values C = 0.8 or C = 1.0, with α = 0.20 and β = 0.44,
the predicted Stanton numbers are almost identical. For the default values C = 1.92,
α = 0.45, and β = 0.8, the Stanton is at most 2.5% lower. For this test case, the heat
transfer is not particularly sensitive to the constant choice.

The SU2 results were obtained on the previously presented fine mesh, 200 × 288 grid
nodes. The Stanton numbers for two velocities, 27.1m/s and 42.397m/s, are shown
in Figure 9. The maximum y+ are, for each velocity, y+ = 0.3 and y+ = 0.45. The
results for the 2PP correction and the Aupoix Prandtl correction are both shown on
the figure. The 2PP correction slightly underestimates the Stanton values, whereas the
Aupoix Prandtl correction slightly overestimates the values. The difference between the
2PP correction and the experimental St is comparable to that between the numerical and
experimental results shown in Ligrani et al. (1979). At the end of the plate, the Aupoix
Prandtl correction St is 3% higher than 2PP correction prediction. If the default values
for the constants model are used, the discrepancy increases to 5%.

The Dukhan et al. (1999) experiments used for the Aupoix correction validations are
again exploited here and a mesh sensitivity study for the 2PP model was conducted on
the first case of Dukhan (the intermediately space rough glaze case of section 2.4.2).
Three meshes were employed: i) coarse; 50× 77, max y+ = 1.95, ii) medium; 100× 144,
max y+ = 1.19 , and iii) fine; 200 × 288, max y+ = 0.89. The figure 10 shows that the
results for the friction coefficient,cf , and the Stanton, St, number tends toward similar
values as the grid is refined. For the comparison between the two models, in the next
section, the fine mesh is used.

3. Comparison between Aupoix Prandtl correction and 2PP
correction

The heat transfers predicted by the two models are compared on flat plates, on a wing
geometry, and on iced airfoils. For various icing conditions, the goal is to verify that the
2PP correction predicts heat transfer similar to the Aupoix Prandtl correction. Discrep-
ancies between models are expected and will be quantified, as well as the discrepancy
with the SA Rough model.



April 6, 2020 11:31 International Journal of Computational Fluid Dynamics IJCFD˙paper5˙clean

18 Taylor & Francis and I.T. Consultant

Figure 8. Sensitivity study of the 2PP results to the C, α, and β constants

Figure 9. Healzer et al. (1974) and Ligrani et al. (1979) experiments, most closely packed spheres,
SU2 Stanton number predictions with the two turbulent Prandtl correction models.

3.1. Flat plates with ice accretion roughness

Figure 11 presents a comparison between the two models for an intermediately spaced
rough glaze ice, a roughness over rime feathers and a smooth rime ice case. Each plot
shows five results. The experimental results and the no-roughness results are used as
reference values. Three models for Stanton number predictions with SU2 are compared:
the Aupoix Prandtl correction, the SA Rough model, and the 2PP correction model.

The two top graphs on figure 11 show the Stanton numbers for the intermediately
spaced rough glaze ice case and the rime feathers case. The SA Rough model overesti-
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Figure 10. 2PP mesh sensitivity on Dukhan et al. - intermediately spaced rough glaze - top -
skin friction; - bottom: Stanton distribution.

mates by almost twice the experimental results. The two turbulent Prandtl correction
models agree quite well with experiments, especially considering the clear experimental
fluctuation with the Stanton number. For low Reynolds numbers, the Stanton num-
ber values predicted by the Aupoix Prandtl correction are around 20% higher than for
the 2PP correction, but decrease faster with the Reynolds number. Thus, the values pre-
dicted by the Aupoix Prandtl correction get closer to the 2PP correction as the Reynolds
number increases.

For the smooth rime case, bottom of Figure 11, the SA Rough model predictions are
closer, but still higher than the experimental results. The discrepancy between the two
turbulent Prandtl number correction models is around 15% and is almost independent
of the Reynolds number. Contrary to the two top figures, the predictions for the Aupoix
Prandtl correction model are lower than those of the 2PP. The results of the two models
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are reasonably close to experimental results, but the Aupoix Prandtl correction tends to
underestimate the Stanton number.

3.2. Wing based on NACA 4415 airfoil

This test case illustrates the impact of the model choice on the heat transfer for a flow
over a wing. The wing is based on a NACA 4415 airfoil, with a 30◦ sweep, a 1m chord,
and an aspect ratio of 16. This high aspect ratio reduces the importance of 3D effects on
the flow near the wing root. Our numerical set-up prescribed a free-stream temperature
of 293 K and a heated temperature of 300 K. In our simulations, the laminar/turbulent
transition is not prescribed, and the test case is run fully turbulent. The free-stream
velocity is set to 47.24m.s−1 at an angle of attack of 0◦. Figure 12 shows the pressure
coefficient on the wing surface, along with contours for 2D cut planes located at y =
0, 4, and 7m. The computed eddy viscosity colors the symmetry plane and the plane
located 10 chords downstream from the leading edge. An iso-surface for an eddy viscosity
value of 0.01m2s−1 is plotted to help visualize the wake behind the wing.

The first 15% of the chord of the NACA 4415 wing is rough (Figure 13). The equivalent
sand grain roughness used is hs = 1 mm, with a corrected wetted area ratio of Scorr =
1.22, and a roughness height of h = 0.1964 mm. Three simulations were performed: one
with the Aupoix Prandtl correction, one using the SA Rough model, and one using the
2PP correction.

On the left part of Figure 14, the friction coefficients in the rough region near the lead-
ing edge are shown as a function of the curvilinear distance, s, with s = 0 at stagnation
point. The coefficients are shown along a 2D cut at y = 4m as an example, but a similar
agreement between results is observed along the wingspan. The Res values range from
around 200 at the leading edge to a maximum value of 450 around s/c± 0.05. The tur-
bulent Prandtl number correction models change the heat transfer near the wall and in
the thermal boundary layer, but not the momentum boundary layer. The minor changes
in friction coefficient are caused by the dynamic viscosity variations. The air viscosity
changes with the temperature according to the Sutherland law.

Conversely, the Stanton number are reduced by ≈ 20% by the turbulent Prandtl cor-
rection models when compared to the SA Rough model. As expected, both Aupoix and
2PP correction models reduce the Stanton number near the leading edge of the wing
(right part of Figure 14). Because the discrepancies between the model predictions are
almost constant along the span, only the St at y = 4m are shown as a function of the
curvilinear distance. At the stagnation point, near s/c = 0, the Stanton number has a
local minimum and then starts to increase to reach maximum values near s/c = ±0.02.
The sweep angle creates a secondary flow on the wing in the spanwise direction, but both
correction models behave similarly and have less than 3% of discrepancy. Compared to
the SA Rough model, the turbulent Prandtl number correction model changes the distri-
bution shape only slightly, and mostly reduce the magnitude of the St. For this case, the
2PP correction model reduces the heat transfer slightly more than Aupoix’s correction.

3.3. Iced airfoil

The thermal models are intended to predict heat transfer above iced surfaces. Therefore,
the model predictions will be compared for flow over ice shapes typical of airfoil glaze ice
accretions, as glaze ice shapes are more sensitive to heat transfer predictions. The two
glaze ice geometries are well documented in the literature (AG-32 2003). Compared to
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Figure 11. Dukhan et al. experiments - Stanton number distribution: top - intermediately spaced
rough glaze; middle - rime feathers; - bottom: smooth rime.
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Figure 12. 30◦ sweep NACA4415 wing: pressure coefficient on the wing and eddy viscosity in
the flow.

Figure 13. NACA4415 swept wing, turbulent eddy viscosity distribution on the wing.

the previous results, ice accretions create flows with steep changes in pressure gradient.
This leads to large variations of the roughness Reynolds number along the iced surface.

3.3.1. Iced NACA 0012

The test case B from Garteur report AG-32 (2003) consists of a glaze ice shape formed
on a NACA0012 airfoil. The studied ice shape was originally obtained in the NASA Lewis
Icing Research Tunnel at ground level pressure for an airfoil of chord c = 0.5334m at
an angle of attack of 4◦. The free-stream velocity was 58.1m/s, the temperature was
−7.8◦C, the liquid water content LWC = 2.1 g/m3, the droplet diameter 20µm, and the
accretion time was 300 s. This original ice shape was smoothed and manufactured for
performance degradation study in a conventional wind tunnel Bragg (1986). Although
the ice shape studied was smooth and thus assumed without roughness, the test case
was selected because extensive experimental and numerical data are available. Because
of the low wind speed tunnel and the smooth ice shape, the flow is probably laminar
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a) b)

Figure 14. NACA4415 swept wing, a) Friction coefficients along a 2D cut at 4m in the spanwise
direction; b) Stanton number along a 2D cut at 4m.

Table 1. Main grid properties

grid total nodes surface nodes y+
max

coarse 90 349 218 0.25
medium 203 504 326 0.18

fine 457 284 489 0.11

near the stagnation point in the experiment, however in the numerical simulation, a fully
turbulent flow is assumed.

The test case B is used to compare the heat transfer predicted by the two models on a
glaze ice accretion obtained at a relatively low airspeed. Even if the smooth glaze ice shape
model was initially built without roughness, three roughness conditions representative of
glaze ice conditions are applied for CFD simulations. Three C-grids are generated around
the airfoil, extending ≈ 50 chords away from the airfoil leading edge. The topology of the
coarse grid near the airfoil is depicted in Figure 15. The table 1 presents the total number
of nodes, the number of nodes positioned on the iced airfoil surface and the maximum
y+ for each grid. The growth ratio between the grids is 1.5 in each direction. The y+

max

values are obtained from the CFD solutions. The element size in the normal direction
is smaller near the surface, with the first node positioned around 2 × 10−6m above the
surface for the medium grid.

Reference results, both numerical and experimental, are available for the smooth iced
airfoil at Re = 1.5 × 106 and Ma = 0.12. The pressure distribution for α = 4◦ is used
to verify the CFD predicted flow field coherence above smooth surface. The reference
results were obtained with an adiabatic iced airfoil. But in this article, the airfoil surface
temperature is imposed to 308K, and the free stream temperature to 264.5K , in order
to obtain heat fluxes. The Figure 16 shows a close-up view on the iced leading edge of the
airfoil. The surface of interest, the area between s/c = 0 and s/c = 0.1076 is highlighted.
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Figure 15. Coarse grid around the iced NACA 0012

Figure 16. Mach iso-contours around the smooth ice shape. Studied surface is highlighted.

The curvilinear distance starting point is associated with a geometric feature of the ice
shape, the lower horn. The Mach number iso-contours indicate the presence of separation
areas on the upper surface and on the lower surface of the ice shape. The figure also shows
the Mach number increases to 0.25 at the edge of the frontal part of the ice.

The computed pressure coefficients are compared to both experimental and numerical
results (AG-32 2003). It is to be noticed that none of the CFD code pressure coefficients
available in the literature (Dezitter et al. 2009) agree with the experiments in the sep-
aration regions. The figure 17 shows the Cp computed on the three meshes with SU2
and without roughness model. The Cp evolves slightly with the grid in the separation
regions, from x/c = 0.05 to x/c = 0.15, with the fine grid results closer to the Fluent SA
reference numerical results. The results in the flow separation regions are sensitive to the
surface grid distribution near the separation points. Outside of the separation regions,
the predicted pressure coefficients agree with the experimental results. On the right, the
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Figure 17. Left: pressure coefficient around iced NACA 0012 comparison between SU2 results
on three grids, Fluent results and experimental results; and right: Stanton number on the surface
of interest

Table 2. Iced airfoil with roughness test case.

Case regime hs/c× 103 Scorr h/hs

Model 2 fully rough 2.94 1.18 0.976
Model 3 mixed smooth transitional 0.89 1.22 0.1964
Model 6 mixed smooth transitional 1.00 1.06 10.25

figure 17 shows the grid density effect on the Stanton number. The stagnation point is
located around s/c = 0.07. The minimum St values occur just upstream of the lower
horn, near s/c = 0.05, and at both separation points, near s/c = 0 and s/c = 0.108.
The St reaches the maximum values just before the separation points. From coarse to
medium grid, the maximum values have a 13% increase, and from medium to fine, 5%.
The separation point locations are displaced of about 1.7× 10−3 s/c from coarse to fine
grid.

The ice shape corresponds to a smooth glaze model ice accretion, but no information is
available about the roughness for the original ice accretion. The roughness parameters for
Model 2, 3 and 6 of Dukhan test-cases, as defined by Radenac et al. (2018), are added to
the numerical ice shape. The hs values, defined for flat plates, are adapted to the airfoil
geometry. The table 2 presents the three cases and the corresponding three parameters
needed by the Aupoix correction. The 2PP correction only used hs/c and h/hs.

In table 2, the Model 2 corresponds to a fully rough loosely-spaced rough glaze ice and
the Model 3 corresponds to a fully rough intermediately-spaced rough glaze ice shape. In
Model 3, the hs/c parameter is selected to match an equivalent sand grain roughness of
0.6 mm used in AG-32 (2003) for the model 5-6 airfoil presented in the section 3.3.2. In
the Model 6, the hs/c parameter is obtained by using the baseline approach of IGLOO2D
Radenac et al. (2018). In Figure 18 the Stanton number is computed using the SA Rough
model, the Aupoix Prandtl correction and the 2PP correction. The Res is also plotted
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on the figure, to show the variation in the flow regime along the curvilinear distance. The
Model 2 has Res values above 100 almost everywhere in the studied area. The Model
3 and 6 have lower values, with values below 70 in the transitionnaly rough regime for
approximately half of the studied area. As expected, the SA Rough model overestimates
the Stanton number, especially at high Res values. When compared to Aupoix Prandtl
correction, the maximum discrepancies with SA Rough is 55% for Model 2, 14% for Model
3, and 31% for Model 6. Both Prandtl corrections agree along the ice shape for the Model
2, 3, and 6. The maximum discrepancies between those two Prandtl corrections are 5%
for Model 3 and 1% for Model 6, with the Stanton numbers for the 2PP correction slightly
lower than those obtained with Aupoix’s correction. The 2PP correction overestimates
the Stanton number by a maximum of 3% for Model 2 when compared to Aupoix’s
correction.

3.3.2. Model 5-6

The geometry, figure 19, used for the following test case is known as model 5-6. This
model represents an outer wing section of a transport aircraft. This test case corresponds
to case C1 in the AG-32 final report, documented in AG-32 (2003), Dezitter et al. (2009)
and Tagawa et al. (2018). The leading edge glaze ice shape was calculated by Fokker,
for which the reference icing conditions were at an angle of attack of 4◦, an ambient
pressure of 0.57 bar, a speed of 101.2 m/s, an outside temperature of -14.7 ◦ C, a water
concentration of 1.96 g/m3, a median volumetric droplet diameter of 20 µm, an accretion
time of 148 s, and a chord of 1.257 m. The model used for the aerodynamic measurement
model as a chord of 0.6759 m, and the ice shape has an average grain size of hs = 0.6 mm
(Tagawa et al. 2018). The roughness parameters for the Prandtl corrections have been
derived assuming an intermediately-spaced rough glaze ice shape, in concordance with
Model 3 from Radenac et al. (2018), i.e h/hs = 0.1964 and Scorr = 1.22. The aerodynamic
parameters are the one used in the AG-32 final report, Ma = 0.2, Re = 3× 106, and 0o

angle of attack. The left part of figure 19 presents the ice shape used and the portion
of the chord where the Stanton is plotted. As a convention, the curvilinear distance
start at s = 0m at the bottom of the ice shape and reach s = 0.1585m at the top of
the ice shape. The Stanton distribution is computed using the SA Rough, the Aupoix
Prandtl correction and the 2PP correction. As expected, the constant Prandtl assumption
overestimates the Stanton by maximum value 32%. The maximum discrepancy between
both Prandtl corrections is around 12% near s = 5× 102. The 2PP correction predicts a
Stanton slightly higher than Aupoix’s correction on the bottom part of the ice shape.

4. Conclusion

Two models were implemented in SU2 to correct the predicted heat flux over rough
surfaces. The models were based on a corrected turbulent Prandtl number near the wall.
The first model was developed and calibrated by Aupoix; the second one was based on a
temperature shift model initially developed for the integral boundary layer prediction to
predict heat transfer over a rough surface. By integrating the equation for the normalized
temperature T+, the model use the effective turbulent Prandtl number equation to obtain
a two parameters Prandtl correction model. The Aupoix Prandtl correction and the
2PP correction models were successfully implemented and validated against literature
results. The turbulent Prandtl number correction models reduce the magnitude of the
heat transfer, and results are closer to experiments. For most of the cases presented here,
the discrepancies between the 2PP and the Aupoix Prandtl correction model are small,
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Figure 18. Res and St around a rough iced NACA0012, test case B from AG-32 (2003), compar-
isons between the SA Rough, the Aupoix Prandtl correction, and the 2PP correction

of the order of the typical experimental uncertainties on heat transfer measurements. In
the worst cases, the discrepancy can reach a maximum of 12% for flow around an iced
airfoil. Further work will consist in analyzing this effect on ice shape predictions.
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Figure 19. On the left: Model 5-6 setup, case C1 from AG-32 (2003): the portion of the chord
where the Stanton is plotted is highlighted with symbols. On the right: Distribution of the Stanton
along the chord for SA Rough, the Aupoix Prandtl correction and the 2PP correction.
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Appendix A. Spalart-Allmaras Model with Wall Roughness Correction
in SU2

For the sake of completeness, we provide here the equations used for the wall roughness
correction implementation in SU2 V5.2.

A.1. Integral form of the Reynolds Averaged Navier-Stokes
equations

The integral form of the Navier-Stokes equation is written using convective fluxes, Fc,
viscous fluxes, Fv, and conservative variables W in SU2:

∂

∂t

∫
Ω
WdΩ +

∮
∂Ω

(Fc − Fv)dS = 0 (A1)

where

W =


ρ
ρu1

ρu2

ρu3

ρE

 Fc =


ρV

ρu1V + n1p
ρu2V + n2p
ρu3V + n3p

ρHV

 Fv =


0

niτ1i

niτ2i

niτ3i

niΘi

 (A2)

with V = niui, H = E + p/ρ and
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Θi = ujτij + k
∂T

∂xi
(A3)

For aerodynamic flows, the air is considered as a perfect gas. The pressure p and
enthalpy H are

p = ρRT (A4)

H = cpT (A5)

Knowing that R = cp − cv and γ = cp/cv, the pressure is expressed in term of conser-
vative variables

p = (γ − 1)ρ
(
E − uiui

2

)
(A6)

The Sutherland formula is used to compute the dynamic viscosity µL

µL =
1.45T 3/2

T + 110
× 10−6 (A7)

and the conductivity coefficient kL is linked to the viscosity through the Prandtl num-
ber

kL = cp
µL
Pr

(A8)

The fluid is assumed to be Newtonian, therefore the components of the viscous stress
tensor are for the flow velocity v = (u1, u2, u3)

τij = µ

(
∂ui
∂xj

+
∂uj
∂xi
− 2

3
δij∇ · v

)
(A9)

The eddy viscosity hypothesis of Boussinesq is used to model the turbulent shear stress.
Herewith, the dynamic viscosity is replaced by the sum of the laminar and turbulent eddy
viscosity in the viscous stress tensor

µ = µL + µt (A10)

.
Similarly, the viscous turbulent heat flux is obtained by replacing the conductivity

coefficient by the sum of the laminar and turbulent thermal conductivity
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k = kL + kt = cp

(
µL
Pr

+
µt
Prt

)
(A11)

The turbulent eddy viscosity has to be determined with the aid of a turbulence model.

A.2. Wall Roughness Correction in Spalart-Allmaras One-Equation
Model

Several models are possible to compute the turbulent eddy viscosity. One popular model
in aerodynamics is the Spalart-Allmaras (SA) model. Among the various forms of the
model, we have implemented the standard SA model with a correction to account for
wall roughness, as proposed by Boeing (Aupoix and Spalart 2003).

The one-equation model is given by, with ν = µL/ρ,

(A12)

∂ν̃

∂t
+ uj

∂ν̃

∂xj
= cb1(1− ft2)Ŝν̃ −

(
cw1fw −

cb1
κ2
ft2

)( ν̃
d

)2

+
1

σ

(
∂

∂xj

(
(ν + ν̃)

∂ν̃

∂xj

)
+ cb2

∂ν̃

∂xi

∂ν̃

∂xi

)
and the turbulent eddy viscosity is computed

µt = ρν̃fv1 (A13)

To account for roughness the distance to the nearest wall, d, is augmented to read
dnew = d + 0.03hs, with hs the equivalent sand grain roughness. The definition of χ is
also modified such that

fv1 =
χ3

χ3 + c3
v1

χ =
ν̃

ν
+ cR1

hs
dnew

(A14)

The definition of fv2 should be rewritten such that the new definition of χ do not affect
Ŝ

Ŝ = Ω + ν̃
κ2d2new

fv2 Ω =
√

2ωijωij

fv2 = 1− ν̃
ν+ν̃fv1

fw = g
(

1+c6w3

g6+c6w3

)1/6

g = r + cw2(r6 − r) r = min
(

ν̃
Ŝκ2d2new

, 10
)

ft2 = ct3 exp(−ct4χ2) ωij = 1
2

(
∂ui

∂xj
− ∂uj

∂xi

) (A15)

and the constants are
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cb1 = 0.1355 σ = 2/3 cb2 = 0.622
κ = 0.41 cw2 = 0.3 cw3 = 2
cv1 = 7.1 ct3 = 1.2 ct4 = 0.5

cw2 = cb1
κ2 + 1+cb2

σ cR1 = 0.5

(A16)

Most importantly, the wall boundary condition is not ν̃w = 0 as in the original model,
but

(
∂ν̃

∂n

)
w

=
ν̃w

0.03hs
(A17)

with n along the wall normal.
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