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Abstract
Shear failure in reinforced concrete (RC) beams have always been a serious concern due to its brittle fracture mode. In addition,
many questions are raised about the accuracy of current design guidelines for predicting the shear resistance contribution of
externally bonded carbon fiber-reinforced polymers (EB-CFRPs) to the ultimate shear strength of strengthened RC beams,
particularly with regard to the inverse interaction of the shear contribution between steel-stirrups and EB-CFRPs. The main
objective of the present study is to implement experimental and numerical tests to develop analytical and numerical models for
RC beams strengthened in shear using EB-CFRPs. Emphasis is placed on the negative inverse interaction between the steel-
stirrups and the EB-CFRPs as the ratio of EB-CFRP-to-steel-stirrups increases with increasing the CFRP rigidity (CFRP thickness
and CFRP width). The inverse interaction is not included in the design models proposed by most current guidelines, although it
has a considerable effect on shear resistance as predicted by the guidelines. In fact, the shear contribution associated with EB-
CFRP decreases as the ratio of EB-CFRP-to-steel-stirrups increases. Therefore, proposing reliable effective strains by including
these parameters improve the calculated shear contribution of EB-CFRPs. First, an analytical model is proposed for CFRP
effective strain considering the inverse interaction between EB-CFRPs and steel-stirrups. Afterward, a validation of the proposed
model with experimental data is done by conducting a parametric study of the increasing trends with respect to the ratio of EB-
CFRP-to-steel-stirrups. A numerical finite-element model for the reduction factor and the corresponding effective strain based
on the inverse interactions between EB-CFRPs and steel-stirrups is also proposed, and the results are compared with various
current guidelines. The results are presented in terms of shear crack patterns, load-midspan deflections, shear stresses, strain
responses along the fibers, maximum strain profiles for all the CFRPs and specimens, applied shear forces and strains for all the
steel-stirrups and EB-CFRPs, and interactions between steel-stirrups and EB-CFRPs based on their maximum strain con-
tributions at the maximum shear forces and the maximum strain they experience after shear failure.
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Introduction

Fiber-reinforced polymers (FRPs) have been extensively
applied for various industrial purposes, including the con-
struction industry, due to their numerous advantages such as
high strength-to-weight ratio, high resistance at low tem-
perature, low cost, and ease of installation. One of their
applications in construction is to rehabilitate damaged con-
crete structures. Therefore, researchers have been conducting
various experimental, analytical, and numerical inves-
tigations to calculate their contribution to the strengthening of
concrete structures. Shear failures in reinforced concrete (RC)
beams have always been a serious concern for practicing
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Technologie Supérieure (ÉTS), University of Quebec, Montreal, QC,
Canada
3Associate Professor, Department of Construction Engineering, École de
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engineers because of their complexity and tendency to brittle
failure without warning. However, there are many contra-
dictions in the existing analytical models to calculate the
shear contribution of FRP to the ultimate shear strength of RC
beams strengthened with externally bonded FRP (EB-FRP).
Various parameters are missing in these analytical models,
which affect the accuracy of the guideline predictions for the
contribution of EB-FRP to the ultimate load-carrying ca-
pacity of RC beams. The inverse interaction between steel-
stirrups and EB-FRP, the size effect, the angle of the shear
crack, the distribution of the shear crack over the EB-FRP,
and the effect of bond-slip between concrete and EB-FRP are
examples of such parameters. The inverse interaction be-
tween EB-FRP and steel-stirrups has been recently shown by
researchers to have an important impact. Indeed, it was
shown that increasing the amount of internal and external
reinforcement resulted in various distributions of shear
cracks, leading to less effective bond length.1–5 In addition,
there are some issues regarding these models that need to be
questioned. Khalifa et al.1 proposed a model that relates the
fraction of the effective strain and the ultimate strain to the
EB-FRP ratio, where neither the shear crack distribution nor
the EB-FRP-to-steel-stirrup ratio is considered. Chaallal
et al.2 proposed a model where the effective strain is
a function of the total reinforcement (EB-FRP + steel-
stirrups), in which the EB-FRP-to-steel-stirrup ratio is not
considered. Therefore, this model shows the effective strain
for specimens that are not even strengthened with EB-FRP
and does not consider inverse interaction between internal
and external reinforcements. The reduction factor proposed
by Pellegrino and Modena3 does not include the EB-FRP-to-
steel-stirrup ratio, but rather the reduction factor is a function
that relates the shear gain due to EB-FRP to the ratio As.Es/
ρf.Ef. In addition, Chen5 defined a model in which the mo-
bilization factors (reduction factors) were attributed to EB-
FRP and steel-stirrups where a single shear crack opening is
concerned, without considering the distribution or the non-
linearity of shear cracks. On the other hand, Mofidi and
Chaallal4 considered the shear crack distribution by con-
verting the trapezoidal area to the rectangular area in the zone
where EB-FRP contributes to the total shear resistance of the
beam by including the effective bond length and width.
Although similar to the model proposed by Chaallal et al.,2

this model is based on the total ratio (i.e., internal steel-
stirrups plus external EB-FRP), not considering the ratio of
the EB-FRP to the steel-stirrups.

The current research study aims to improve the model
proposed byMofidi and Chaallal4 by focusing on the effect
of inverse interactions between EB-ERP and steel-stirrups
on the one hand and the shear crack distribution on the
other. First, a database of 100 previous experimental
studies was gathered and analyzed; then, based on re-
gression of laboratory test results, an analytical model was
developed and compared to existing guidelines. After this,
a parametric finite-element (FE) study was conducted

considering different ratios of FRP-to-steel-stirrups to
evaluate FRP effective strain. The results of the numerical
study were evaluated based on the shear crack dis-
tributions, shear stress, and strain profiles with respect to
the direction of fibers crossed by the main shear crack, the
strain distribution factor, the effective strain, the load-
deflection responses (concrete, steel-stirrups, and fibers),
and the amounts of EB-FRP and steel-stirrup strain versus
the applied shear force.

Research significance

Research on the effect of the inverse interaction between
EB-CFRP and steel-stirrups is not considered in current
guidelines, and the number of studies on this topic is
limited. However, this phenomenon has a considerable
influence on the components of an RC beam strengthened
with EB-FRP, in the sense that not recognizing its effect
results in misconceptions about the shear contributions of
EB-FRP and steel-stirrups. Furthermore, numerical studies
of this inverse interaction are limited, although FEA fa-
cilitates the prediction of component responses during the
loading process and paves the way for proposing models
that consider the effect of major parameters. The present
study plays a role in better understanding the inverse in-
teraction between EB-FRP and steel-stirrups and de-
veloping analytical and numerical models for future
research.

Proposed model

The model proposed by Mofidi and Chaallal4 shows better
accuracy than most current guidelines and considers the
effect of total shear reinforcement on the shear crack dis-
tribution because the effective bond length is reduced as the
total amount of shear reinforcement increases. The accuracy
of this model reflects its better prediction of EB-FRP shear
contribution compared to the reviewed guidelines. This
model replaces the trapezoidal areas with rectangular areas
of effective length (Le) and effective width (wfe). The ef-
fective length was obtained based on the model of Neubauer
and Rostasy6:

Le ¼
ffiffiffiffiffiffiffiffi
Ef tf
2fct

s
(1)

fct ¼ 0:53
ffiffiffiffi
f 0c

p
: (2)

For calculating wfe, this model proves that both the
number of stirrups ðρsEsÞ and the rigidity of FRP compo-
sites (ρFRP.EFRP) affect the shear crack distribution.
Moreover, the proposed model shows that the crack pattern
affects the bond length in FRP composites in such a way that
as cracks propagate, less bond length is available, leading to
less FRP contribution to shear resistance. Therefore, the
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effective width should be sufficient to provide an effective
bond surface anchorage length. To calculate βc and wfe, the
strut-and-tie method is used with a shear crack angle of 45°.
The modification factor for each configuration (U-wrapped
or side-bonded) is defined by the effective width and the
distribution of shear cracks as follows:

wfe ¼ 0:6ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρFRP:EFRP þ ρsEs

p × df , U �Wrapped (3)

wfe ¼ 0:43ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρFRP:EFRP þ ρsEs

p × df , side� bonded (4)

βc ¼
wfe

df
¼ 0:6ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρFRP:EFRP þ ρsEs
p , U �Wrapped (5)

βc ¼
wfe

df
¼ 0:43ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρFRP:EFRP þ ρsEs
p , side� bonded (6)

The effective strain is given by:

εfe ¼ βc:βL:βw:τeff :Le

tf Ef
¼ 0:31βc:βL:βw

ffiffiffiffiffiffiffiffiffi
f 0c
tf Ef

s
≤ εfu (7)

The contribution of FRP composites to shear resistance
can be determined using the following equation:

Vf ¼ 2tf :wf :εfe:Ef :ðcot θ þ cot αÞ: sin α:df
sf

¼ ρf :Ef :εfe:b:df :ðcot θ þ cot αÞ: sin α
(8)

However, Mofidi and Chaallal4 model lacks precision in
illustrating shear crack distribution changes with increasing
EB-FRP-to-steel-stirrup ratio. The model overlooks the
inverse interaction between steel-stirrups and FRP, which is
crucial for the ρFRP.EFRP/ρs.Es ratio.

The proposed model addresses the observed inverse
interaction between EB-FRP and internal steel re-
inforcement by substituting the βc coefficient in Mofidi
and Chaallal4 effective strain with a factor accounting for
shear crack distribution evolution and the ρFRP.EFRP/ρs.Es

ratio.

Previous studies2,3,7 show that increasing ratios of EB-
FRP and steel-stirrups result in broader shear crack
distributions, accelerating EB-FRP debonding. This de-
bonding progresses until the entire zone loses strength.
Strengthening with EB-FRP leads to wider shear crack
distributions, reducing EB-FRP’s contribution to total
shear resistance as the ratio of external to internal shear
reinforcement increases. The proposed model addresses
these trends by considering crack distribution coefficient
(βic) based on the ratio of external to internal re-
inforcement ρFRP.EFRP/ρs.Es.

In fact, Mofidi and Chaallal4 model does not show how
the shear crack distribution changes as the EB-FRP-to
steel-stirrups ratio increases, because the model is based
on the total shear contribution (i.e., summation of internal
steel plus external EB-FRP shear reinforcement,
ρFRP:EFRP þ ρsEs), and it does not evaluate the reduction
of EB-FRP shear contribution as a function of the steel-
stirrup ratio. In addition, the inverse interaction between
steel-stirrups and EB-FRP is not considered in their
model. Table 1 illustrates that the negative interaction has
not yet been considered by existing codes. Therefore, in
this research, by observing that inverse interaction, the
model is developed by including a parameter related to
the effect of the increasing ratio of ρFRP.EFRP/ρs.Es. The
effective strain proposed by Mofidi and Chaallal4 in-
cludes a coefficient related to the shear crack distribution
(βc). Therefore, the effective anchorage length is shorter
than in the guidelines, which do not consider the effect of
multiple shear crack patterns. However, in this research,
this factor is replaced by another factor that considers
both the variation in shear crack distribution as the shear
reinforcement components increase and the inverse in-
teraction between the ratio of EB-FRP and internal steel
reinforcement. Previous studies2,3,7 demonstrated that by
increasing both the ratios of EB-FRP and steel-stirrups,
shear cracks become more distributed compared to
a single shear crack when there is no shear reinforcement.
Therefore, as the anchorage length is reduced due to the
appearance of major and minor shear cracks, EB-FRP
offers less anchorage length, and this phenomenon

Table 1. Considering the influencing parameters of the shear strengthening in the existing codes.

EB-FRP codes years
Bond-slip stirrups &
concrete

FRP and concrete
bond

Effective
strain

Crack
patterns

Invers interaction
FRP-stirrups

Crack
angle

Size
effect

CAN/CSA-S6 2019 7 7 3 7 7 3 7

CAN/CSA-S806 2012 7 7 3 7 7 3 7

ACI 440.2 R 2017 7 7 3 7 7 3 7

fib-TG 5.1-19
(2019)

2019 7 3 3 7 7 3 7

JSCE 2007 7 7 7 7 7 7 7

Mofidi’s model 2012 7 7 3 3 7 3 7
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accelerates EB-FRP debonding. The debonding process
always starts at a major shear crack when the shear stresses
exceeds the maximum shear stress at the FRP-concrete in-
terface; this debonding area moves toward the immobilized
area, where there is still enough anchorage length, until the
entire debonding zone completely loses its strength.8,9 On the
other hand, strengthening with EB-FRP is another reason for
a wider distribution of shear cracks,7 which results in a re-
duction of the EB-FRP contribution to the total shear resistance
of a beam when it comes to increasing the ratio of external
reinforcement (FRP) to internal reinforcement. Therefore, if the
reduction factor proposed byMofidi and Chaallal4 is a function
of total shear reinforcement, this model does not show how this
trend is reduced by increasing the ratio of ρFRP.EFRP/ρs.Es.
Moreover, it would be important to consider the crack dis-
tribution coefficient (βc) based on the ratio of external to in-
ternal reinforcement (ρFRP.EFRP/ρs.Es) instead of the total ratio
of transverse steel and FRP. Because both bond-slip models
(between FRP and concrete and between steel-stirrups and
concrete) are functions of the concrete strength, the maximum
shear strength between concrete and EB-FRP calculated by Lu
et al.10 (τmax=α1.βw.ft), and the maximum shear strength be-
tween concrete and steel-stirrups proposed by Telford11

(τmax ¼ 2:0
ffiffiffiffi
fct

p
), it would be necessary to include the effect

of concrete strength in the reduction factor (Bic). Based on
regression of the database of previous experimental studies, this
reduction is observed when the ratio (ρFRP.EFRP/ρsEs) shows
a rising trend (Figure 1). The following coefficient factors
could be replaced with βc. Therefore, in the proposed model
by Mofidi and Chaallal,4 the effective strain is implemented,
and βc is replaced with Bic as follows:

Bic ¼
�
We

�
df
�3
×

ffiffiffiffiffiffiffiffiffiffi
f 0c
�
fct

q
¼ 0:647 × ðρFRP:EFRP=ρsEsÞ�0:637

(9)

εfe ¼ Bic:βL:βw:τeff :Le

tf Ef
¼ 0:31Bic:βL:βw

ffiffiffiffiffiffiffiffiffi
f 0c
tf Ef

s
≤ εfu (10)

where βL is the reduction factor for FRP effective bond
length when it is less than the maximum anchorage
length, βw is the coefficient factor for considering the
effect of the strip-width-to-spacing ratio, both factors
proposed by Chen and Teng,12 εfu is the ultimate strength
of the fibers, and We is the effective width proposed by
Khalifa et al.1 The EB-FRP contribution is obtained
based on equations (11) to (13):

βL ¼
1 if λ ≥ 1

sin
πλ
2

if λ < 1

8<
:

9=
;; λ ¼ Lmax

Le
(11)

βW¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�Wf

�
Sf

1þWf

�
Sf

s
(12)

we ¼ df � Le (13)

Verification of the proposed model

A database of specimens strengthened in shear with U-
shaped EB-CFRP and steel-stirrups based on several
studies13–18 was gathered to evaluate the validity of the
proposed model (Figure 1). All the database specimens
were strengthened with steel-stirrups and U-shaped EB-
CFRP to evaluate and compare the shear resistance of EB-
CFRP in the presence of steel-stirrups. The comparison
was drawn between the proposed model and the guide-
lines. Figure 1 presents the calculated Vf(cal) according to
current codes and design guidelines19–23 versus experi-
mental tests Vf(exp) in terms of R2, average, estimated
standard deviation based on a sample (STDEV), and
covariance. Indeed, the proposed model shows the
highest R2(R2=0.5061), followed by the Canadian
guidelines19,20 and those from the ACI21 showing the
same R2 value (0.42). The lowest R2 is related to JSCE23

(R2=0.28), which does not use the effective strain for
calculating Vf, and fib-TG 5.122 (R2=0.15). This dem-
onstrates that the inverse shear interaction between in-
ternal and external shear reinforcement as well as the
shear crack distribution should be included in the cal-
culation of Vf.

Parametric finite-element analysis

Definitions of studied specimens

Parametric and numerical studies were carried out on 10
beams. The reference beam was adopted from the Mat-
thys24 study, which used B3 (control beam) and B5 with
small modifications in steel-stirrups and concrete strength
(using Y4 instead of Y6 for the steel-stirrups and f

0
c ¼

40MPa instead of f
0
c ¼ 30MPa to evaluate the negative

inverse interaction between EB-FRP and steel-stirrups as
the ratio ρFRP.EFRP/ρs.Es increases). However, to validate
the numerical results of the experimental test, the original
material properties and dimensions were used
(f

0
c ¼ 30MPa for the concrete strength and Y6 for the

steel-stirrups). After simulation and validation of those
specimens, a parametric study was carried out to evaluate
the inverse interaction. Results were evaluated in terms of
the load-carrying capacity, the shear contribution of each
component (concrete, EB-FRP, and steel-stirrups), the
strain distribution of EB-FRP along the fiber direction,
the shear stress distribution of EB-FRP along the fiber
direction, and the applied shear force versus the amount
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of strain in EB-FRP and steel-stirrups. Figure 2 shows the
cross-section and elevation of the studied beam. The
specimens were classified into three groups, in which the
ratio of steel-stirrups was constant (ρs = 0.0314%). In
each group, there were three specimens, in which the
thickness of EB-CFRP was increased to 0.444 mm and

1.8 mm from 0.111 mm, but the widths and distances
between EB-CFRP strips remained constant. In the first
series, the CFRP strips were 25 mm wide, and in the
second and third series, they were 50 and 80 mm wide,
respectively. The first letter (S) shows the number of the
series, and the second and third letters (W, T) stand for the

Figure 1. (a) ðWe=dfÞ3 ×
ffiffiffiffiffiffiffiffiffiffi
f
0
c=fct

q
versus ratio of EB-CFRP to the steel-stirrups calculated versus experimental results for (b) CAN/

CSA-S6-19, (c) CAN/CSA-S806-12, (d) ACI 440.2R-17, (e) JSCE-01-2007, (f) fib-TG 5.1-19, and (g) the proposed model.

Abbasi et al. 5



width and thickness of the CFRP strips. Details of the
specimens are presented in Table 2 and Table 3.

Suggested FE modeling

A summary of the nonlinear finite-element analysis
(FEA) assumptions implemented in the current para-
metric study corresponding to the concrete materials, the
definitions of a crack in concrete, steel reinforcement,
CFRP sheet, bond-slip behavior between CFRP and
concrete and between steel bars and concrete, and the
types of analysis adopted for the simulation model is
presented in this section (Figure 3). To reduce the time
required for analysis and increase the accuracy of the
results (by selecting a small discretization) and with

regard to the behavior of the beam (bending in its own
plane), two-dimensional (2D) FEA (plane stress tech-
nique) was applied for the concrete, the support, the load
plate, and the cohesive layer between concrete and EB-
CFRP, as well as for the cohesive layer between the
concrete and the steel reinforcement. As for the CFRP
sheets and the steel bars, two-dimensional truss elements
were used to simply transfer the load in the direction of
the truss elements. To avoid convergence challenges,
especially post-failure of specimens (due to brittle be-
havior of concrete and nonlinearity of the bond-slip layer)
produced by static analysis methods such as Newton-
Raphson and arc-length analysis, explicit analysis
(central difference analysis in ABAQUS) was used in this
study.5 However, the options (load scheme, loading time,

Figure 2. Details of beams: (a) cross-sections of the specimens (mm) and (b) elevation of beam and position of four points loading.

Table 2. Property of material in studied beams by Matthys (2000).

Types Dimensions (mm) Yield strength
�

N
mm2

�
Tensile strength

�
N

mm2

�
Ultimate strain (%) Elasticity modulus

�
N

mm2

�
Y4 4 560 590 5.1 200,000
Y6 6 560 590 5.1 200,000
Y20 20 530 620 11.9 200,000
CFRP 0.111 - 3500 1.25 233,000
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damping ratio, and time increment size) should be se-
lected cautiously in the dynamic analysis to obtain a re-
liable response when solving static problems.

Constitutive models of materials

Concrete cracking models. A suggested model for situations
where the structural response is primarily influenced by the
tensile and shear characteristics of fractured concrete is the
brittle cracking model.25,26 Brittle cracking (BC) model was
implemented in the advanced FE model in the current study,
which is proposed for scenarios dominated by tensile and
shear behavior of cracked concrete. The model assumes
linear elastic compression. Using an orthogonal fixed
smeared crack approach allows the emergence of up to two
orthogonal cracks in 2D elements. Crack initiation, identified
via the maximum tensile stress criterion (Rankine criterion),
considers bothMode I (tension-softening) andMode II (shear
retention) behavior. The exponential tension-softening curve
of concrete in tension proposed by Hordijk27 was used to
represent the tensile behavior of cracked concrete. The shear
retention factor (βs), which significantly influences post-
cracking behavior of concrete, is modeled using Rots28

approach. Both the tension-softening curve and shear re-
tention factor are consistent between the concrete damaged
plasticity model and the BC model, although the BC model
uses an orthogonal fixed smeared crack approach and the
concrete damaged plasticity model employs a rotating
smeared crack model.25,26 Friction is considered in the shear
retention curve by accounting for the reduction in shear
transfer capacity across cracks due to the presence of friction
along the crack surfaces (Figure 3(b)). The BCmodel focuses
on simulating the initiation and propagation of cracks in
concrete. It employs a smeared crack approach to represent
cracks as distributed damage within the material, without
explicitly modeling friction effects. Since in the specimens
studied, the tensile-shear failure mode is dominant, the shear
retention factor considers the friction effect and friction due to
compression is negligible. Therefore, the BC model was
implemented for concrete cracking. The same BC model has

been implemented by Nie, X.26 to simulate RC beams, in
which brittle cracking predicted the response of RC beams
with high accuracy. The BC was assumed to represent the
behavior of concrete in shear cracking (when shear failure is
more probable than flexural failure). It can predict the pattern
of shear cracks in RC beams if the shear retention factor is
defined precisely. The behavior of concrete in compression is
considered to be elastic in the brittle cracking model. Various
types of crack models are defined in FE programs, such as the
discrete crack model, the rotating smeared crack model, and
the fixed smeared crack model, but the fixed smeared crack
model is implemented in the framework of brittle cracking in
concrete. In this study, the shear retention factor was selected
from Rots28 as follows:

β ¼
�
1� εcr11

εcru

�p

(14)

where εcr11 is the principal tensile crack strain related to the
crack width w in equation (20), εcru is the stress-free crack
normal strain related to wcr, which can be obtained from
equation (21), and p is a factor to control the rate of shear
degradation.7 The concrete modulus of elasticity is

Ec ¼ 4730
ffiffiffiffi
f 0
c

p ðMPaÞ.29
To implement the tension-softening behavior of con-

crete, the formula defined by Hordijk27 based on the stress-
crack width was used in this study as follows:

σ
ft
¼

�
1þ

�
c1

w

wcr

�3	
e

�
�c2 w

wcr

�
� w

wcr

�
1þ c1

3
�
e�c2 (15)

wcr ¼ 5:14
Gf

ft
(16)

ft ¼ 1:4

�
f 0c � 8

10

�2
3

(17)

Gf ¼
�
0:0469da

2 � 0:5da þ 26
�� f 0c

10

�0:7

(18)

Table 3. Specimens and the amounts of EB-FRP and steel-stirrups in the current numerical parametric study.

Specimens
Abbreviation
name ρFRP% ρs%

FRP strips
thickness (mm)

Distance between
FRP strips (mm)

CFRP width
(mm) (ρFRP.EFRP/ρs.Es)

Control beam Control beam - 0.0314 - - - 0
S1-W25-T0.11 R0.25 0.0061 0.0314 0.111 400 25 0.25
S1-W25-T0.44 R1.02 0.0246 0.0314 0.444 400 50 1.02
S1-W25-T1.8 R4.17 0.1 0.0314 1.8 400 80 4.17
S2-W50-T0.11 R0.51 0.0138 0.0314 0.111 400 25 0.51
S2-W50-T0.44 R2.05 0.0555 0.0314 0.444 400 50 2.05
S2-W50-T1.8 R8.34 0.225 0.0314 1.8 400 80 8.34
S3-W80-T0.11 R0.82 0.024 0.0314 0.111 400 25 0.82
S3-W80-T0.44 R3.39 0.096 0.0314 0.444 400 50 3.39
S3-W80-T1.8 R13.35 0.3891 0.0314 1.8 400 80 13.35

Abbasi et al. 7



where ft is the maximum concrete tensile stress; σ is the
tensile stress in the specimen during the stress-crack dis-
placement test; Gf is the fracture energy, which can be
obtained from the area of the stress-cracking width curve

(Figure 3); c1=3 and c2=6.93 are constant parameters
proposed by Hordijk27; and da is the largest aggregate size.
In this study, the concrete strength was assumed to be
f
0
c ¼ 40MPa.

Figure 3. Properties and assumption of the materials implemented in FE simulations (a) tension-softening curves for the concrete,24

(b) damage in the concrete versus shear retention factor,22 (c) bond-slip model between concrete and CFRP,10 (d) bond-slip model
between concrete and steel-stirrups,11 (e) stress-strain relation for steel reinforcement, and (f) stress-strain relation for CFRP fabrics.
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Modeling internal steel reinforcement and EB-CFRP. As for the
behavior of steel reinforcement materials, the linear and
nonlinear response of steel materials was represented by
a bilinear curve, as shown in Figure 3(e)–(f). This approach
to representing their elastic-plastic behavior was taken to
reduce calculation time and avoid divergence in FEA.
Regarding EB-CFRPs, its behavior was assumed to be
linear before rupture occurred. Detailed properties of ma-
terials are shown in Table 2 and Table 3.

Bond model between concrete and CFRP sheet. The tangential
damage (debonding, Mode II and Mode III) and normal
damage (delamination, Mode I) parameters are considered
in two-dimensional cohesive elements (COH2D4). The
ultimate load-carrying capacity of specimens is completely
dependent on their bond-slip behavior. To obtain a reliable
response from FEA, the parameters of the bond-slip
modulus (the modulus of elasticity, the maximum shear
stress, the fracture energy (which is the area under the shear
stress curve along the cohesive layer), the maximum slip
during failure, and the damage parameters) should be de-
fined precisely. In this study, the properties of the interface
layer between the concrete and the EB-FRP sheet were
obtained from the model proposed by Lu et al.10 for f

0
c ¼

30MPa (Figure 3(c)):

τ ¼ τmax

ffiffiffiffi
s

s0

r
if s ≤ s0, (19)

τ ¼ τmaxe
�α
�

s
s0
�1
�

if > s0, (20)

where s0 = 0.0195βwft; Gf ¼ 0:308βw
2 ffiffiffi

ft
p

; α ¼ 1
Gf

τmaxs0
�2

3

;

βw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�ðwf =ðsf sin βÞÞ
1þðwf =ðsf sin βÞÞ

q
; and β = the fiber direction relative to

the horizontal axis of the beam. Lu et al.10 introduced three
bond-slip models: 1. the precise model, 2. the simplified
model, and 3. the bilinear model. In this study, the bilinear
model was chosen to assign two-dimensional and four-
node-cohesive elements (COH2D4) from ABAQUS,
where both debonding and delamination could be detected
during and after shear failure. The same implementing
technique (two-dimensional cohesive elements COH2D4)
to characterize the interface bond behavior between con-
crete and FRP has been considered by other researchers in
their studies.5,7,26,30

Bond model between concrete and steel reinforcement. The
same approach, two-dimensional cohesive elements
(COH2D4), was used to describe the bond-slip behavior
between concrete and steel reinforcement. The bond-slip
model recommended in CEB-FIP design code11 was con-
sidered to characterize the behavior of the cohesive layer for

the deformation, for f
0
c ¼ 30MPa (Figure 3(d)). The same

bond-slip relations have been adopted by other researchers
in their studies7,31:

τ ¼ τmax

�
s

s1

�α

if 0 ≤ s ≤ s1 (21)

τ ¼ τmax if s1 ≤ s ≤ s2 (22)

τ ¼ τmax �
�
τmax � τf

�
:

�
S � S2
S3 � S2

�
if s2 ≤ s ≤ s3 (23)

τ ¼ τf if s3 ≤ s (24)

where α = 0.4, s1 = s2 = 0.6mm, s3 = 0.1mm, τmax ¼ 2 ×
ffiffiffiffiffi
fck

p
,

and τf = 0.15×τmax for the deformed steel bars.

Dynamic versus static analysis. In this study, a dynamic
analysis approach was adopted, specifically utilizing the
explicit central difference method available in ABAQUS.
This choice was made to address significant numerical
convergence challenges frequently encountered when
modeling cracked concrete using static analysis methods
such as the Newton-Raphson method and the arc-length
method, as highlighted in previous researches.32,33 The
difficulties in convergence are primarily attributed to the
pronounced nonlinearities arising from strain softening
phenomena associated with concrete cracking.26,33

It is important to emphasize that the application of
dynamic analysis techniques to solve static or quasi-
static structural issues is not unprecedented. Chen et al.33

extensively reviewed various dynamic analysis ap-
proaches employed for solving static/quasi-static
structural problems and evaluated their effectiveness.
From their findings, an advanced dynamic approach was
proposed, demonstrating its efficacy in accurately pre-
dicting FRP debonding failure in FRP-strengthened RC
beams. As recommended by the authors, when em-
ploying the explicit central difference method within the
dynamic approach, crucial factors such as loading time
and damping scheme warrant meticulous consideration
to ensure an accurate and reliable prediction.26 These
considerations constitute a pivotal aspect of the present
study.

Validation of the proposed FE model

To verify the simulated model, the control beam (B3) and
the beam strengthened with CFRP (B5) were selected from
the research conducted by Matthys.19 Comparisons were
drawn with experimental results to evaluate the accuracy of
the numerical model. After the simulated models were
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validated, a parametric study was conducted to shed light on
negative inverse interactions between internal and external
shear reinforcement of RC beams strengthened in shear with
U-shaped FRP sheets.

Failure modes, crack distributions, and shear force-midspan
deflections. The failure modes for both specimens (B3
and B5) were loss of shear resistance. However, for the
strengthened specimen (B5), debonding occurred at the
interface between concrete and CFRP1 strip (Figure 4). The
maximum strain on CFRP1 at the major shear crack ob-
tained from FEA before shear failure was 10,254 µԐ at
110.637 mm from the lower surface of the beam, which was
close to experimental results reported (9900 µԐ) (Figure 4).
The difference might be attributable to the dynamic analysis
implemented in this study, which amplified the strains on
fibers that did not exist in the static analysis, or to strain
gauges in the experimental test not being placed at the exact
location where the fiber experienced maximum strain.7 The
ultimate shear load before failure obtained from the nu-
merical model for B3 was 142.7 kN, compared to 136.6 kN
for the experimental results, which indicates that the nu-
merical test forecast a 4.2% higher value for the strength-
ened specimen (B5). The ultimate shear force was 188 kN,
which was almost 10% greater than the experimental tests
(170 kN), as shown in Figure 4, and the reported results by
Matthys19 and Chen et al.7 Figure 4(e) defines the dis-
cretization of the reinforced beam (B5) before starting the
analysis, while Figure 4(f) shows the shear crack patterns at
the ultimate state for the control beam (B3). These observed
patterns align compatibly with the crack formations ob-
tained during experimental testing. Therefore, it can be
concluded that the numerical results can predict the labo-
ratory results.

It is important to note that mesh dependency analysis
consisted in systematically refining the mesh by decreasing
the element size while keeping other parameters constant.
The convergence behavior was evaluated by comparing the
results obtained from different mesh densities. As the mesh
dependency analysis was refined, there was a noticeable
trend of convergence in the results. Specifically, critical
outputs such as displacements and stresses exhibited
a consistent pattern of convergence, indicating that the
model was approaching a stable solution. From a certain
level of mesh refinement, namely, 10 mm element size,
changes in the results become negligible, suggesting that
further refinement does not significantly affect the accuracy
of the results. Therefore, the mesh element size was taken
10 mm (four-node plane stress element CPS4) that simu-
lated and confirmed the experimental tests with high ac-
curacy. The same mesh element size of 10 mm has been
used by Chen et al.7 that showed high accuracy between
numerical and experimental tests. This behavior is in-
dicative of convergence, indicating that the proposed model
was able to capture the essential physics of the problem

accurately, and demonstrating the robustness and reliability
of the FE model in simulating the behavior of the system
under study.

Parametric study of the interaction
between stirrups and CFRP strips

Specimens with different ρFRP.EFRP/ρs.Es ratios were sim-
ulated to evaluate how both steel-stirrups and EB-FRP
contribute to the ultimate shear capacity of strengthened
RC beams and what happens if these ratios (henceforth
called R) are increased by keeping the ratio of steel-stirrups
constant (ρs = 0.0314%).

Please note that the center of each FRP strip was po-
sitioned at the same location as the internal steel-stirrups. To
evaluate the effect of the inverse interaction between FRPs
and steel-stirrups, the amount of EB-FRP was increased by
considering thicker and wider FRP strips (see Table 3).

Distribution and angle of shear cracks

Various parameters affect the pattern and angle of shear
cracks, such as the number and arrangement of transverse
reinforcements, the amount of fiber reinforcement, the shear
span-to-depth ratio, the width of FRP strips and their cor-
responding spacing, and the size effect. As the shear crack
angle increases, the shear crack intercepts fewer FRP strips,
and therefore less effective bond length is available to
contribute to shear resistance. Moreover, considering
a crack angle of 45° is too conservative because this angle
changes based on the spacing between steel-stirrups and
other parameters. However, in this study, the average shear
crack angle varied from 19.23° for specimen (R = 13.35) to
26.5° for specimen (R = 0.25). When the spacing between
steel-stirrups was reduced, the shear crack angle was also
reduced because the stirrups tend to prevent shear cracks
from propagating.4,8 On the other hand, when the ratio of
either steel-stirrups or EB-FRPs was increased, the pattern
of shear cracks became more distributed, resulting in a re-
duction of the anchorage length offered by EB-FRPs. It was
proved that by increasing the ratio of steel-stirrups and
consequently having more distributed cracks, the bond
length contributed less effectively to the shear resistance of
EB-FRP.2,3,15 It can be concluded therefore that increasing
the ratio of steel-stirrups reduces the shear contribution of
EB-CFRPs. As was already mentioned, none of the design
codes considers the effect of inverse interaction between
steel-stirrups and EB-FRP. The results of this numerical
study represent the pattern of shear cracks as the ratio of
CFRP-to-steel-stirrups increases (R). The shear cracks are
more distributed for specimens with a higher ratio (R),
(Figure 5), demonstrating that similarly to internal re-
inforcements, external reinforcements affect crack patterns
by producing more marginal shear cracks that reduce the

10 Journal of Reinforced Plastics and Composites 0(0)



effective bond length. This leads to a reduction in the FRP
contribution to ultimate load-carrying capacity. However, it
is expected that the greater the cross-section offered by the
FRP strips, the greater will be the forecast contribution to

the shear load by FRP. It is noteworthy that, unlike the case
of a high steel-stirrup ratio (e.g., reducing the spacing be-
tween steel-stirrups), a greater number of shear cracks were
more widely distributed.4 Multiple shear cracks developed

Figure 4. Verifications of the suggested FE models and experimental results (a) load-midspan deflections for the specimens B3
(control beam not strengthened with EB-CFRP0 and B5 (strengthened beam, (b) strain response among CFRPs1 in the specimen B5, (c)
distributions of the shear crack for the control beam at the ultimate state, (d) distributions of the shear cracks for strengthened beam at
the ultimate state, (e) discretization of the strengthened beam before starting the analysis, and (f) shear crack pattern in the control
beam.
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Figure 5. (a) Load-midspan deflections versus applied shear forces curve for the studied beams, steel-stirrups, and steel-stirrups +
EB-CFRPs and (b) proportions of the contributions for all the components resisting in shear forces (concretes, steel-stirrups, and steel-
stirrups+ EB-CFRPs).
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in specimens with wider strips when the spacing between
EB-FRP strips and the fiber thickness remained constant
(Figure 5). This may be attributed to the wider strips, which
offered a wider bridge to narrow the major shear cracks, and
the fact that energy was released by producing marginal and
more distributed shear cracks. Therefore, premature de-
bonding happened when the fibers were intercepted by more
marginal cracks, resulting in less effective bond length.

Load-deflection response for all components

The results obtained from the current parametric numerical
study were evaluated in two ways. First, the EB-FRP con-
tribution was evaluated by increasing the FRP-to-steel-stirrup
ratio as the thickness of EB-FRPwas increased from 0.111mm
to 0.444 and then to 1.8 mm. Second, the FRP-to-steel-stirrup
ratio was increased by enlarging the width of EB-CFRP strips
from 25 mm to 50 mm and then to 80 mm while holding EB-
CFRP thickness and spacing constant. As presented in
Figure 5, for the specimens with 25-mm strip width, as the
thickness increased from 0.111 mm to 0.444 mm and then to
1.8mm, the FRP shear contribution rose to 73.8% and 83% for
specimens R1.02 and R4.17 compared to specimen R0.25.
However, for the beams strengthened with 80-mm-wide FRP
strips, the same thickness increases in EB-CFRP strips resulted
in a 24.4% and 36.9% rise in EB-CFRP shear contributions for
specimens R3.39 and R13.35 compared to specimen R0.82
(Figure 5). Therefore, increasing the thickness from 0.11 to
1.8mm in an 80-mm-wide strip resulted in increasing the shear
contribution by 36.9%, compared to 83% and 94.3% for
specimens strengthened with 25-mm-wide and 50-mm-wide
strips, respectively. It can be concluded that the lowest in-
creasing trend occurred in the specimens strengthenedwith 80-
mm-wide FRP strips. This was associated with the fact that by
increasing the FRP-to-steel-stirrup ratio, more marginal shear
cracks intercepted CFRP2 and CFRP3 strips, resulting in less
effective bonding.

In the second experiments, the thickness of the EB-CFRP
strips remained constant while the FRPs-to-steel-stirrup ratio
was increased by using wider FRP strips. In the first series,
when the strip widths were increased from 25 mm to 50 mm
and then to 80 mm while the thickness (0.111 mm) and the
spacing between FRP strips (400 mm) were kept constant, the
rise in FRP shear contribution was 60% and 232.7% for
specimens R0.51 and R0.82 compared to specimen R0.25
(Figure 5). However, in the third series, by increasing the ratio
related to specimens R4.17, R8.43, and R13.35with a constant
thickness of 1.8 mm and increasing the widths similarly to
series1 and series2, the shear contributions were increased to
36 kN, 61.2 kN, and 89.7 kN, consequently showing 46.6%
and 149.1% rises in shear resistance. Therefore, to obtain
higher shear contribution from EB-FRP, increasing the FRP
width is more effective than increasing the thickness. Wider
strips transferred more shear stress through the interface layer
and increased the EB-FRP shear contribution.

Shear stress and strain profiles along the first CFRP
strips intercepted by major shear cracks

Shear stress profiles along the CFRP1 direction. This section
provides a brief explanation of bond-slip behavior by evalu-
ating shear stress and strain profiles along the fibers on CFRP1
strips to evaluate how failure happens when the FRP-to-steel-
stirrup ratio is increased. The first CFRP strips were located on
thewidest parts of major shear cracks (crack ends), and the first
CFRPs experienced the highest strain (after shear failure of the
specimens). Figure 6 shows shear stress profiles and strain
distributions along the fiber depth in five midspan deflection
steps related to five states: (1) initiation of critical shear cracks
in the lower part of the web; (2) development of major shear
cracks when all cohesive layers experience shear stress as the
shear cracks widen, but before they reach maximum stress at
the interface; (3) complete formation of shear cracks and
imposition of maximum strain on fibers; (4) initiation of
debonding at the cohesive layers (reducing the anchorage
lengths as cracks widen); and (5) just before complete failure
of the cohesive layers (almost all fibers lose their contribution
to shear resistance). Moreover, the areas under the shear stress
profiles along the fibers weremeasured to evaluate the energies
transferred through the interface layers by increasing the FRP-
to-steel-stirrup ratio, as presented in Figure 6. It is noteworthy
that the shear stresses at the interface layers become zero
whenever the strain responses reach any local pick point or
become even. The first series, with the lowest FRP-to-steel-
stirrup ratio, experienced 2.62 (N/mm), 2.73 (N/mm), and 2.09
(N/mm) higher energies, corresponding to the R0.25, R0.51,
and R0.82 specimens where all the specimens were 0.111 mm
thick. The second series, with thicker EB-FRP (0.444 mm),
was exposed to 1.52 (N/mm), 1.82 (N/mm), and 1.14 (N/mm)
lower energies corresponding to the R1.02, R2.05, and R3.39
specimens, representing reductions of 42%, 33.5%, and
45.7%, respectively. The lowest energy increases, 1.44 (N/
mm), 1.14 (N/mm), and 0.78 (N/mm), were associated with
the thickest specimens, R4.17, R8.34, and R13.35 and rep-
resented reductions of 44.8%, 58.3%, and 62.9%, respectively
(Figure 6). The areas under the shear stresses among the
cohesive layer distances demonstrate that the higher the en-
ergy, the more benefits were removed from the full potential of
the cohesive layer, and the greater was the number of mo-
bilized zones in comparison to the immobilized zones.9

Therefore, this phenomenon can be attributed to the fact
that specimens with higher ratios (R) (by increasing FRP
thickness) failed by premature debonding. It also proves that
when R is increased by making the CFRP thicker, the shear
stresses do not distribute properly all over the cohesive layer
and do not benefit from the maximum potential shear stress in
the interface layers.

The premature debonding observed in specimens with
a higher concentration of EB-CFRP compared to steel-
stirrups indicates that an increase in the ratio of EB-FRP-
to-steel-stirrups (i.e., increasing the FRP thickness) leads to
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Figure 6. (a) Strain profiles and interfacial shear stresses along fibers and interface layers intercepted by maximum crack on CFRPs1
and cohesive layer 1 and (b) areas under shear stress profiles along the first fibers.
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suboptimal utilization of the interface layer between con-
crete and FRP. Therefore, a decrease in CFRP strain occurs
with an increase in the FRP-to-steel-stirrups ratio (R), as
shown in Figure 6. Indeed, increasing the ratio (R) results in
the concentration of shear stresses around the ends of major
shear cracks, with a tendency for stress concentration be-
neath critical shear cracks. The numerical analysis indicates
that as the thickness of FRP strips increases with the ratio
(R), while maintaining constant FRP widths, shear stresses
fail to be distributed uniformly across the cohesive layer. As
a result, they do not fully exploit the maximum potential
shear stresses present in the interface layers, leading to
delamination. In addition, the presence of distributed
marginal shear cracks, as the ratio of EB-FRP-to-steel-
stirrup increases, results in a further decrease in the shear
contribution of EB-FRP to load-carrying capacity. The same
reduction in the amount of strain experienced by CFRPs1
strips can be observed as an increase in the FRP-to-steel-
stirrup ratio (Figure 6), as explained in the next section.

Maximum strain profiles along the direction of CFRPs. The FEA
results show that the shear contribution of the first FRP
strips (not intercepted by marginal shear cracks) was re-
duced as the EB-FRP-to-steel-stirrup ratio increased
(Figure 7). The maximum strain on CFRPs1 was recorded
for the first series of specimens, where the lowest R ratios
were 10,478 µԐ, 11,219 µԐ, and 10,140 µԐ for specimens
R0.25, R0.51, and R0.82, respectively (Figure 7). However,
the strain for the 50-mm-wide and 80-mm wide specimens
was drastically reduced as the thickness increased from
0.111 mm to 0.44 mm and then to 1.8 mm.

For the second series, the maximum recorded strains before
ultimate shear failure in specimens R1.02, R2.05, and R3.39
were 2487 µԐ, 3059 µԐ, and 1909 µԐ, respectively. For the
third series, themaximum strains experienced by the first fibers
were 655 µԐ, 639 µԐ, and 539 µԐ, associated with specimens
R4.17, R8.34, and R13.35 (Figure 7). The first reason for these
results might be the larger cross-sections offered by the second
and third series. The second reason might be premature de-
bonding at the interface layers. Because of high stress con-
centrations around the major shear cracks, the shear stresses do
not transfer proportionally along the whole of the cohesive
layers. This results in not using the maximum potential of the
interface layer in the upper parts of the shear cracks (Figure 7).

Effective strain

Vertical strains along the fiber depth. The maximum dis-
tributions of strain before the ultimate load-carrying ca-
pacities of specimens with increasing EB-FRP-to-steel-
stirrup ratio give a good indication of their contributions
to shear resistance. However, to obtain the effective strain,
all the fibers intercepted by the principal shear crack must be
evaluated to reach the limits of effective strain in all
specimens. As presented in Figure 7, FRP responses at their

ultimate state crossed by the main shear cracks are illus-
trated for CFRP1 strips in series1, which were subjected to
higher strains where the maximum widths of cracks are
located, compared to series2 and series3. It is noteworthy
that there is only one pick point on the strain profile graphs
for each CFRP1 in series1, indicating that these strips are
not intercepted by minor shear cracks. However, because of
marginal shear cracking, there is more than one pick point in
CFRPs2 and CFRPs3 for series2 and series3 at the maxi-
mum strain states (Figure 7).

Maximum strain in CFRPs1 specimens. The maximum strain
in specimens with 25-mm-wide strips was obtained by
increasing FRP thickness (and thus the FRP-to-steel-stirrup
ratio) from 0.11 mm to 0.44 mm and then to 1.8 mm on
CFRP1. The thicker specimens were subjected to 23.6% and
6.2% of the maximum strain on specimen R0.25. These
values were reduced by 2478 µԐ and 655 µԐ for specimens
R1.02 and R4.17, respectively. As for the specimens with
80-mm-wide strips, as the thickness increased from
0.11 mm to 0.44 mm and then to 1.8 mm, the maximum
strain was reduced from 10,140 µԐ to 1909 µԐ and 539 µԐ
for specimens R3.39 and R13.35, respectively. These values
were 18.8% and 5.3%, respectively, of the maximum strain
in specimen R0.82, as shown in Table 4 and Figure 7.

Maximum strain in CFRPs2 specimens. Evaluation of the
maximum strain on the CFRPs2 strips, which were inter-
cepted by more marginal shear cracks, showed less effective
bonding than CFRP1 strips as the CFRP2 strip-to steel-
stirrup ratio increased. By increasing the ratio (R) for
specimens with 25-mm-wide strips, as the thickness in-
creased from 0.11 mm to 0.44 mm and then to 1.8 mm, the
maximum strains experienced by specimens R0.25, R1.02,
and R4.17 were 6505 µԐ, 3557 µԐ, and 937 µԐ, re-
spectively. In other words, they were exposed to 54.6% and
14.4% (for specimens R1.02 and R4.17) of the maximum
strain in specimen R0.25.

With regard to the specimens strengthened by 80-mm-
wide strips (R0.82, R3.39, and R13.35), by increasing the
thickness (and consequently the ratio) from 0.111 mm to
0.444 mm and then to 1.8 mm, the maximum strains ex-
perienced by the CFRP2 strips were 5885 µԐ, 2190 µԐ, and
619 µԐ. These strains indicate that specimens R3.39 and
R13.35 were subjected to 37% and 10% of the maximum
strain in specimen R0.82, as shown in Table 4 and Figure 7.

Maximum strain in CFRP3 specimens. CFRP3 strips were
located on the tips of major shear cracks, where crack width
is at a minimum. Therefore, it is expected that most failures
of CFRP3 strips occur because of premature debonding
because they have the shortest effective length and are not
subjected to the maximum strains experienced by the two
previous sets of CFRP strips (Figure 7). Regarding the
specimens strengthened with 80-mm-wide strips, by
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Figure 7. Maximum strains profiles among the fibers on CFRP1, CFRP2, and CFRP3 for the studied specimens.
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increasing the thickness for specimens R0.82, R3.39, and
R13.35, the maximum strains reached were 1975 µԐ, 851
µԐ, and 271 µԐ, respectively, which shows that the max-
imum amounts of strain in R3.39 and R13.35 were 29.9%
and 14.5% of that in specimen R0.82 because of increasing
ratio (R) (Table 4 and Figure 7). It can be concluded that the
reduction in strain on CFRP3 can be attributed to the minor
shear cracks that intercept the CFRP3 strips. Table 4 and
Figure 7 show that increasing the ratio of CFRP strips
results in more distributed shear cracks. Furthermore, as
presented in Figure 7, CFRP2 and CFRP3 strips had more
than one pick point on the maximum recorded strain pro-
files, which indicates that they were intercepted by marginal
shear cracks.

Calculating and comparing the effective strains with other
guidelines. After evaluating the maximum strains R on all
specimens (Table 5 and Figure 8), the distribution factor
(DFRP) and the effective strain (εf,e) can be obtained from the
model proposed by Chen and Teng.34 DFRP was calculated
based on εmax on the fiber experiencing the most strain
among all the fibers and the average strain on the CFRP
fibers crossed by major shear cracks before losing its
contribution to shear resistance, as follows:

DFRP ¼
Pn

i¼1εFRP, i
nεmax

(25)

The model proposed by Chen and Teng35 for the shear
contribution of EB-FRP is:

Vf ¼ 2ff , etf wf
hf , eðcot θ þ cot βÞsin β

Sf
(26)

where ff,e is the effective stress on the FRP intercepted by
the major shear crack and can be calculated as follows
(Chen 2010):

ff , e ¼ Ef εf , e ¼ Ef εmaxDFRP (27)

The effective strain was calculated for all specimens based
on the results recorded from numerical analysis during dis-
placement control. After this, they were compared to the
guidelines and the proposed model (Table 6 and Figure 8).

As presented in Table 6, the effective strains calculated by
the proposed analytical model compared to the codes and
design guidelines19–22 show higher accuracies for the effective
strains obtained from numerical results, proving that the
proposed model can be applied to obtain effective strains with
high FRP-to-steel-stirrup ratio. The maximum strain

Table 4. Maximum strains experienced by CFRPs crossed by the shear cracks after failure (µԐ).

Specimens CFRP1 CFRP2 CFRP3 CFRP 1% CFRP 2% CFRP 3%

S1-W25-T0.11 ratio = 0.25 10,478 6505 1614 100 100 100
S1-W25-T0.44 ratio = 1.02 2478 3557 590 23.6 54.6 36.6
S1-W25-T1.8 ratio = 4.17 655 937 219 6.2 14.4 13.6
S2-W50-T0.11 ratio = 0.51 11,219 7373 1822 100 100 100-
S2-W50-T0.44 ratio = 2.05 3059 2842 545 27.2 38.5 29.9
S2-W50-T1.8 ratio = 8.34 639 665 265 5.7 9 14.5
S3-W80-T0.11 ratio = 0.82 10,140 5885 1975 100 100 100
S3-W80-T0.44 ratio = 3.39 1909 2190 851 18.8 37.2 43.07
S3-W80-T1.8 ratio = 13.35 539 619 271 5.3 10.5 13.72

Table 5. Effective strains obtained from FEA for CFRPs intercepted by the shear cracks (µԐ).

Specimens

Strain on the CFRP strips
intercepted by shear crack

Distribution
factor (DFRP) εmax (µԐ)

Effective
strain (εFRP,e)FRP1 (µԐ) FRP2 (µԐ) FRP3 (µԐ)

S1-W25-T0.11 ratio = 0.25 10,478 6505 1614 0.5916 10,478 6199
S1-W25-T0.44 ratio = 1.02 2478 3557 590 0.6201 3557 2205
S1-W25-T1.8 ratio = 4.17 655 937 219 0.6217 937 583
S2-W50-T0.11 ratio = 0.51 11,219 7373 1822 0.5415 11,219 6075
S2-W50-T0.44 ratio = 2.05 3059 2842 545 0.7154 3059 2188
S2-W25-T1.8 ratio = 8.34 639 665 265 0.7854 665 522
S3-W80-T0.11 ratio = 0.82 10,140 5885 1975 0.5850 10,140 5882
S3-W80-T0.44 ratio = 3.39 1909 2190 851 0.7510 2190 1645
S3-W25-T1.8 ratio = 13.35 539 619 271 0.7688 619 476
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experienced by EB-CFRP increased slightly just after com-
plete shear failure of the specimens, which was captured by
FEA (Figure 9). This might be attributed to the immobilized
zones experiencing the strains released from the debonded
areas.

Inverse interaction between EB-CFRP
and steel-stirrups

The aim of the work described in this section was to
develop an analytical model for North American
guidelines19–21 based on the results obtained from nu-
merical analysis, which takes into account the inverse
interaction between EB-FRP and steel-stirrups as their
ratio increases. The interaction for each CFRP strip and
the corresponding steel-stirrup was evaluated, and the
new effective strain was proposed to replace the existing
effective strain in the guidelines. The new effective strain

is a function of the ratio of the maximum strain on EB-
FRP to that on steel-stirrups, the ratio of maximum shear
stresses between concrete and steel-stirrups and to that
between concrete and EB-CFRP, and the EB-FRP-to-
steel-stirrup ratio to develop analytical models by con-
sidering the inverse interaction between steel strips and
concrete.

Interaction between CFRP1 and steel-stirrups1. As shown in
Figure 9, for 25-mm-wide EB-FRP strips, the CFRP starts to
contribute to shear resistance when major shear cracks
propagate at loads of 128.5 kN, 124.9 kN, and 125 kN for
beams R0.25, R1.02, and R4.17, respectively. The ultimate
loads of the specimens just before shear failure were 190.9 kN,
196.6 kN, and 205.3 kN, and the strains corresponding to these
loads were 6188 µԐ, 1652 µԐ, and 529 µԐ, respectively. The
corresponding strains on the stirrups were 24,749 µԐ, 35,545
µԐ, and 44,071 µԐ, respectively. The strains to which CFRPs1

Figure 8. Compassion between the effective strains versus ratio of EB-CFRPs-to-steel-stirrups for the proposed models and the
other guidelines.
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Table 6. Comparison between the effective strains obtained from FEA versus the existing guidelines (µԐ).

εFRP,e

Specimen FEA CAN/CSA-S6-19 CAN/CSA-S806-12 ACI 440.2R-17 fib-TG 9.3-01 Proposed model

S1-W25-T0.11 6199 4000 4000 4000 15,105 5036
S1-W25-T0.44 2205 2400 2400 2400 3776 1975
S1-W25-T1.8 583 1100 1100 1100 931 434
S2-W50-T0.11 6075 4000 4000 4000 15,105 4790
S2-W50-T0.44 2188 2400 2400 2400 3776 1878
S2-W50-T1.8 522 1100 1100 1100 931 412
S3-W80-T0.11 5882 4000 4000 4000 15,105 4494
S3-W80-T0.44 1645 2400 2400 2400 3776 1762
S3-W80-T1.8 476 1100 1100 1100 931 387

Figure 9. a) Maximum strains experienced by steel strirrups1, 2, 3 and CFRP1, 2, 3 strips at the maximum shear forces for the studied
specimens (interactions between steel-stirrups and EB-CFRPs) and b) maximum strains experienced by CFRP1, 2, 3 strips during the
whole process of the loading (after complete failure of the specimens) for the studied specimens.
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Table 7. Comparison between the maximum strains experienced by CFRPs and steel-stirrups at the maximum shear forces obtained
from FEA (µԐ).

Specimens

Maximum
applied
shear force
(kN)

Crack
initiation
load (kN)

CFRP1 strain (µԐ)
at maximum load

Stirrups1 strain(µԐ)
at maximum load

ԐFRP.max

(µԐ) ðԐFRP, ult:load=ԐFRP:max Þ%
S1-W25-T0.11
ratio = 0.25

190.95 128.5 6187 24,748 10,478 59.04

S1-W25-T0.44
ratio = 1.02

196.64 124.9 1652 35,545 2487 66.42

S1-W25-T1.8
ratio = 4.17

205.29 125.1 529 44,071 655 80.783

S2-W50-T0.11
ratio = 0.51

202.43 125.4 5272 53,462 11,219 46.99

S2-W50-T0.44
ratio = 2.05

202.78 125.2 2024 28,939 3059 66.18

S2-W50-T1.8
ratio = 8.34

211.19 128.2 535 22,159 639 83.63

S3-W80-T0.11
ratio = 0.82

203.73 128.3 4702 21,776 10,140 46.37

S3-W80-T0.44
ratio = 3.39

217.95 130.9 1715 31,956 1909 89.81

S3-W80-T1.8
ratio = 13.35

222.33 130.9 455 16,682 539 84.40

Specimens
Maximum applied shear
force (kN)

CFRP2 strain (µԐ) at
maximum load

Stirrups2 strain(µԐ) at
maximum load

ԐFRP:max

(µԐ) ðԐFRP, ult:load=ԐFRP:max Þ%
S1-W25-T0.11
ratio = 0.25

190.96 6201 73,578 6505 95.32

S1-W25-T0.44
ratio = 1.02

196.6 3270 67,174 3578 91.41

S1-W25-T1.8
ratio = 4.17

205.3 915 70,313 1013 90.34

S2-W50-T0.11
ratio = 0.51

202.4 5521 86,643 5772 95.65

S2-W50-T0.44
ratio = 2.05

202.8 2961 53,355 2961 100

S2-W50-T1.8
ratio = 8.34

211.2 638 53,355 668 95.52

S3-W80-T0.11
ratio = 0.82

203.9 5393 40,260 5806 92.89

S3-W80-T0.44
ratio = 3.39

217.9 2125 30,165 2203 96.48

S3-W80-T1.8
ratio = 13.35

222.3 606 26,562 621 97.58

Specimens
Maximum applied shear
force (kN)

CFRP3 strain (µԐ) at
maximum load

Steel-stirrups 3 strain(µԐ)
at maximum load

ԐFRP:max

(µԐ) ðԐFRP, ult:load=ԐFRP:max Þ%
S1-W25-T0.11
ratio = 0.25

190.96 1423 14,174 1614 88.19

S1-W25-T0.44
ratio = 1.02

196.5 590 18,918 590 100

S1-W25-T1.8
ratio = 4.17

205.3 205 13,962 221 92.79

S2-W50-T0.11
ratio = 0.51

202.4 1235 4121 1235 100

(continued)
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Table 7. (continued)

Specimens

Maximum
applied
shear force
(kN)

Crack
initiation
load (kN)

CFRP1 strain (µԐ)
at maximum load

Stirrups1 strain(µԐ)
at maximum load

ԐFRP.max

(µԐ) ðԐFRP, ult:load=ԐFRP:max Þ%
S2-W50-T0.44
ratio = 2.05

202.8 541 6545 545 99.22

S2-W50-T1.8
ratio = 8.34

211.2 262 6385 266 98.34

S3-W80-T0.11
ratio = 0.82

203.9 1737 15,791 1850 93.93

S3-W80-T0.44
ratio = 3.39

217.9 844 15,184 850 99.28

S3-W80-T1.8
ratio = 13.35

222.3 268 10,793 271 98.85

Table 8. Maximum strains experienced by CFRPs and steel-stirrups after failures obtained from FEA (µԐ).

Maximum CFRP1 and steel-stirrups1

Specimens FRP Stirrups TOTAL FRP % Stirrups %

S1-W25-T0.11 ratio = 0.25 10,479 52,576 63,055 16.62 83.38
S1-W25-T0.44 ratio = 1.02 2487 60,493 62,981 3.95 96.05
S1-W25-T1.8 ratio = 4.17 655 44,765 45,420 1.44 98.56
S2-W50-T0.11 ratio = 0.51 11,220 77,192 88,412 12.69 87.31
S2-W50-T0.44 ratio = 2.05 3059 35,517 38,576 7.93 92.07
S2-W50-T1.8 ratio = 8.34 640 36,944 37,584 1.70 98.30
S3-W80-T0.11 ratio = 0.82 10,141 77,192 87,333 11.61 88.39
S3-W80-T0.44 ratio = 3.39 1910 41,184 43,094 4.43 95.57
S3-W80-T1.8 ratio = 13.35 540 13,704 14,244 3.79 96.21
Maximum CFRP2 and steel-stirrups2
S1-W25-T0.11 ratio = 0.25 6506 73,582 80,088 8.12 91.88
S1-W25-T0.44 ratio = 1.02 3578 67,204 70,782 5.06 94.94
S1-W25-T1.8 ratio = 4.17 1013 75,521 76,534 1.32 98.68
S2-W50-T0.11 ratio = 0.51 5772 86,899 92,671 6.23 93.77
S2-W50-T0.44 ratio = 2.05 2961 35,976 38,937 7.60 92.40
S2-W50-T1.8 ratio = 8.34 668 53,409 54,077 1.24 98.76
S3-W80-T0.11 ratio = 0.82 5807 40,317 46,124 12.59 87.41
S3-W80-T0.44 ratio = 3.39 2203 30,241 32,444 6.79 93.21
S3-W80-T1.8 ratio = 13.35 621 26,579 27,200 2.28 97.72

Maximum CFRP3 and steel-stirrups3
S1-W25-T0.11 ratio = 0.25 1615 16,057 17,672 9.13 90.86
S1-W25-T0.44 ratio = 1.02 591 19,195 19,786 2.98 97.01
S1-W25-T1.8 ratio = 4.17 221 16,118 16,339 1.35 98.64
S2-W50-T0.11 ratio = 0.51 1235 4607 5843 21.14 78.85
S2-W50-T0.44 ratio = 2.05 546 6546 7091 7.69 92.30
S2-W50-T1.8 ratio = 8.34 266 6792 7058 3.77 96.22
S3-W80-T0.11 ratio = 0.82 1850 18,876 20,726 8.92 91.07
S3-W80-T0.44 ratio = 3.39 851 15,451 16,302 5.21 94.78
S3-W80-T1.8 ratio = 13.35 272 11,015 11,287 2.40 97.59
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were subjected were 59%, 66%, and 80% of the maximum
strain they experienced just after shear failure of concrete
(Table 7, Table 8, Figure 9, and Figure 10).

Regarding the specimens strengthened with 80-mm-
wide strips, by increasing the thickness (from 0.11 to
0.44 and then to 1.8 mm), the strains on the CFRPs1 at the
ultimate load-carrying capacities of the beams were 4703
µԐ, 1715 µԐ, and 456 µԐ for specimens R0.82, R3.39, and
R13.35. These strains were 46%, 89%, and 84% of the
maximum fiber strains experienced just after complete shear
failure. The corresponding maximum stirrup strains were
21,776 µԐ, 31,957 µԐ, and 16,683 µԐ, which were less than
the yielding point strain (51,000 µԐ) (Table 7, Table 8,
Figure 9, and Figure 10). In the CFRPs1, none of the steel-
stirrups reached the yielding point expected for specimen
R0.51 (53,462 µԐ).

Interaction between CFRP2 and steel-stirrups2. Compared to
the CFRPs1 and the steel-stirrups1 specimens, the con-
tribution of steel-stirrups was greater in specimens
strengthened with 25-mm-wide and 50-mm-wide CFRP
strips before shear loss. This was the case because
marginal shear cracks crossed a greater number of nar-
rower strips, resulting in less effective bond length.
However, unlike the CFRPs1 and steel-stirrups1 speci-
mens, most of the steel-stirrups reached their ultimate
strain (51,000 µԐ). This was due to major shear cracks
that crossed the CFRPs2 and the steel-stirrups2, inter-
cepted the CFRPs1 and the steel-stirrups1 (except for the
specimens strengthened with 80-mm-wide strips), and
then propagated towards the supports. Another reason
may be that the second CFRPs were crossed by marginal
shear cracks, which in turn reduced the bond length

Figure 10. (a) Interactions between strirrups1 and CFRP1 based on the maximum strain experience by fibers during the loading
process, (b) proposed reduction factor versus the ratio of EB-CFRPs1-to-steel-stirrups1, and (c) applied shear forces versus strains
experienced by steel strirrups1 and CFRP1 for the studied specimens.
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between concrete and CFRPs, leading to premature de-
bonding and loss of concrete shear resistance because of
more distributed shear cracks. Therefore, the greatest
contributions to shear resistance were offered by steel-
stirrups until their yielding points. For specimens
strengthened by 25-mm-wide strips, the maximum strains
were 6201 µԐ, 3270 µԐ, and 915 µԐ. For specimens
R0.25, R1.02, and R4.17, this occurred at an ultimate
shear force of 190.9 kN, 196.6 kN, and 205.3 kN, re-
spectively. These strains were 95%, 91%, and 90% of the
maximum strains on fibers experienced just after shear
failure. The corresponding maximum strains recorded on
steel-stirrups were 73,579 µԐ, 67,175 µԐ, and 70,313 µԐ,

respectively, indicating that all the steel-stirrups had
already yielded (Table 7, Table 8, Figure 9, and
Figure 11).

Interaction between CFRP3 and steel-stirrups3. Even though
CFRPs3 and stirrups3, like CFRPs2 and stirrups2, were
intercepted by the greatest number of marginal shear cracks
with a high R ratio, they experienced less maximum strain
than the first and second CFRPs and stirrups (Table 7,
Table 8, Figure 9, Figure 13).

Regarding the specimens with 80-mm-wide strips
(R0.82, R3.39, and R13.35), the maximum strains on the
CFRP strips were 1738 µԐ, 845 µԐ, and 269 µԐ, and the

Figure 11. (a) Interactions between strirrups2 and CFRs2 based on the maximum strain experience by fibers during the loading
process, (b) proposed reduction factor versus the ratio of EB-CFRPs2-to-steel-stirrups2, and (c) applied shear forces versus strains
experienced by steel strirrups2 and CFRP2 for the studied specimens.
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corresponding strains on the stirrups were 15,792 µԐ, 15,
184 µԐ, and 10,793 µԐ, respectively. The associated shear
forces for these specimens were 203.8 kN, 217.9 kN, and
222.3 kN, respectively. The maximum strains on CFRP3
strips and stirrups3 increased just after shear loss. For ex-
ample, for the CFRP3 strips, the strains continued to in-
crease until 1975 µԐ, 851 µԐ, and 271 µԐ for specimens
R0.82, R3.39, and R13.35, respectively (Table 7, Table 8,
Figure 9, Figure 12).

Discussion and evaluation of numerical results. It is obvious
that steel-stirrups are subjected to the highest strains in
specimens with lower FRP-to-steel-stirrup ratios. How-
ever, this depends on the strip-width-to-strip spacing
ratio, specifically for stirrups2 and stirrups1. As the ratio

(R) increased, the stirrups experienced lower strains. For
instance, for specimen R0.51, steel-stirrups2 and steel-
stirrups1 experienced 86,644 µԐ and 53,462 µԐ, re-
spectively, but for the same steel-stirrups in specimen
R13.35, these figures were reduced to 26,562 µԐ and 16,
683 µԐ, representing a reduction of 70% and 69%, re-
spectively. The same response occurred with EB-CFRPs,
which means that when the R ratio was increased, their
contributions to shear resistance had a reductive trend
such that CFRPs2 and CFRPs1 experienced higher re-
corded strains. For example, consider specimens R0.51 and
R13.35, where the amounts of strain for CFRPs2 and
CFRPs1 were reduced from 5521 µԐ and 5272 µԐ to 606 µԐ
and 456 µԐ, respectively, representing reductions of 90%
and 92% (Figure 9). By increasing the FRP-to-steel-stirrup

Figure 12. (a) Interactions between strirrups3 and CFRs3 based on the maximum strain experience by fibers during the loading
process, (b) proposed reduction factor versus the ratio of EB-CFRPs3-to-steel-stirrups3, and (c) applied shear forces versus strains
experienced by steel strirrups3 and CFRPs3 for the studied specimens.
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ratio, their performance was reduced compared to the lowest
ratio (R), proving that an inverse interaction exists between
EB-FRPs and steel-stirrups. This inverse interaction should
be included when calculating effective strain, as proposed in
the next section.

Proposed effective strain

In this part of the paper, a new model is proposed for
calculating effective strain for the North American
guidelines. This model is a function of maximum shear
stress in the bonds between concrete and steel-stirrups

and between concrete and EB-CFRP, the ratio of maxi-
mum strain on EB-CFRPs to that on steel-stirrups, the
EB-CFRP-to-steel-stirrup ratio, and the ultimate strain on
EB-CFRPs. The results of the proposed model are
compared to the design guidelines19–21 and demonstrate
better predictions of the shear contributions of EB-CFRP.
As presented in Figures 10, 11, and 12, the reduction
factors based on interactions between internal and ex-
ternal reinforcements were obtained from the parametric
numerical results based on increasing the EB-CFRP-to-
steel-stirrup ratio for U-shaped configuration specimens
as follows:

Figure 13. Comparison between calculated versus the proposed effective strains obtained from numerical results based on
interactions between steel-stirrups and CFRPs on the studied specimens for (a) CAN/CSA-S6-19, (b) CAN/CSA-S806-12, and (c) ACI
440.2R-17.
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R1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εMax,FRP

�
εMax, stirrups

q
×

�
τMax, bond, concrete�Stirrups

τMax, bond, concrete�FRP

�

¼ 0:7901 ×

�
ρFRP:EFRP

ρs:Es

��0:285

(28)

where εMax,FRP and εMax,stirrups are the maximum strains
experienced by CFRP1 and steel-stirrup1 during the whole
loading process, even after complete failure of the beams as

obtained from the numerical results; τMax,bond,concrete-Stirrups

is the maximum shear stress on the bond between concrete
and steel-stirrups as proposed by Telford11; and τMax,bond,

concrete-FRP is the maximum shear stress on the bond between
concrete and steel-stirrups proposed by Lu et al.10 Even
though all three reduction factors follow the same trends
(Figures 10–12), the authors propose equation (28) as
a reduction factor because it is less conservative. All North
American guidelines limit the effective strain to be less than
a portion of the ultimate strain proposed by Priestley et al.36

Table 9. Comparison between proposed model and Mofidi and Chaallal’s (2012) model.

Specimens βic βc

Vcal (kN)
(Proposed model)

Vcal (kN)
(Mofidi and
Chaallal 2012) VFEA(kN)

S1-111-25 1.223461632 0.066662209 7.75 0.441 19.69
S2-111-50 0.970998003 0.060311027 13.55 0.85 34.23
S3-111-80 0.830604989 0.05419665 19.20 1.24 36.63
S1-444-25 0.824144295 0.053856442 10.39 0.71 34.49
S2-444-50 0.654080556 0.04286179 18.23 1.21 60.16
S3-444-80 0.559509465 0.035213639 25.63 1.61 61.19
S1-1800-25 0.553037702 0.034661675 35.04 0.92 65.49
S2-1800-50 0.438917323 0.024682947 78.84 1.40 81.49
S3-1800-80 0.36955648 0.018738374 144.17 1.83 89.72

Figure 14. Coefficient of interaction between steel-stirrups and EB-FRP (βic) in the proposed model versus coefficient of summation
of the internal and external reinforcement (βc) in Mofidi and Chaallal (2010) model for (a) shear contribution in FEA versus proposed
model, and (b) shear contribution ratio versus EB-CFRPs-to-steel-stirrups ratio.
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εfe ¼ 0:004 ≤ 0:75 × εfu : (29)

Therefore, to obtain the effective strain, equation (27)
should be multiplied by equation (28), which results in:

εfe¼0:75×εfu×R1¼0:75×εfu×ð0:7901Þ×
�
ρFRP:EFRP

ρs:Es

��0:285

(30)

However, the maximum ratio (R), R ¼ �ρFRP :EFRP

ρs:Es

�
, should

be restricted to 3.4 to let us use equation (28). Otherwise, for
R ≥ 3.4, the following restriction should be used to reach the
effective strain:

As presented in Figure 13, after replacing the proposed
effective strains for nine studied beams with different R
ratios, R2 for the North American codes was enhanced from
0.32, 0.32, and 0.35 to 0.75, 0.75, and 0.75 for all nine
specimens, respectively.

The results of calculations by considering the developed
parameters and by applying the proposed effective strain
and its restriction (εf,e = 0.002 if R ≥ 3.4), as shown in
Table 9 and Figure 14, confirm the higher accuracy of the
proposed model (R2 = 0.6867).

Conclusions

This research dealt with the inverse interaction of EB-FRP and
steel-stirrups for RC beams strengthened in shear with U-
shaped configurations. The most applicable guidelines were
evaluated and compared with experimental and FE numerical
results. Analytical and numerical parametric studies were
conducted to evaluate this inverse interaction. Some of the
parameters that could not be assessed from experimental
studies were then evaluated: the contributions of concrete,
steel-stirrups, and EB-CFRPs to shear resistance; the behavior
of interface layers and the strain responses along the fiber
direction as obtained from FEA; and the inverse interaction
between internal and external reinforcements by increasing the
EB-CFRP-to-steel-stirrup ratio. The following conclusions can
be drawn from the current study:

· A new analytical model is proposed that considers the effect
of the inverse interaction between EB-CFRPs and steel-
stirrups, showing higher accuracy compared to guidelines as
the EB-CFRP-to-steel-stirrup ratio increases.

· Increasing the ratio of EB-CFRP results in more dis-
tributed marginal shear cracks (similarly to increasing the
ratio of steel-stirrup).

· The areas under the shear stresses versus the distance
along the interface layers are larger in specimens with
lower EB-FRP-to-steel-stirrup ratios. When these ratios
are lower, more shear stress can be transferred through the
interface layers and obtain more benefit from the potential
of the cohesive layers. By increasing the EB-CFRP-to-
steel-stirrup ratio, shear stresses at the interface layers in
the top parts of the main shear cracks do not increase as
midspan deflections increase.

· The effect of the inverse interaction becomes greater as
the EB-CFRP-to-steel-stirrup ratio increases, resulting in
a smaller strain contribution offered by the steel-stirrups
and EB-CFRPs.

· Based on the parametric numerical results and the in-
teraction between EB-CFRPs and steel-stirrups, a re-
duction factor and an effective strain are proposed and
compared with North American guidelines, demon-
strating higher accuracy than the conservative effective
strains proposed by the guidelines.

· An upper limit is proposed (0.002) for strains with higher
EB-CFRP-to-steel-stirrup ratios (R ≥ 3.4). Further in-
vestigations are needed based on more extensive data to
enhance the effective strain based on the inverse in-
teraction between EB-CFRPs and steel-stirrups.

· The reduction factor proposed for the inverse interaction
of steel-stirrups and EB-FRP in the model introduced by
Mofidi and Chaallal (2012) (R = Bic) can be im-
plemented instead of the concrete cracking coefficient
based on transverse steel and FRP rigidity values (Bic),
showing higher accuracy.

· The proposedmodel fulfills safety criteria and is closer to the
experimental tests. However, the previous model introduced
by Mofidi and Chaallal (2012) is more conservative.
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Appendix

Notation

AFRP Area of the cross-section of a FRP sheet or strip =
2n.tf.wf

Afv Area of the cross-section of a FRP sheet or strip =
2n.tf.wf

bw Effective width of beam
d Effective depth of the beam
df Effective depth of FRP

dFRP Distance from the extreme compression fiber to the
centroid of tension

Dfrp Stress distribution factor
Ef Elastic modulus of FRP in the principal fiber

orientation direction
EFRP Young’s modulus of the FRP

Es Elastic modulus of steel-stirrup rebars

f c
0 Cylinder compressive strength of concrete

Ga Shear modulus for adhesive layer
Gc Concrete shear modulus
Gf Facture energy of the FRP-to-concrete bonded

interface
hf,e Effective height of the FRP sheets/plates on the

web of the beam
hw Beam web depth
Knn Stiffness failure mode 1
Kss Stiffness of shear direction failure mode 2
Ktt Stiffness of shear direction failure mode 3
Le Effective anchorage length of FRP
le Effective bond length of FRP strips

le,0 Transfer length of the reinforcing steel
nf Number of EB-FRP layers
R Reduction factor
R2 Ratio of FRP effective width to total FRP

width
rc Corner radius of the section to be wrapped
Sf Center-to-center spacing of the FRP strips
ta Thickness of cohesive layer
tc Thickness of concrete substrate detached in

debonding mode
tf Thickness of EB-FRP

tFRP Thickness of FRP composite
V Ultimate shear capacity of EB-RC beam
Vc Shear contribution of concrete
Vs Shear contribution of steel-stirrups
Vf Shear contribution of FRP

Vfcal Contribution of FRP to shear as calculated by
models

Vfexp Experimental contribution of FRP to shear
wf Width of the FRP strips in the direction normal to

the fiber orientation
wf,e Effective width of FRP sheet (for discrete FRP

strips)
α Orientation of Fibers to horizontal axis of beam
β Angle of the fiber direction
βc Concrete cracking coefficient based on transverse

steel and FRP rigidity values
Bic Reduction factor for interaction between internal

and external shear reinforcement
βL Coefficient to compensate for insufficient FRP

anchorage length
βw FRP-width-to-spacing-ratio coefficient
εfe Effective strain of FRP

εfrp,e Effective strain in FRP
εfu Tensile strain in FRP at failure

εfrp,u FRP rupture strain
θ Orientation of shear crack

σf,max Maximum stress that can be reached in the FRP
strips intersected by shear crack

ρf FRP strengthening ratio =
�
2n:tfb

�
:ðwf=Sf Þ

ρs Transverse steel ratio = Av/(bw.s)
ρfrp Ratio of steel-stirrups
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