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This study proposes using the complex frequency plane representation as a tool to quantify loss levels of a
metamaterial at low sound levels, enabling the prediction of trends in absorption coefficient changes at high
sound levels. A multi-resonant metamaterial composed of a series of thin annular cavities connected by a central
perforation is considered which has been previously studied in the linear regime. With the analytical model
developed for the linear regime, the representation of the complex frequency plane allows understanding
whether a low value of absorption peak is due to excessive losses or, instead, to a lack of losses in the material. As
sound level increase, material losses rise, leading to decrease in absorption peaks for structures with excessive
losses and increase of peak absorption coefficient values for those with insufficient losses. Multi-resonant met-
amaterials with a constant main pore profile are selected to exhibit resonances with various loss levels, and
measurements in a high sound level impedance tube are conducted to validate the expected changes in ab-
sorption coefficient. After that, an acoustic black hole is considered and a structure with two low frequency
absorption peaks increasing with sound level and presenting a broad absorption band with low sensitivity to high

sound levels is identified. The predictions are validated experimentally.

1. Introduction

Development of effective sound absorbers is critical in extreme en-
vironments such as industrial settings. However, conventional materials
often struggle to absorb sound effectively, especially at low frequencies,
primarily due to the bulky nature of these materials and the need to limit
their thickness in most applications. Additionally, their flammability
renders them unsuitable for demanding environments. In contrast,
acoustic metamaterials offer a promising solution in sound wave con-
trol, often with subwavelength thickness, and they can be made from
non-inflammable materials. For acoustic absorption, these structured
materials often consist of a periodic array of resonators [1,2], and more
complex multi-resonant structures have also been investigated [3-5].
Dupont et al. [6] introduced a multi-resonant acoustic metamaterial
composed of thin annular cavities connected by a central perforation.
This material exhibits numerous absorption peaks, including those at
low frequencies, which are below the quarter wavelength absorption
peak of the perforation alone. Subsequent to [6], studies focused on
some geometric variations for a lower frequency absorption peak [7,8].
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Another study [9] investigated acoustic black hole (ABH) main pore
profiles to achieve a broadband absorption. Profiles with a gradually
decreasing main perforation were studied [10-12], and recently
adapted to more complex structures [13,14]. In [9], the ABH profiles
were tailored to a thin structure to achieve broadband absorption and
the analyses of various profiles were conducted using complex fre-
quency plane representation. This technique is particularly useful for
visualizing resonance loss levels and their evolutions, as presented in
[15]. It has been used in various structures such as sub-wavelength
absorbers [16], pipe mufflers [17], or even earplugs [18]. Recently,
the complex frequency plane representation has been utilized to the
analysis of rectangular sonic black holes [19].

In many industrial environments, the noise level can be considerable.
The acoustic behavior of structured materials can differ significantly at
high sound levels compared to linear levels. Pioneering work [20,21]
has shown that as the sound level increases, turbulence in the form of
vortices is generated at the edges of orifices. Subsequently, the acoustic
behavior of various structured materials has been studied under high
sound levels, such as microperforated panels (MPP) [22 23,24],
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Helmholtz resonators [25,26], or structures with more complex geom-
etries [27-30]. To design materials considering these effects, many
studies used an analytical model based on loss description, incorpo-
rating nonlinear resistance. For instance, the Forchheimer model,
initially introduced for characterizing the nonlinear behavior of rigid
porous materials [31-33], is also utilized for structured materials
[23,28]. It considers a dependence of static flow resistivity on particle
velocity in perforations, which varies with sound level. Therefore, an
increase in sound level leads to increase of viscous losses within the
structure. This can result in decreased absorption at high sound levels
[27,28]. However, if the material does not achieve perfect absorption in
the linear regime due to insufficient losses, then its absorption will in-
crease in the non-linear regime [22,24,25,26,29]. Nevertheless,
nonlinear models are mostly semi-empirical, requiring additional
parameter measurements (or simulation), in each orifice for every sound
level. This complexity makes them challenging to develop and to adapt
to different structures. Nonetheless, assessing a material’s loss level in
the linear regime can provide quicker insights into its absorption
behavior at high sound levels, aiding the determination of geometries
with the desired absorption evolution.

In this study, it is proposed to use the complex frequency plane
representation as a tool to quantify the loss level of a metamaterial,
using a linear model. Together with simple analysis of the nonlinear
effects, this enables the direct anticipation of absorption peak evolution
as the sound level increases, thereby facilitating the design of materials
with improve absorption at high sound levels. This tool is examined for
the multi-resonant metamaterial from [9], using the linear model
developed, with modifications to its geometry to control loss level in the
linear regime. Firstly, experimental measurements of the absorption
coefficient at various sound levels are conducted for the metamaterial
with a perfect absorption peak at low frequencies to assess the effect of
nonlinearity on absorption. These measurements are analyzed using the
complex frequency plane representation. Consequently, metamaterials
with low losses in the linear regime are proposed to achieve improved
absorption at high sound levels. These finding are confirmed by addi-
tional experimental measurements.

The paper is organized as follows. Section 2 describes the experi-
mental setup and details the analytical approaches used for the analysis.
Then, in section 3.1, the complex frequency plane tool is employed to
analyze absorption measurements at high sound levels for a constant
reference profile and gain a deeper insight into the non-linear effects. In
Section 3.2, a constant profile with low-losses in the linear regime is
determined using this tool, and its expected acoustic behavior as the
sound level increases is compared with experimental measurements.
Finally in Section 3.3, a complex frequency plane representation is
employed to propose an ABH profile with insufficient losses in the linear
regime and its improved absorption at high sound levels is confirmed
through experimentation.

2. Material and methods
2.1. Material

The studied multi-resonant metamaterial (see Fig. 1), proposed in
[9], features a cylindrical overall structure with a radius of Remp =
22.2 mm and a total thickness of L = 31 mm. It is composed of N = 15
thin annular cavities, each with an external radius of R.,, = 21 mm and
a thickness of h.,, = 1 mm. These cavities are connected to the main
perforation and are separated by annular plates, periodically positioned,
each with a thickness of hy, = 1 mm. The material is finished with a
final, non-perforated plate. In this study, both constant (see Fig. 1 a))
and ABH (see Fig. 1 b)) main pore profiles are considered. A constant
main pore profile is defined by a single main perforation radius value,
T'mp- An ABH main pore profile is characterized by N = 15 different rf,,p

values, decreasing with thickness, summarized as ry, = r,l,,p to r,l,;. Note
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Fig. 1. 2D cross-sectional view of the studied metamaterial with a) constant
and b) ABH main pore profile.

that this study is limited to linear ABH profiles. The main pore profile
serves as the only variable geometric parameter used to control the level
of losses in the material, while the other geometric parameters remain
fixed.

The structure is constructed using an assembly of aluminum-
machined cells. This ensures precision in the elements, particularly the
circular shape of the main pores and the flat surfaces forming the thin
cavities. Further details on the cells, assembly, and manufacturing
process can be found in Section 2.4 and Fig. 4 of [9].

2.2. Experimental set up

The experimental measurements are conducted using a high-sound-
level impedance tube. The excitation consists of a sine sweep wave
covering a frequency range from 300 Hz to 4 000 Hz. The sound level
ranges from 100 dB to 145 dB. An adapter had to be designed and
manufactured to transition from the source fixed on a 14.5 mm radius
impedance tube to a 22.22 mm radius impedance tube, matching the
structure under study. The length and slope of the homemade adapter
were designed to ensure plane waves in the 22.22 mm radius tube
section, where the microphones are placed. The absorption coefficient is
calculated using the two-microphone method [34].

2.3. Analytical approach

This section outlines the linear analytical tools employed to char-
acterize the acoustic behavior of the metamaterial in the linear regime.
It covers the description of losses and introduces the complex frequency
plane representation. Additionally, the aspects of nonlinearity are
introduced to describe the evolution of absorption at high sound levels.

The linear model, developed in a previous study [9], employs a
transfer matrix approach and represents thin cavities as lumped
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elements. Each part of the structure corresponds to one or a group of
elementary matrices of size 2 by 2. Thermo-viscous losses are taken into
account by considering air in the main pore sections and in thin cavities
as equivalent fluids, using parameters given by the Johnson-Champoux-
Allard-Lafarge (JCAL) model. In this study, the focus is on viscous losses
since only they change at high levels. Viscous losses are accounted for by
the equivalent density. The expression for the equivalent density of air in
each of the main pores i (i.e. in the circular perforations before each
annular cavity) [35-37] is:

i
1420 1+
JO0xPq

with o the angular frequency, p, the density of the air, # the dynamic
viscosity of the air, a., the tortuosity, ® the open porosity, A' the viscous
characteristic length and ¢! the static flow resistivity. The main pores
are identified to circular cross-section pores with rf,,p radius, thus a,,

ﬁi _ %P0

@ @
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1,0 =1,A = r‘,‘np and the static flow resistivity is given by:

oy =8/t '@ )
The product of all the elementary matrices yields the total sample matrix
Tsamp- From the elements of Ty, the normal incidence reflection co-
efficient for a sample backed by a wall is given by:

Tsamp.ll - Tsamp,zlzo

R= 3)

T:amp.ll + Tsamp,ZIZO

with Z, the characteristic impedance of the air and therefore, the normal
incidence absorption coefficient is @ = 1 —|R|?. The complex frequency
representation involves plotting the value of 20log;,(R) on a plane with
real (x-axis) and complex (y-axis) frequencies. Material resonances are
depicted by pairs of a pole (local maximum) and a zero (local minimum)
positioned at the same real frequency [15]. The position of a zero on y-
axis indicates the loss level of the corresponding resonance and thus an
indication of the amplitude of the corresponding absorption peak: if the
zero is positioned below the real frequency axis (see Fig. 2 a)), the ab-
sorption peak value is less than 1 due to excessive losses (see Fig. 2 b)); if
it is on the axis (see Fig. 2 c)), the absorption peak is a perfect absorption

a) )

e)
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peak (see Fig. 2 d)); and if it is above (see Fig. 2 e)), the absorption peak
value is less than 1 due to insufficient losses (see Fig. 2 f)). Moreover, a
broader colored spot around a zero (see Fig. 2 g)), which is also linked to
a greater distance between the pole and the zero, corresponds to a
broader absorption peak (see Fig. 2 h)).

At high sound levels, the material exhibits nonlinear effects. One
approach to consider these effects is to introduce nonlinearity by
establishing a dependence between the flow resistivity ¢' and flow rates
V4 in a pore through the Forchheimer’s law [28]:

o (V) = ob(1+£V)) @
with & Forchheimer’s non linearity parameter that can be determined by
measurements or FEM simulations. In acoustic models, the flow rate is
replaced with the maximum particle velocity amplitude, see e.g. [28].
As the sound level increases, the maximum particle velocity amplitudes
in the main pores also increase, leading to higher flow resistivities ¢'. By
revisiting Eq. (1) and replacing the static flow resistivity o}, with the
flow resistivity o', it can be observed that if ¢! increases, the imaginary
part of the equivalent density of the main pores 7' also increases. Thus,
an increase in sound level results in an increase in losses in the main
pores. Note that the thin annular cavities do not affect the equivalent
density and only modify the effective bulk modulus, which remains
linear at high sound levels [28]. Here, only the static flow resistivity is
modified through the Forchheimer parameter. This allows for predicting
how the material’s loss level changes as the sound level increases,
thereby foreseeing the evolution of absorption.

3. Results
3.1. Constant reference profile with T, = 2 mm

In this section, the acoustic behavior at high sound levels of the first
metamaterial characterized by a constant main pore radius ry,, =2 mm
is investigated. It has been previously studied in the linear regime [6,9],
and it is known to exhibit a high first absorption peak at low frequencies,
close to perfect absorption.

The measured absorption coefficient of this material for sound levels
ranging from 100 dB to 145 dB is presented in Fig. 3 a). Throughout this
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Fig. 2. Examples of resonance visualization using the complex frequency plane representation.
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Fig. 3. Metamaterial with a constant main pore profile r,;, = 2 mm: a) experimental absorption coefficient as a function of sound level and b) position of zeros in the
representation of the complex frequency plane of the reflection coefficient from the linear analytical model and the expected evolution of the first zeros position with

increasing sound level.

study, the sound level of 100 dB is considered to be in the linear regime,
indicated in dark blue, while above 110 dB is considered to be in the
nonlinear regime, ranging from light blue to red for 145 dB. In the linear
regime (in dark blue), the absorption curve exhibits five peaks between
300 Hz and 2100 Hz and the beginning of a band gap around 2500 Hz.
As the sound level increases, the frequency positions of all absorption
peaks remain almost unchanged, but their amplitudes decrease signifi-
cantly. It is noteworthy that the decrease is particularly significant for
peaks at lower frequencies which are mostly controlled by the losses in
the main pores: —50 % for the first peak, —48 % for the second, —31 %
for the third, —24 % for the fourth, and —12 % for the fifth. Conversely,
the values of the troughs between the absorption peaks increase slightly
with the sound level.

The reflection coefficient from the analytical model (Eq. (3)) of the
material under linear regime is plotted in the complex frequency plane
in Fig. 3 b). For clarity, only the zeros, i.e., local minima, and two “iso-
absorption zones,” which correspond to the regions around a zero with a
corresponding absorption value greater than 0.6 or 0.9, are indicated in
this figure. There are 15 zeros corresponding to 15 resonances, matching
the number of thin cavities. The first 5 zeros correspond to the 5 iden-
tified absorption peaks. The first zero, at 350 Hz, is close to the real
frequency axis, which is consistent with known results and the proximity
of the first experimental peak to perfect absorption in the linear regime
(see Fig. 3 a)). Subsequent zeros progressively deviate from the real
frequency axis, corresponding to the lower absorption peak values. All
zeros are positioned below the real frequency axis, indicating that the
material exhibits resonances with excessive losses in the linear regime.

As is shown in section 2.3, with increasing sound levels, the flow
resistivities o' of the main pore segments increase, thus, leading to
higher losses. In the complex frequency plane, this increase in losses
results in a downward shift of the zeros toward the y-axis. Additionally,
it has been experimentally observed (in Fig. 3 a)) that absorption peaks
at lower frequencies are more sensitive to high sound levels. Conse-
quently, dotted arrows have been added to Fig. 3 b) to indicate the ex-
pected corresponding displacement of the zeros as the sound level
increases, consistent with these observations and insights gained. These
downward shifts of the zeros in the complex frequency plane correspond
to decrease in absorption coefficient peak values, as shown in the
experimental results in Fig. 3 a).

Therefore, assessing the amount of losses in the linear regime using
the complex frequency plane has provided valuable insights into the
evolution of absorption peaks at high sound levels. For this multi-
resonant metamaterial profile, absorption peaks decrease significantly
as the sound level increases because resonances already have excessive

losses in the linear regime. The following section aims to analyze the
absorption at high sound levels of another constant main pore profile
material, featuring resonances with lower losses in the linear regime.

3.2. Constant profile with rpp = 4 mm

In this section, a constant main pore profile with low losses in the
linear regime is determined, and its acoustic behavior at high sound
levels is analyzed. In the linear regime, increasing the main pore radius
decreases the static flow resistivity oo’ (see Eq. (2)). This reduces the
imaginary part of the equivalent density within the main pore (see Eq.
(1)), leading to a decrease in losses. Also, modifying the main pore
radius alters the metamaterial’s geometry, which influences the reso-
nance frequencies and hence the absorption peaks’ positions [9]. With a
constant profile, the loss levels among resonances are unbalanced,
although the initial resonances can exhibit significantly lower losses
with a large enough main pore radius. The profile investigated in this
section is the constant main pore radius of r,, =4 mm, chosen to exhibit
the first resonance with low losses, a second one close to perfect ab-
sorption, and subsequent resonances with excessive losses, in the linear
regime.

The positions of its zeros on the complex frequency plane, for the
linear regime, are shown in Fig. 4 a). The first zero is positioned above
the real frequency axis, indicating insufficient losses. The second zero is
close to the horizontal axis, corresponding to a resonance with perfectly
balanced losses. The subsequent zeros are positioned below this axis,
indicating resonances with excessive losses. It is worth noting that the
iso-absorption zones around the zeros are wider and larger than those of
the constant profile with r;, = 2 mm. Wider zones around a zero along
the x-axis corresponds to broader absorption peak. Furthermore, as the
sound level increases, it is expected that the zeros shift downward
relative to the y-axis, as discussed in previous sections. This downward
shift is anticipated to be more pronounced at lower frequencies
compared to higher ones, as observed for the profile considered earlier.
Consequently, it is expected that the value of the first absorption coef-
ficient peak increases with sound level. The values of the subsequent
peaks should decrease, as their corresponding zeros move further away
from the real frequency axis in complex plane.

The measured absorption coefficient for different sound levels is
depicted in Fig. 4 b). In the linear regime, the absorption curve (in dark
blue) exhibits four absorption peaks: the first at 670 Hz has a maximum
peak value of 0.84, the second one at 1790 Hz is close to perfect ab-
sorption with 0.96, the third at 2403 Hz is at 0.65, and the fourth at
2740 Hz is at 0.35. These experimental results in the linear regime align
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well with the position of zeros and iso-absorption lines shown in Fig. 4
a). As the sound level increases, the frequency positions of the absorp-
tion peaks change verry little, but their values change significantly. The
first absorption peak increases until perfect absorption is reached at
130 dB and then decreases slightly. The following three peaks decrease
with increasing sound level. These trends align with the expected
behavior of the zero positions. Indeed, for the first resonance, which has
low losses, the zero is located above the real frequency axis. As the sound
level increases, its position on a complex frequency plane shifts toward
the real frequency axis and then moves away from it. This corresponds to
an absorption peak that increases to perfect absorption and then de-
creases. This behavior has been observed for an MPP backed by an air
cavity by Tayong et al. [22]. For the subsequent resonances, which are
already with excessive losses, as the sound level increases and the losses
increase too, the zeros shift downward and move away from the real
frequency axis, resulting in a decrease in the absorption peaks.

Furthermore, it can be observed that the proportional variation of
absorption with increasing sound level is less significant compared to
the profile from the previous section. The first peak increases by 19 %
then decreases by —5%, the second decreases by —19 %, and the third
peak decreases by —26 %. This could be attributed to the slower increase
in the particle velocity as the sound level increases because the main
pore is larger. Thus, the flow resistivity ¢ increases less with the sound
level (see Eq. (4)), resulting in less pronounced losses and consequently,
less variation in absorption peaks. Additionally, for this profile, the
absorption peaks vary less for the first two peaks than for the third,
unlike the r,, =2 mm profile. This may be explained by the fact that the
iso-absorption zones are larger along the y-axis for this profile. Indeed,
when the sound level increases and a zero is near the real frequency axis,
the value remains high longer if the spot is larger. This results in a
smaller variation in the absorption peak value within this range. This is
notably observable for the 2nd absorption peak, which exhibits minimal
variation between 100 dB and 130 dB (—2%), but considerably more
between 130 and 145 dB (—17 %).

Therefore, a constant profile with a larger main pore allows reso-
nances with low losses in the linear regime, resulting in absorption peaks
that can increase in value with the sound level. Additionally, this en-
ables peaks to be less sensitive to high levels and to remain close to
perfect absorption over a wider range of sound levels. However, with a
constant profile, some absorption peaks remain low due to an uneven
distribution of losses among the resonances. The next section aims to
investigate the acoustic behavior at high sound levels of an ABH profile,
which exhibits resonances with less disparity in losses in the linear
regime [9].

3.3. ABH profile with Ty = 9 mm to 2 mm

In this section, an ABH main pore profile is determined to achieve
broadband absorption at high sound levels. The aim is to identify a
profile exhibiting resonances with low losses in the linear regime, and
high absorption peaks at high sound levels, with subsequent peaks
closely spaced in frequency, relatively high, and less sensitive to further
increase in sound level. ABH profiles have been extensively studied in
the linear regime [9]. A large perforation radius at the front of the
profile, r,l,lp, reduces the loss levels of all resonances, resulting in higher
absorption peaks at high frequency. The radius of the main pore at the
back of the profile, r}rg, primarily affects the loss levels of low-frequency
resonances, aiming to balance losses across resonances. The profile
investigated in this section is the ABH profile with 7, = 9 mm to 2 mm,
shown in Fig. 1 b). It has been selected to exhibit two low losses reso-
nances, followed by subsequent resonances that are closely spaced in
frequency. Its characteristics in the linear regime are presented first,
followed by an analysis of its acoustic behavior at high sound levels.

Fig. 5 a) depicts the zero positions of this material on the complex
frequency plane with two iso-absorption lines. The first two zeros are
located above the real frequency axis, corresponding to resonance with
low losses in the linear regime. The subsequent zeros are positioned
below the real frequency axis, representing resonances with excessive
losses, which are spaced relatively close to each other. Furthermore,
they exhibit more extensive iso-absorption zones than the previously
studied profiles. As shown in [9] (see Section 3.3), at high frequencies,
the acoustic behavior of the material is determined only by its front,
where thin annular cavities have not yet reached their local resonance.
Thus, it becomes equivalent to a truncated and therefore shorter mate-
rial with a larger main pore. As seen in the two previous sections, a
larger main pore in this metamaterial leads to wider and larger iso-ab-
sorption zones around zeros. In this profile, this results in wider ab-
sorption peaks at high frequency, contributing to a broad absorption
coefficient band. Based on the conclusions drawn in earlier sections, the
zeros should shift downward as the sound level increases. As a result, the
first two zeros should move closer to the real frequency axis, leading to
an increase in the values of the first two absorption peaks. For the
subsequent peaks, since their corresponding zeros are already posi-
tioned below the real frequency axis in the linear regime, the absorption
peaks should decrease, due to the presence of significantly larger iso-
absorption zones, though less sharply than in the previous profiles.

The experimentally measured absorption coefficient of this material
for various sound levels is plotted in Fig. 5 b). In the linear regime, the
curve (in dark blue) exhibits two absorption peaks at medium frequency:
one at 1020 Hz with an amplitude of 0.75 and another at 1904 Hz with
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an amplitude of 0.98. Then, there is a broad absorption band composed
of multiple peaks starting from 2300 Hz and above 0.6 in amplitude.
These observations in the linear regime align well with the iso-absorp-
tion zones along the real frequency axis in Fig. 5 a). As the sound level
increases, the first peak increases until it reaches perfect absorption at
145 dB. The second peak also increases, achieving perfect absorption at
125 dB, and then decreases to 0.89 absorption at 145 dB. Similar to the
second absorption peak in the profile of the previous section, this peak
changes minimally between 100 dB and 130 dB because the corre-
sponding zero is close to the real frequency axis and the iso-absorption
zones are relatively large. The subsequent peaks, forming the absorption
band, decrease very slightly and remain above 0.6 absorption. This
corresponds well to the expected evolution of the zeros position on the
complex frequency plane as the sound level increases.

Therefore, the absorption of this ABH structure improves as the
sound level increases. At 145 dB, the material exhibits a perfect ab-
sorption peak at 1020 Hz, along with a broad band from 1750 Hz to
4000 Hz with absorption exceeding 0.62. Furthermore, without a
comprehensive analytical model for high sound levels, the main features
of this material performance in the nonlinear regime could be directly
predicted using complex frequency plane analysis.

4. Conclusion

This study aims to use the complex frequency plane analysis as a tool
to analyze absorption performance of structured acoustical materials
under high sound levels. This technique allows to quantify the loss level
of resonances in the linear regime. Based on the knowledge that flow
resistivity is the parameter mostly affected by nonlinear effects, the
complex frequency plane analysis enables quick prediction of absorption
peak evolution with increase of the sound level. This approach is useful
for design of metamaterials with enhanced absorption under high sound
levels. In this study, it was applied to a thin multi-resonant meta-
material. The ABH profile is identified with the help of complex plane
analysis which demonstrates enhanced broadband absorption under
high excitation levels. This effect is observed in experiments and
showcases the material’s potential for absorption in extreme environ-
ments. However, precisely predicting the magnitude of shift of zeros
under high levels in the complex frequency plane and their optimal
placement in the linear regime with this approach is challenging without
a true nonlinear model. Nevertheless, this tool can complement
analytical and numerical models at high sound levels, aiding in the rapid
identification of promising geometries.
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