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Abstract— This paper presents a new control method for 
Indirect Matrix Converter operating under unbalanced grid 
voltages. The proposed method aims to achieve balanced output 
voltages as well as a near unity input power factor operation. 
First, an opportune reference current accurately generated, and 
a proportional integral resonant controller are designed in a dq 
reference frame that is synchronized with the positive sequence 
of the grid voltages so as to achieve a perfect tracking of input 
reactive power reference.  Then, a real-time estimator of the 
virtual dc-link voltage is developed with the aim to provide 
balanced output voltages; therefore an almost constant active 
power free of low frequency ripple is supplied from the grid. 
Experimental results are presented to verify the feasibility and 
effectiveness of the proposed control method. 

Index Terms— matrix converters, resonant controllers, space 
vector modulation (SVPWM), unbalanced grid voltages, power 
factor correction, active rectifier, grid-tied converter 

NOMENCLATURE ݀௔, ݀௕, ݀௖ Duty cycles applied to estimate the dc-link 
voltage. ݀ଵூ, ݀ଶூ Duty cycles applied to synthesize the output 
voltage space vector. ݀ଵோ, ݀ଶோ Duty cycles applied to synthesize the input 
current space vector’s direction. ܧ௔,௕,௖	 Instantaneous grid voltages in abc frame. ܧത

 
Grid voltage space vector. ܧത∗

 
 Conjugate of ܧത. ܧതା
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,ௗାܧ  ௤ାܧ
 d-q components of (+) sequence of grid voltages
expressed in the positive synchronous frame.ܧௗି , ௤ିܧ  
 d-q components of (-) sequence of grid voltages
expressed in the positive synchronous frame.ܧ௔,௕,௖ᇱ  Lagging orthogonal voltages of  ܧ௔,௕,௖.ܧത⊥ A space vector equivalent to ܧ௔,௕,௖ᇱ  . 

Ed,q d-q components of ܧ௔,௕,௖.݅௠௔,௠௕,௠௖ Instantaneous input currents in abc frame. ܫ௠̅ Input current space vector. ݅௔,௕,௖ Instantaneous line currents in abc frame. ܫ ̅
 

Line current space vector. ܫ∗̅
  

Conjugate of  ܫ ̅ ,ାܫ . ିܫ   Peak value of (+) and (-) sequences of  ݅௔,௕,௖. ܫௗା,  ௤ାܫ
 d-q components of line currents (+) sequence.ܫௗି , ௤ିܫ  
 d-q components of line currents (-) sequence.݅ௗ,௤ d-q components of ݅௔,௕,௖.݅௠ௗ,௠௤ d-q components of input currents ݅௠௔,௠௕,௠௖.ܭ௜ The sector’s number where ܫ௠̅ is lying.ܭூோ , Gain of resonant term.ܭ௉, ூ Proportional and integral gains of the PIܭ
controller.ܭௗ௔௠௣ Damping gain of resonant term.

L, c, r  Input filter’s inductance, capacitance, and
resistance.ܲ௜௡ Instantaneous input active power.ܳௗ௔௠௣ Quality factor of resonant term.ܳ௙  Quality factor of the input filter.ܳ௜௡

 
 Grid converter exchanged reactive power.ܳ଴_௥௘௙௜௡   Average reactive power reference.s	  Laplace variable.〈ܵ̅ீ 〉 ೎் Averaged switching function of the grid side
converter.௖ܶ 	  Switching period.〈 ௗܸ௖〉 ೎் Estimated average value of the dc-link voltage.௠ܸ௔,௠௕,௠௖ Voltages across the input filter capacitors. ௠ܸௗ  Direct component of ௠ܸ௔,௠௕,௠௖. ߮ା,߮ି Initial phase angles of (+) and (-) negative 
sequences of line currents. ߮௜ Phase angle between ܧതା and ܫ௠̅. ̅ߛ௜ Phase angle of ܫ௠̅ within its operating sector. ିߠ  Initial phase angle of grid voltages (-) sequence. ߱௜  Grid voltage’s angular frequency. ߱଴ Input filter’s resonant angular frequency.  ߱௥ Resonant angular frequency of the resonant 
controller. 
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I. INTRODUCTION

Matrix Converters are direct AC/AC power conversion 
devices that are capable of generating variable frequency and 
amplitude voltages at their output terminals without using 
bulky and limited lifetime electrolytic capacitors. This 
important feature allows for the design of high reliability high 
power density converters. The Indirect Matrix Converter 
(IMC) depicted in Fig.1, has two major components namely; 
the four-quadrant current source rectifier called “grid side 
converter”, and the voltage source inverter referred to as “load 
side converter”. Similar to the direct conventional single stage 
converter, this topology can achieve near sinusoidal line/load 
currents, controllable input power factor, regeneration 
capability, etc. Moreover, it has a more secure and less 
complex commutation process as well as a simple clamp 
circuit [1]. Compared to the conventional back to back 
topology, no additional sensors or regulation loops are 
required to control the voltage across the dc-link [2] [3] [4]. 
Over the last years, several research works have showed that 
matrix converters are suitable for various modern industrial 
applications such as distributed power generation systems [5] 
[6], multi-drive systems [7], variable speed drives [8] [9], 
wind energy [10], unified power flow controller (UPFC) [11], 
etc.  

However, like the conventional grid-tied converters, the 
expected performances (THD of line currents, THD of output 
voltages, maximum voltage transfer ratio) of Matrix 
Converters are considerably decreasing when operating under 
unbalanced grid voltages. It has been shown in [12] that the 
input voltage imbalance gives rise to low-order harmonics in 
the output voltages and input currents waveforms. Therefore, 
low-frequency ripples are provided in the waveform of the 
demanded instantaneous active power and the reactive power 
exchanged with the utility.  

On the other hand, the input LC filter of the Matrix 
Converter introduces an inherent phase shift between the line 
currents (݅௔,݅௕,݅௖) and grid voltages (ܧ௔,ܧ௕,ܧ௖) which decreases 
the input power factor as deeply discussed in references [13] 
[14] [15] [16] [17]. The resulting reactive power demanded
from the power grid will therefore give rise to unwanted
power losses in the transmission and distribution lines.  When
the supply voltages are unbalanced, the power grid becomes
more sensitive toward the reactive power demand since the
latter includes in addition to the dc component low-frequency
ripple components which inherently enlarges the amount of
the aforementioned losses.  Note that the Matrix Converter has

the capability to help in supporting the grid voltages by 
injecting the appropriate amount of reactive power as has been 
widely recommended by recent grid codes [18] [19] [20]. In 
this case, the converter needs to operate with a non-unity input 
power factor where the line currents are leading their 
corresponding voltages by a positive phase shift. This 
operation mode is however not the best suited one since it 
lowers the maximum voltage transfer ratio and consequently 
the maximum active power to be transferred to the load. 
Accordingly, the unity input power factor operation is the 
most opportune operating mode to be considered when the 
converter is connected to either balanced or unbalanced grid. 
Note also that the minimization of the reactive power 
exchange when the converter is connected to a distorted AC 
supply has been considered as a key constraint in [21].  

Different control methods were proposed in the literature to 
enhance the performance of Single Stage/ Indirect Matrix 
Converters operating under unbalanced grid voltages. In [22] 
[23] [24], several dynamic space vector modulations of the
input currents are proposed to enhance their quality and cancel
low-order harmonics that are caused by the grid voltages
imbalance. However, the impact of these techniques on
balancing the load currents was not discussed. In [25], a
modulation technique that determines the opportune amplitude
and phase angle of the negative sequence of the line currents
has been proposed with the aim to improve the quality of the
line and load currents respectively. In [26], the authors
proposed a modified calculation method of the grid voltages
phase angle. This latter was combined with the conventional
space vector modulation technique with the aim to enhance the
quality of the output voltage waveform.  In [27], the authors
proposed three modulation methods for the Matrix Converter
based on three mathematical constructions of the rectifier and
inverter modulation vectors. These methods achieve similar
performance in terms of load current quality.  As for the line
current quality, the third method is a compromise between
method I and II in terms of THD and third-order harmonic
amplitude. In [28], a feed-forward compensation method of
the input voltage imbalance was proposed. It has defined an
appropriate unbalanced switching function of the grid side
converter so as to cancel the low-order harmonics contents in
the voltage across the virtual dc-link. Consequently, balanced
output voltages are provided at the load side. In, [29] the
authors proposed an active compensation method that uses the
clamp capacitor so as to provide balanced output voltages and
preserve the maximum value of the voltage transfer ratio.

Fig.1 Power circuit of an Indirect Matrix Converter 
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A feed-forward compensation method based upon 
measurement of the instantaneous grid voltages was proposed 
in [30] with the aim to provide balanced output voltages. In 
[31] a predictive control algorithm is applied to the converter
feeding an induction motor. It has been shown that the
proposed strategy presents satisfactory behavior even under
unbalanced grid voltages.

On the other hand, the input power factor correction under 
balanced grid voltages operation has been addressed by many 
research works [17] [15] [13] [32]. The behavior of the 
converter has also been investigated under distorted grid 
voltages [21] [33]. Such a disturbance of the grid voltage is 
however out of the scope of this work. 

This paper proposes an advanced control method of Indirect 
Matrix Converter operating under unbalanced grid voltages. 
The proposed controller is designed with the aim to achieve 
two main goals: 1) the converter should provide balanced 
output voltages and therefore an almost low-frequency-ripple 
free active power (constant active power) is demanded from 
the grid. 2) A near unity input power factor operation should 
be achieved. The second goal is the main novelty of the paper 
that has not been addressed by the previous research works.  

The manuscript is organized as follows: Section II provides 
a detailed definition of the instantaneous active and reactive 
powers under unbalanced grid voltages. The proposed control 
method of the converter operating under unbalanced grid 
voltages is explained in sections III and IV respectively. The 
maximum voltage transfer ratio that can be reached with this 
method is determined in section V. Finally, several 
experimental results are presented in section VI and aimed to 
validate the proposed theoretical approach. 

II. INSTANTANEOUS ACTIVE AND REACTIVE POWERS UNDER
UNBALANCED GRID VOLTAGES  

A three-phase unbalanced grid voltage system without a 
zero-sequence can be modeled in a stationary reference frame 
as the sum of positive and negative sequence components [34] 
[35] , such that:ܧത ൌ ା݁௝ఠ೔௧ܧ ൅ 					(௝ሺିఠ೔௧ିఏష݁ିܧ 			ሺ1) ܧା and ିܧare the peak values of positive and negative 
sequence components of the grid voltages. ିߠ is the initial 
phase angle of the negative sequence, and ߱௜ is the angular 
frequency of the grid voltages. In (1) the initial phase angle of 
the positive sequence is assumed equal to zero.  

On the other hand, the quality of  input-line currents drawn 
by Matrix Converters operating under unbalanced grid 
voltages has been discussed by Casadei et al. in [36] and [12]. 
In both papers, it has been concluded that the input-line 
current waveforms depend upon the modulation strategy 
where two possible methods where evaluated.  
- The first modulation method keeps a constant input
displacement angle between the instantaneous grid voltage and
input current. This method provides non-sinusoidal line
currents that include a series of positive-sequence harmonic
components of order 2k+1 (k=1, 2,..).
- The second modulation method performs a dynamic
modulation of the input displacement angle between the grid
voltage vector and input current vector. This method provides

sinusoidal but unbalanced line currents where the harmonic 
spectrum is reduced to one positive and one negative sequence 
components.  
 Therefore, according to the second method, sinusoidal and 
unbalanced line currents can be provided by the Matrix 
Converter such that:  ܫ ̅ ൌ ା݁௝൫ఠ೔௧ାఝశ൯ܫ ൅ 				(௝ሺିఠ೔௧ିఝష݁ିܫ 			ሺ2) ܫା  and ିܫ  are the peak values of the positive and negative 
sequences of the line currents; ߮ା and ߮ି are their initial 
phase angles. The instantaneous input active power supplied 
from the grid to the converter is derived by taking the real part 
of the complex power such that: ܲ௜௡ ൌ 32ܴ݈݁ܽሺܧത	ܫ∗̅ )		

ൌ 32൞ܧାܫ
ା cos߮ା ൅ ିܫିܧ cosሺ߮ି െ ିܫାܧ൅ሾ(ିߠ cos߮ି ൅ ାܫିܧ cosሺ߮ା ൅ ሿ(ିߠ cosሺ2߱௜ݐ)൅ሾെܧାିܫ sin߮ି െ ାܫିܧ sinሺ߮ା ൅ ሿ(ିߠ sinሺ2߱௜ݐ)ൢ 

ൌ ଴ܲ௜௡ ൅ ௖ܲଶ௜௡ cosሺ2߱௜ݐ) ൅ ௦ܲଶ௜௡ sinሺ2߱௜ݐ)				 		ሺ3) 
Equation (3) shows that the instantaneous active power at 

the grid connection point consists of a constant term that 
represents the average value ൫ ଴ܲ௜௡൯ of the active power as well 
as cosine and sine terms of twice the grid frequency that are 
caused by the grid voltage imbalance. Assume the converter’s 
losses are neglected; therefore the ripple terms can be 
cancelled simply by providing balanced output voltages as 
will be explained in section IV. On the other hand, it has been 
adopted in recent literature that the instantaneous reactive 
power under unbalanced and non-sinusoidal grid voltages can 
be described in terms of virtual AC voltages that lag the actual 
grid voltages by 90° [37] as: ܳ௜௡ ൌ ௔ᇱܧ ݅௔ ൅ ௕ᇱܧ ݅௕ ൅ 		௖ᇱ݅௖ܧ 			ሺ4) ܧ௔,௕,௖ᇱ  are the instantaneous voltages that lag the actual grid 
voltages by 90°, ݅௔,௕,௖ are the instantaneous line currents. The 
reactive power is therefore equivalent to the real part of a 
quadrature complex power and can be defined as follows: ܳ௜௡ ൌ 32ܴ݈݁ܽሺܧത⊥	ܫ∗̅ )				ൌ 32൞െܧାܫ

ା sin߮ା െ ିܫିܧ sinሺ߮ି െ ିܫାܧ൅ሾ(ିߠ sin߮ି ൅ ାܫିܧ sinሺ߮ା ൅ ሿ(ିߠ cosሺ2߱௜ݐ)൅ሾܧାିܫ cos߮ି ൅ ାܫିܧ cosሺ߮ା ൅ ሿ(ିߠ sinሺ2߱௜ݐ)ൢ 

ൌ 	ܳ଴௜௡ ൅ ܳ௖ଶ௜௡ 	cosሺ2߱௜ݐ) ൅ ܳ௦ଶ௜௡ 	sinሺ2߱௜ݐ)					 		ሺ5) 
In a similar manner, one can observe that besides the 

constant term, a cosine and sine terms of twice the grid 
frequency appear in the instantaneous input reactive power 
waveform. In order to achieve a near unity input power factor 
operation, one should perform an accurate control of the 
average reactive power as will be explained in the following 
section. 
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III. INPUT POWER FACTOR CONTROL VIA THE GRID SIDE 
CONVERTER 

A. Reactive Current Reference Calculation
The input power factor control requires the computation of

the opportune line currents phase angles. Indeed, according to 
the first term of (5), the average reactive power	that the 
converter can exchange with the grid depends on the initial 
phase angles  ߮ା  and ߮ି 	. Its reference (ܳ଴_௥௘௙௜௡ ) is therefore 
defined as: ܳ଴_௥௘௙௜௡ ൌ 32 ൣെܧାܫା sinሺ߮௥௘௙ା ) െ ିܫିܧ sin൫߮௥௘௙ି െ  (ሺ6						൯൧ିߠ

Where, ߮௥௘௙ା  and ߮௥௘௙ି  are the initial phase angles references 
of the positive and negative sequences of the line currents. The 
expression of  ߮௥௘௙ା 	is therefore derived as follows:  

sinሺ߮௥௘௙ା ) ൌ െ23ܳ଴_௥௘௙௜௡ܧାܫା െ ାܫାܧିܫିܧ sin൫߮௥௘௙ି െ 					൯ିߠ 		ሺ7) 
On the other side, assume that the oscillating components of 

the input active power (two last terms of (3)) are perfectly 
compensated as will be discussed in section IV. The 
conditions that nullify the two ripple terms found in (3) are: 

൞ିܫ ൌ ାܧିܧ 			ାܫ 				ሺ8. a)߮௥௘௙ା ൅ ିߠ ൌ ߮௥௘௙ି ൅ 							ߨ 			ሺ8. b)
According to equations (7) and (8a, 8b), the opportune 

values of  ߮௥௘௙ା  and ߮௥௘௙ି  that allow the converter to exchange ቀܳ଴ೝ೐೑௜௡ ቁ with the grid are determined as follows: 

൞sinሺ߮௥௘௙ା ) ൌ െ23ܧାܫା ܳ଴_௥௘௙௜௡ሺܧା)ଶ െ ሺିܧ)ଶ 						 				ሺ9. a)߮௥௘௙ି ൌ ߮௥௘௙ା ൅ ିߠ െ 						ߨ 	ሺ9. b)
In order to achieve the control in a dq reference frame 

synchronized with the positive sequence of grid voltages, one 
can define the d-q components of grid voltages as well as the 
line currents such that:  ቊ	ܧௗ ൌ ௗାܧ ൅ ௗିܧ ൌ ାܧ ൅		ିܧ cosሺെ2߱௜ݐ െ ௤ܧ(ିߠ ൌ ௤ାܧ ൅ ௤ିܧ ൌ 0 ൅ ିܧ sinሺെ2߱௜ݐ െ 					(ିߠ 			ሺ10) 
ቊܫௗ ൌ ௗାܫ ൅ ௗିܫ ൌ ାܫ cos ߮ା ൅ ିܫ cosሺെ2߱ݐ െ ߮ି)								ሺ11. ௤ܫ(ܽ ൌ ௤ାܫ ൅ ௤ିܫ ൌ ାܫ sin߮ା ൅ ିܫ sinሺെ2߱ݐ െ ߮ି)								ሺ11. ܾ)

Substituting (8.a) and (9a, 9b) in (11.b) and rearranging, 
yields to the opportune references of positive and negative 
sequences of the line current reactive component as shown in 
(12.a) and (12.b) hereafter. A detailed mathematical 
development is given in the appendix.  ܫ௤_௥௘௙ା ൌ െ23ܳ଴_௥௘௙௜௡ ௗା)ଶܧௗାሺܧ െ ቂሺܧௗ െ ௗା)ଶܧ ൅ ൫ܧ௤ ൯ଶቃ			ሺ12. a) 

௤_௥௘௙ିܫ ൌ െܧ௤ିܧௗା, ௗାܫ ൅ ,ௗାܧௗିܧ ௤_௥௘௙ାܫ 	ሺ12. b) 
One can verify from (11.b) and (12a, 12b) that the q 

component of the positive sequence consists of a constant term ൫ܫ௤_௥௘௙ା ൯ that depends only on the average reactive power 
reference. The negative sequence component ൫ܫ௤_௥௘௙ି ൯ consists 
of a ripple term oscillating at twice the grid frequency. This 
ripple term depends on the dq components of positive and 
negative sequences of the grid voltages, as well as the dq 
components of the positive sequence of the line currents. 
These computed references are subsequently used as input 
references to the PIR control loop that is presented hereafter. 

B. PIR Based Closed-loop Controller

With the aim to design the appropriate controller which
allows an accurate tracking of the opportune current 
references computed by (12.a) and (12.b), we should first 
determine the dynamics of the line current reactive 
component	݅௤. Using Kirchhoff laws, the reactive components 
of the line current and capacitor voltage can be expressed in a 
synchronous reference frame [17] [38]:  ݀݀ݐ ݅௤ ൌ െ ܮݎ ݅௤ െ ߱௜	݅ௗ ൅ ܮ1 ௤ܧ െ ܮ1 ௠ܸ௤ 	ሺ13. a) ݀݀ݐ ௠ܸ௤ ൌ െ߱௜ ௠ܸௗ ൅ 1ܿ ݅௤ െ 1ܿ ݅௠௤ 	ሺ13. b) 

As can be seen, the input current ݅௠௤ that is considered as 
the control-law does not appear explicitly in the first 
derivative of ݅௤.	 By differentiating (13.a) and using (13.b), we 
can obtain the dynamics of ݅௤ arranged in a canonical 
controllable form as shown in (13.c) where ߱଴ ൌ ଵ√௅௖ is the 
input filter resonant angular frequency.݀ଶ݀ݐଶ ݅௤ ൌ 	െ ܮݎ ݐ݀݀ ݅௤ െ ߱଴ଶ	݅௤ ൅ ߱଴ଶ	݅௠௤െ ߱௜ ݐ݀݀ ݅ௗ 	൅ ܮ1 ݐ݀݀ ௤ܧ ൅ ߱௜ܮ ௠ܸௗ 			ሺ13. c) 

Reporting (13.c) in Laplace domain, yields the transfer 
function described by (13.d) where ܳ௙ ൌ ଵ௥ට೎ಽ  is the input filter 

quality factor. ݅௤ ቆݏଶ߱଴ଶ ൅ 1ܳ௙	߱଴ ݏ ൅ 1ቇ ൌ ݅௠௤ด௖௢௡௧௥௢௟ି௟௔௪ െ ቆ߱௜߱଴ଶቇ ௧௘௥௠൅ቆ	ௗᇣᇧᇧᇤᇧᇧᇥ௖௢௨௣௟௜௡௚݅	ݏ ଴ଶቇ߱ܮ1 ௤ܧ	ݏ ൅ ቆ ߱௜߱ܮ଴ଶቇ 	 ௠ܸௗᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥௗ௜௦௧௨௥௕௔௡௖௘	௧௘௥௠௦
		ሺ13. d) 

The transfer function (13.d) shows that in addition to the 
control-law ݅௠௤, there exist one coupling and two disturbance 
terms that should be compensated by the regulator. The use of 
a PI regulator with an appropriate compensation of the 
additional terms found in (13.d) can perform a zero steady-
state tracking error of the current reference only if the latter is 
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a dc signal. Indeed, the key limitation of PI controllers is their 
inability to perform a perfect tracking of ac reference signals 
[39]. Accordingly, the ripple term existing in the current 
reference leads to amplitude and phase tracking errors if only 
a conventional PI regulator is used. Therefore, the PI 
controller is reinforced with a resonant term with a resonant 
frequency of twice the grid frequency. The transfer function of 
an ideal resonant controller is shown in equation (14), where ܭூோ and ߱௥ ൌ 2߱௜ are the gain and resonant angular frequency 
of the controller.  ܪோሺݏ) ൌ ூோܭ ଶݏݏ ൅ ߱௥ଶ 			ሺ14) 

In open-loop, ܪோሺݏ) provides an infinite gain at twice the 
grid frequency which ensures an accurate tracking (in closed-
loop) of the double-frequency ripple component of the 
reference current, as well as  disturbance rejection for signals 
pulsating at the resonant frequency. These benefits are 
achieved without affecting the high frequency stability [40] 
[41] [42]. However, the infinite gain and narrow bandwidth of
the resonant controller may cause instability due to grid
frequency deviation and discretization errors [43]. Hence, in
order to avoid stability problems, a damped resonant term
(15.a) is used instead of (14).

(ݏோ_ௗ௔௠௣ሺܪ ൌ ூோܭ ௗ௔௠௣ܭ 		 ఠೝொ೏ೌ೘೛ ଶݏݏ ൅ ఠೝொ೏ೌ೘೛ ݏ ൅ ߱௥ଶ 			ሺ15. ܽ) 
 ௗ௔௠௣ and ܳௗ௔௠௣ are the damped gain and quality factorܭ

respectively. The transfer function defined in (15.a) provides a 
complete separation of the gain and bandwidth at resonant 
frequency such that: 

ቐܪோ೏ೌ೘೛ሺ߱ ൌ ߱௥) ൌ ሺܹ߱ܤௗ௔௠௣ܭூோܭ ൌ ߱௥) ൌ ߱௥ܳௗ௔௠௣ 	ሺ15. ܾ) 
Moreover, one can observe that the standard ideal controller 

of (14) is a particular case of (15.a) with ܳௗ௔௠௣ ≫ ߱௥ and ܭௗ௔௠௣ ൌ ொ೏ೌ೘೛ఠೝ  Accordingly, the opportune control-law ݅௠௤	
is determined by multiplying the error signal by the PIR 
controller transfer function and removing the coupling and 
disturbance terms of (13.d) which yields: 

݅௠௤ ൌ ቎ܭ௣ ൅ ݏூܭ ൅ ூோܭ ௗ௔௠௣ܭ 		 ఠೝொ೏ೌ೘೛ ଶݏݏ ൅ ఠೝொ೏ೌ೘೛ ݏ ൅ ߱௥ଶ቏ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ௉ூோ	௖௢௡௧௥௢௟௟௘௥
௤_௥௘௙ାܫൣ ൅ ௤_௥௘௙ିܫ െ ݅௤൧ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ௘௥௥௢௥	௦௜௚௡௔௟

൅ ቆ߱௜߱଴ଶቇ ௖௢௠௣௘௡௦௔௧௜௢௡	ௗᇣᇧᇧᇤᇧᇧᇥ௖௢௨௣௟௜௡௚݅	ݏ െ ቆ ଴ଶቇ߱ܮ1 ௤ܧ	ݏ െ ቆ ߱௜߱ܮ଴ଶቇ 	 ௠ܸௗᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥௗ௜௦௧௨௥௕௔௡௖௘	௥௘௝௘௖௧௜௢௡ 					ሺ16. a) 
As can be seen, equation (16.a) requires the calculation of 

the first derivative of ݅ௗ and ܧ௤which reduces the accuracy of 
the control-law for real-time implementation. An equivalent 
expression to the first derivative of ܧ௤ can be deduced from 
(10) as follows:

ݐ݀݀ ௤ܧ ൌ െ2߱௜	ܧௗି 	ሺ16. b) 
On the other hand, the term ሺݏ	݅௦ௗ) can be substituted by the 

mathematical equation that describes the dynamics of ݅ௗ in the 
dq frame such that:  ݀݀ݐ ݅ௗ ൌ െ ܮݎ ݅௦ௗ ൅ ߱௜	݅௤ ൅ ܮ1 ௗܧ െ ܮ1 ௠ܸௗ 	ሺ16. c) 

Plugging equations (16.b) and (16.c) into (16.a), an 
equivalent expression of the control-law which is more 
suitable for real-time implementation is therefore obtained: 

݅௠௤ ൌ ቎ܭ௣ ൅ ݏூܭ ൅ ூோܭ ௗ௔௠௣ܭ 		 ఠೝொ೏ೌ೘೛ ଶݏݏ ൅ ఠೝொ೏ೌ೘೛ ݏ ൅ ߱௥ଶ቏ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ௉ூோ	௖௢௡௧௥௢௟௟௘௥
௤_௥௘௙ାܫൣ ൅ ௤_௥௘௙ିܫ െ ݅௤൧ 

൅ 1߱଴ଶ ൤െ߱௜ ܮݎ ݅ௗ ൅ ߱௜ଶ݅௤ ൅ ߱௜ܮ ௗܧ െ 2߱௜ܮ ௠ܸௗ ൅ 2߱௜ܮ ௗିܧ	 ൨				ሺ16. d)
The control-law 	݅௠௤  is thereafter used to determine the 

opportune direction of the input current space vector such that:  ߮௜ ൌ ଵି݊ܽݐ ൬	݅௠௤	݅௠ௗ൰	 	ሺ17) 
Where ߮௜ is the instantaneous phase angle between the 

positive sequence of the grid voltage space vector ሺܧതା ൌܧା݁௝ఠ௧) and the converter input current space vector 
namely	ܫ௠̅ as illustrated in Fig.2. Since 	݅௠ௗ is the direct 
component of modulated currents	ሺ݅௠௔,௠௕,௠௖), therefore, it 
cannot be sensed with the aim to compute the instantaneous 
value of (17). By neglecting the power losses in the high 
frequency filter, one can assume the direct component 	݅ௗ is 
similar to 	݅௠ௗ  . Consequently, it can be used in equation (17) 
without loss of accuracy. Finally, the input current’s direction, 
that is determined according to (17), can be synthesized using 
the SVPWM technique which consists in impressing at each 
sampling period the two active vectors adjacent to ܫ௠̅ with the 
opportune duty cycles, namely 	݀ଵோ and 	݀ଶோ as depicted in 
Fig.2.  

C. Stability Analysis
The steady state and dynamic performance of the controller

greatly depend on the gain of proportional, integral, and 
resonant terms.  
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Fig.2  Synthesis of  ܫ௠̅ vector using SVPWM method
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Basically, the high frequency system response (transient 
response) is managed by the proportional gain whereas; the 
steady-state error and the phase margin are determined by the 
integral and resonant gains. The most commonly used 
approach to obtain the appropriate gains and to study the 
system’s stability is usually based on Bode diagrams and the 
phase margin criterion that require precise knowledge of the 
open-loop transfer function of the plant under control. 
Substituting firstly (16.a) into (13.d), a closed-loop 
relationship between ݅௤ and its reference	ܫ௤_ೝ೐೑	 ൌ ௤_௥௘௙ାܫ	 ൅ܫ௤_௥௘௙ି   is thereby derived as follows: ݅௤ ቆݏଶ߱଴ଶ ൅ 1ܳ௙	߱଴ ݏ ൅ 1ቇ ൌ						
቎ܭ௣ ൅ ݏூܭ ൅ ூோܭ ௗ௔௠௣ܭ 		 ఠೝொ೏ೌ೘೛ ଶݏݏ ൅ ఠೝொ೏ೌ೘೛ ݏ ൅ ߱௥ଶ቏ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ௉ூோ	௖௢௡௧௥௢௟௟௘௥

௤_௥௘௙ାܫൣ ൅ ௤_௥௘௙ିܫ െ ݅௤൧ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ௘௥௥௢௥	௦௜௚௡௔௟ 			ሺ18) 
It is now straightforward to describe the closed-loop control 

system computed in (18) by the block diagram of Fig.3 
hereafter which illustrates clearly the open-loop forward path. 
Consequently, the ideal open-loop transfer function namely 
G(s) can be expressed as follows: 

(ݏሺܩ ൌ ቎ܭ௣ ൅ ݏூܭ ൅ ூோܭ ௗ௔௠௣ܭ 		 ఠೝொ೏ೌ೘೛ ଶݏݏ ൅ ఠೝொ೏ೌ೘೛ ݏ ൅ ߱௥ଶ቏ 1൬௦మఠబమ ൅ ଵொ೑	ఠబ ݏ ൅ 1൰		ሺ19) 
Fig.4a displays the magnitude and phase Bode diagrams of 

G(s) obtained with ܭ௣ ൌ 0.05 	and two different values of the 
integral and resonant gains (ܭூ ൌ ூோܭ ൌ 15	ܽ݊݀	20). The 
loop gain curve shows 5 different cross-over frequencies for 
each case. The first one (fc1) is due to the integral term of the 
controller and is located at the neighboring of dc frequencies. 
Two others cross-over frequencies (fc2, fc3) are located around 
the controller’s resonant frequency. The remaining two cross-
over frequencies (fc4, fc5) are located around the input filter 
resonant frequency (≈1kHz).  The most critical case is located 
at the right side of the input filter resonant frequency since the 
corresponding phase margin is the closest to -180° phase line. 
On the other hand, it can be observed clearly that a larger 
value of the resonant term increases the gain at the resonance 
frequency of the controller implying that a better accuracy is 
achieved in steady-state operation. However, this benefit is 
obtained at the cost of phase margin decrease as the resonant 
gain increases.  
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Fig.3 Schematic Block diagram of the closed-loop control system described 
by (18) 

 Fig.4a shows also that the phase margins obtained with 
both values of ܭூோ are too small to ensure a robust stability. A 
further decrease of ܭூோ is not suitable since it will worsen the 
accuracy at steady-state operation. The only permissible 
solution is therefore to decrease the proportional gain ܭ௣. 
Fig.4b displays the Bode diagrams obtained with ܭூ ൌ ூோܭ ൌ15	and	ܭ௣ ൌ 0.03. The obtained phase margin is theoretically 
greater than 40°. However, it is worthy to point out that the 
above analysis was done without considering the effect of the 
delays caused by the sampling phenomenon as well as by the 
current and voltage transducers. Equation (20) gives a more 
realistic open-loop transfer function including one sampling 
period delayሺ݁ି்௦).   ܩሺݏ) ൌ							
݁ି்௦ ቎ܭ௣ ൅ ݏூܭ ൅ ூோܭ ௗ௔௠௣ܭ 		 ఠೝொ೏ೌ೘೛ ଶݏݏ ൅ ఠೝொ೏ೌ೘೛ ݏ ൅ ߱௥ଶ቏				 1൬௦మఠబమ ൅ ଵொ೑	ఠబ ݏ ൅ 1൰		ሺ20) 

The corresponding Bode plot of  Fig.4c (black curve) shows 
clearly that the phase margin becomes smaller and thereby is 
not sufficient to ensure a robust stability. It is therefore 
obvious to conclude that a lower value of ܭ௣ that provides a 
gain below the 0 dB line is mandatory to avoid the stability 
problem at the resonant frequency of the filter. Fig.4c (gray 
curve), shows the Bode plot for  ܭ௣ ൌ 0.01 ; as compared to 
the previous case (black curve), it is clear that the filter gain at 
resonance frequency is well damped so that the gain curve will 
never cross over the 0 dB line at this critical frequency. 
Moreover, the gains at the dc and the controller’s resonant 
frequencies remain unchanged implying that no negative 
impact will occur on the steady state error. It was 
experimentally tested that a suitable value of the proportional 
gain below 0.03 is ܭ௣ ൌ 0.01. This value leads to a 
satisfactory performance for line current THD which is an 
important constraint. 

D. Extension to Four-Wire Configuration

As compared to the three-wire converters structures, the
four-wire configuration introduces a zero-sequence current 
path which is helpful to achieve a better power control 
performance [20]. Therefore, to extend the proposed control-
theory to the four-wire configuration, it is mandatory to design 
an additional loop so as to enable the controllability of the 
zero-sequence current flowing through the neutral point. 
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The authors underline that, to their best knowledge, the 
most commonly used Matrix Converters topologies are 
connected to grid through a three-wire system. The four-wire 
system has been adopted in case of unbalanced load which is 
out the scope of this paper. In this case, the common neutral 
point of the load was connected to the midpoint of an 
additional leg of the inverter stage giving rise to a modified 
topology named the Four-Leg Indirect Matrix Converter [44].  

IV. CONTROL OF OUTPUT VOLTAGES AND ACTIVE POWER

For the sake of simplicity, the converter’s losses are
assumed to be neglected. Therefore, if balanced output 
voltages and currents are provided at the load side of the 
converter, the input active power is inherently free of double-
frequency ripple components. For this purpose, a 
straightforward method will be presented hereafter so as to 
provide balanced output voltages when the converter is tied to 
an unbalanced grid. Therefore, a real-time estimator of the dc-
link voltage is developed based upon the measurement of 
instantaneous grid voltages as well as an average switching 
function of the grid side converter. 

As an example, assume the input current reference vector 	ܫ௠̅ is residing within sector 1 of the complex plane as 
illustrated in Fig.2. In this situation, the upper switch of phase-
leg a is turned on over the full switching period while the 
lower switches of phase-legs b and c are modulated with duty 
cycles 	݀ଵோ and 	݀ଶோ respectively. The remaining power 
devices are switched off. An average switching function 〈ܵ̅ீ 〉்௖ of the grid side converter can thereafter be defined 

within a switching period (Tc) as given in equation (21.a) 
where, ܽ ൌ ݁௝మഏయ 	:〈ܵ̅ீ 〉்௖ ൌ 23 ሺ1 െ ܽ	݀ଵோ െ	ܽଶ	݀ଶோ)				 	ሺ21. a) 

Equation (21.a) in turn can be generalized for the six 
possible positions of the input current space vector 	ܫ௠̅ in the 
complex plane as shown in equation (21.b), where  	݀௔,௕,௖ are 
duty cycles assigned to phase-legs a, b, and c. 〈ܵ̅ீ 〉 ೎் ൌ 23 ሺ	݀௔ ൅ ܽ	݀௕ ൅	ܽଶ	݀௖)				 	ሺ21. b) 

On the other hand, let ̅ߛ௜ be defined as the instantaneous 
phase angle of 	ܫ௠̅ within its operating sector as seen in Fig 2.  ̅ߛ௜ ൌ ߱௜ݐ െ ሺܭ௜ െ 3ߨ(1 ൅ 6ߨ ൅ ߮௜					 	ሺ22. a) 

In (22.a) ܭ௜ is the sector number where ܫ௠̅ is lying. In this 
case, the duty cycles 	݀ଵோ and 	݀ଶோ can be expressed as a 
function of  ̅ߛ௜ such that [4]: 

	݀ଵோ ൌ sin ቀగଷ െ ௜ቁcosߛ̅ ቀగ଺ െ ௜ቁߛ̅ ;	 	݀ଶோ ൌ sinሺ̅ߛ௜)cos ቀగ଺ െ ௜ቁߛ̅ 	ሺ22. b) 
 Therefore, equation (21.b) can be rewritten as follows: 〈ܵ̅ீ 〉 ೎் ൌ 1cos ቂ߱௜ݐ െ ሺܭ௜ െ 1) గଷ ൅ ߮௜ቃ ݁௝ሺఠ೔௧ାఝ೔)				 				ሺ23) 
It follows that the average value of the dc-link voltage can 

be expressed as: 〈 ௗܸ௖〉 ೎் ൌ 32ܴ݈݁ܽ		ൣ〈ܵ̅ீ 〉 ೎்ܧത∗ ൧	ൌ ௜߮ݏ݋ାܿܧ32 	൅ ିܧ		 cosሺ2߱௜ݐ ൅ ିߠ ൅ ߮௜)cos ቂ߱௜ݐ െ ሺܭ௜ െ 1) గଷ ൅ ߮௜ቃ 				 		ሺ24) 
∗തܧ  is the conjugate space vector of the grid voltages. φ୧ is 

the instantaneous phase angle between the positive sequence 
of the grid voltage space vector and 	ܫ௠̅ that is computed in 
real time by the PIR controller as explained above in section 
III/B. Consequently, the real-time estimator should operate 
downstream of the PIR based control loop. On the other hand, 
one can observe that the nominator of the estimated dc-link 
voltage (equation (24)) includes a double-frequency ripple 
term due to the grid imbalance. Such term that appears in the 
denominator is due to modulation scheme of the grid side 
converter. Note also that the upper term of (24) needs less 
computational burden as compared to the lower term of the 
same equation, since it avoids using trigonometric functions 
and the division operator. Therefore, the real-time 
implementation of the dc-link voltage estimator is based on 
the upper term of (24) where the value of 〈ܵ̅ீ 〉 ೎் is updated 
according to (21.b).  

Assume now the dc-link voltage is constant within a 
sampling period and is equal to its average value. A balanced 
output voltage system can therefore be provided at the load 
side simply by impressing the active vectors of the load side 
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converter by an unbalanced system of duty cycles as shown in 
(25) where	݀ଵூ and 	݀ଶூ stand for the applied duty cycles of the
two active vectors adjacent to the reference space vectorതܸ௢_௥௘௙ . The latter is equivalent to the balanced output
voltages VA, VB, and VC. ෠ܸ௢ and ̅ߠ௢ are the amplitude and 
instantaneous phase angle within its operating sector of the 
reference space vector 	 തܸ௢_௥௘௙ as depicted in Fig.5.   	݀ଵூ ൌ √3 ෠ܸ௢〈 ௗܸ௖〉 ೎் sin ቀ3ߨ െ ௢ቁߠ̅ ;	݀ଶூ ൌ √3 ෠ܸ௢〈 ௗܸ௖〉 ೎் sinሺ̅ߠ௢)		ሺ25) 

Fig.6 shows a general block diagram of the proposed 
controller. A multiple reference frame PLL (MRF-PLL) is 
implemented so as to achieve a perfect synchronization with 
the positive sequence of the grid voltages as well as a 
minimized ripple in the estimated phase angle waveform. The 
implementation of reactive current references ܫ௤_௥௘௙ା  and ܫ௤_௥௘௙ି  
according to (12.a-b) requires the real-time computation of 
signals	ܧௗା, ௗିܧ ,௤ାܧ , ௤ିܧ	 , and ܫௗା. ܧௗା, ௗିܧ ,௤ାܧ	 , and 	ܧ௤ି  are 
directly extracted from the MRF-PLL block  while a low-pass 
filter is used to extract ܫௗା from the signal ݅ௗ .	Once the current 
references are determined, the control-law imq and the 
instantaneous phase angle ߮௜ are computed according to (16.d) 
and (17). This allows performing the SVPWM scheme of the 
grid side converter and also the estimation of the dc-link 
voltage according to the upper term of (24) and (21.b). 
Therefore the SVPWM of the load side converter is performed 
according to (25). Finally, the block “switching pattern 
distribution” generates the appropriate gating pulses for the 
grid side and load side parts of the Indirect Matrix Converter.  

V. MAXIMUM VOLTAGE TRANSFER RATIO

Assume firstly that the load side converter operates as a 
conventional voltage source inverter supplied by a constant dc 
source.  The relationship between the amplitude of the output 
voltage fundamental component and the dc source voltage is 
defined as a function of the inverter modulation index ܯூ such 
that: ෠ܸ௢ ൌ ூܯ ௗܸ௖2 		ሺ26) 

It is well known that when the output voltages are 
modulated with the SVPWM scheme, the maximum value of ܯூ is  ܯூ௠௔௫ ൌ 1.155. On the other hand, Fig.7 displays the 
grid voltage vector locus where ܧതା ൌ  ା݁௝ఠ೔௧ is the vectorܧ
equivalent to the positive sequence component and rotating 
counterclockwise; ܧതି ൌ  ௝ሺିఠ೔௧ିఏష) is the vector݁ିܧ
equivalent to the negative sequence component and rotating 
clockwise.   
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Figs.10a-b illustrate a phase to neutral output voltage 
waveform as well as the three load currents. Despite the grid 
voltage imbalance, the converter is able to provide three-phase 
balanced and sinusoidal load currents as observed in Fig.10b. 
The immediate consequence of balancing the load 
currents/voltages can be observed in the active power 
waveform shown in Fig.11. The latter is effectively free of 
double-frequency ripple mainly caused by the grid voltage 
imbalance. Moreover, except the high-frequency ripple, the 
obtained active power waveform is almost constant in steady 
state operation. This result emphasizes the effectiveness of the 
load side converter’s control methodology as well as the 
accuracy of the proposed estimator. 

On the other hand, Fig.12a shows that the currents injected 
into the grid (ia, ib, and ic) are effectively sinusoidal and 
unbalanced. The amplitudes of their fundamental components 
are 3.15A (ia), 2.87A (ib) and 2.94A (ic) respectively. The 
THD measured using the power analysis tool found on the 
scope “Teldyne Lecroy” HDO6104-HD4096 is 6.12% for ia, 
6.4% for ib, and 6.34% for ic respectively. Moreover, by 
inspecting Fig.12b, one can observe that the line currents are 
almost in phase with their corresponding grid voltages i.e. a 
near unity input power factor is achieved. This interpretation 
is emphasized by the result of Fig.11 which shows clearly that 
the average reactive power is very close to zero.  

 
Fig.9a  Unbalanced line to neutral grid voltages. The imbalance is obtained by 
decreasing of  15% one phase amplitude. 
 

 
Fig.9b Voltages across the input filter capacitors (Vma, Vmb, and Vmc) 
 

 

 
Fig.10 Load side waveforms; (a) phase to neutral output voltage – (b) load 
currents iA, iB, and iC 

Thus, it can be concluded that the proposed reactive power 
loop performs a satisfactory steady-state tracking of the 
reference ܳ଴_௥௘௙௜௡  which was set to zero. It is also clear that the 
reactive power waveform includes a ripple component 
oscillating at twice the grid frequency. This result is quite 
normal as expected by equation (5) of the theoretical analysis 
carried out in section II.  Note also that only the low-
frequency ripple of the active power is removed. Indeed, in the 
existing control theories applied to converters tied to 
unbalanced grid voltages, when the constraint of sinusoidal 
line currents is imposed, therefore, it is not possible to 
compensate perfectly and simultaneously active and reactive 
power ripples in case of three-phase three-wire conversion 
topologies [45]. 

As in practice, the Indirect Matrix Converter should 
operate with different output voltages and frequencies; the 
performance of the proposed methodology is therefore tested 
for an abrupt change of both q (q changed from 0.75 to 0.55) 
and fo (fo changed from 70 to 50 Hz). Fig.13 shows that the 
system performs very well during both steady-state and 
transient operation. Moreover, for the two operating points the 
line current remains in phase with its corresponding grid 
voltage.  
 

 
Fig.11 Instantaneous active and reactive powers waveforms ሺܲ௜௡, ܳ௜௡) 
 

 
Fig.12a Line currents ia, ib, and ic 

 

 
Fig.12b Line to neutral grid voltages and line currents (Ea,ia), (Eb,ib), and (Ec, 
ic) 
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In Fig.14 are shown the active and reactive power 
waveforms. It can be observed that the average value of the 
reactive power is not affected by the abrupt decrease of the 
active power and remains very close to zero i.e. the converter 
remains operating at near unity input power factor.  

Since no closed-loop control algorithms were proposed in 
the earlier literature so as to control the input power factor of 
IMC operating under unbalanced grid voltages, a comparative 
study with earlier methods has no meaning. However, in order 
to show the benefits of the proposed method, the same 
previous test was carried out without the reactive power loop 
(the PIR controller and disturbance rejection terms are 
disabled). Fig.15 shows clearly that the average reactive 
power is different from zero for the two operating points. 

 

 
Fig.13 Load current (iA), line to neutral grid voltage Ea, and line current (ia) 
during an abrupt decrease of q and fo.  
 

 
 
Fig.14 Instantaneous active and reactive powers ܲ௜௡, ܳ௜௡ during an abrupt 
decrease of the voltage transfer ratio q and fo . 
 

 
Fig.15 Instantaneous active and reactive powers ܲ௜௡, ܳ௜௡ during an abrupt 
decrease of q and fo (with no reactive power control loop). 
 
 

 
Fig.16 Unbalanced line to neutral grid voltages. Ea  decreased of 10%  and Ec  
decreased of 5% .  

 

Obviously, a further decrease of q will lead to a more 
important variation of the reactive power exchanged with the 
grid. Therefore, in the absence of the reactive power control 
loop, when the converter is forced to operate at low value of q, 
the input power factor may reach lower value, which will 
definitely have negative impact on the grid. 

In a second test, the amplitude of Ea is decreased by 10% 
while the one of Ec is decreased by 5% as shown in Fig.16. 
The result illustrated in Fig.17 shows clearly that converter is 
also able to provide balanced current to the load. Moreover, 
the line currents remain sinusoidal and in phase with their 
corresponding grid voltages as shown in Fig.18. Therefore, the 
unity input power factor operation is also achieved. These 
results confirm that the proposed reactive power controller and 
dc-link voltage estimator operate perfectly even under these 
unfavorable conditions of the grid voltages. 

VII. CONCLUSION 
This paper introduced an advanced control method for an 

Indirect Matrix Converter operating under unbalanced grid 
voltages in order to provide balanced output voltages and 
achieve a near unity input power factor operation. The benefit 
of the proposed reactive power controller is the use of a single 
control loop thanks to the feature of the PIR controller which 
is able to perform the tracking of both dc and oscillating terms 
existing in the input current reference. The experimental tests 
showed that this controller operates very efficiently and 
confirm its capability to drive the converter with a near unity 
input power factor even under variable active power 
demanded by the load. On the other hand, a real-time 
estimator of the dc-link voltage was successfully constructed 
based on the instantaneous measurement of grid voltages as 
well as an average switching function of the grid side 
converter.  

 

 
Fig.17 Steady state load currents iA, iB, and iC obtained under 10% decrease of 
Ea and 5% of Ec . 
 

 
Fig.18 Line to neutral grid voltages and line currents (Ea,ia), (Eb,ib), and (Ec, ic) 
obtained under 10% decrease of Ea and 5% of Ec . 
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This estimator, which operates downstream of the PIR control 
loop, allows the converter to provide balanced output voltages 
and consequently an almost constant active power free of low-
frequency ripple supplied from the grid.  

APPENDIX 
According to (11.b), the expression of ܫ௤_௥௘௙ା  is : ܫ௤_௥௘௙ା ൌ ାܫ sinሺ߮௥௘௙ା )							 	ሺ1ܣ) 
Moreover, the following relationships are derived from 

equation (10): ܧା ൌ 		ௗାܧ 	ሺ2ܣ) ሺିܧ)ଶ ൌ ቂሺܧௗ െ ௗା)ଶܧ ൅ ൫ܧ௤ ൯ଶቃ 	ሺ3ܣ) 
Therefore, reporting (9.a), (A2), and (A3), into (A1) yields 

equation (12.a). On the other hand, according to (11.b), the 
expression of ܫ௤_௥௘௙ି  is : ܫ௤_௥௘௙ି ൌ ିܫ sinሺെ2߱௜ݐ െ ߮ି)				 	ሺ4ܣ) 

Reporting (8.a) and (9.b) into (A4) yields: ܫ௤_௥௘௙ି ൌ ାܧିܧ ାܫ sin൫2߱௜ݐ ൅ ିߠ ൅ ߮௥௘௙ା ൯							 	ሺ5ܣ) 
Equation (A5) can also be rewritten as follows: 

௤ೝ೐೑ିܫ ൌ ାดா೏శܧ1 ቎ିܧsinሺ2߱௜ݐ ൅ ᇩᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇫିா೜ష(ିߠ ሺ߮௥௘௙ାݏ݋ܿ	ାܫ )ᇩᇭᇭᇭᇪᇭᇭᇭᇫூ೏శ ቏		
൅ ାดா೏శܧ1 ൦ିܧcosሺ2߱௜ ൅ ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫா೏ష(ିߠ ሺ߮௥௘௙ା݊݅ݏ	ାܫ )ᇩᇭᇭᇭᇪᇭᇭᇭᇫூ೜ೝ೐೑శ ൪		 ሺ6ܣ) 

Equation (A6) is quite equivalent to (12b) given in section 
III/A. 
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