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Abstract—This study examines the capillary-driven flow of
viscous non-Newtonian shear-thinning fluids in microchannels
with axial wall variations, modeled using the power-law rheology.
The effects of geometrical irregularities on the temporal trend
of fluid impregnation length in the microchannel are analyzed.
Results indicate that increasing wall irregularities slows the
impregnation process by affecting the effective meniscus contact
angle and the capillary driving force. This research provides
insight into the mixing process in anode manufacturing for the
aluminum production industry, focusing on the impregnation of
coal-tar pitch and fine coke particles into large open pores of
coarse petroleum coke particles.
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I. INTRODUCTION

Fluid impregnation into capillary channels due to capillary
pressure is a common phenomenon in many natural and
industrial applications [1]. This mechanism also contributes
to anode manufacturing for the aluminum production industry
as one of its industrial applications, which involves three
stages, including mixing, vibro-compaction, and baking. In
the mixing stage, coal-tar pitch and petroleum coke are
mixed together; subsequently, the resulting product, referred
to as anode paste, is subjected to vibration and compaction,
followed by baking in a furnace to yield anode blocks that can
be utilized in the Hall-Héroult process to produce aluminum
[2]. Materials in the mixing stage consist of coarse and fine
coke particles and coal-tar pitch. A coarse coke particle is
a porous material, and the mixture of fine coke particles
and coal-tar pitch could be treated as a homogenous fluid
referred to as the binder matrix. Thus, the binder matrix
impregnates coarse coke particles in the mixing stage [3],

[4]. In terms of rheology, coal-tar pitch shows a Newtonian
behavior in a mixing temperature range of 166 ◦C to 190 ◦C,
while fine coke particles addition to coal-tar pitch results in
a non-Newtonian shear-thinning behavior, which is escalated
as fine coke particles percentage increases [2]. Also, coarse
coke particles have irregular shapes; thus, it is assumed that
an open pore in a coarse coke particle could be represented
with a single microchannel with geometrical variations
along the axial direction. Therefore, in the present article,
the capillary-driven flow of non-Newtonian shear-thinning
fluids in irregular capillary channels has been investigated to
demonstrate the binder matrix impregnation in coarse coke
particles in the mixing stage of anode manufacturing.

Literature on non-Newtonian fluid spontaneous capillary-
driven flow, referred to as imbibition, is sparse compared
to Newtonian fluids [5]. Previous research works on non-
Newtonian shear-thinning fluids’ spontaneous imbibition in
singular channels have considered different channel shapes,
including flow in circular tubes [6]–[11], between parallel
walls [12], and channels that are uniformly converging and/or
diverging along the axial direction [13], [14]. Moreover, the
imbibition of non-Newtonian fluids with viscoelastic behavior
has also been examined for capillary-driven flow between
parallel walls [15]–[17], and converging and/or diverging
channels [18], [19]. Consequently, more research works on
non-Newtonian fluids spontaneous imbibition, particularly in
irregular channels, is needed [5].

In this research, we examine a highly viscous shear-
thinning fluid spontaneous penetration in a microchannel
with axial wall variations, which represents the binder
matrix impregnation into an open pore of a coarse coke
particle in the mixing process of anode manufacturing, with



an analytical model. Walls are considered to vary as sine
waves, and the effect of changing geometrical irregularity
parameters, including the wall wavelength, amplitude, and
phase difference, on the temporal trend of fluid impregnation
length until the complete filling of an open pore has been
investigated.

II. METHODOLOGY

A. Equations

The mass conservation equation for an incompressible flow
is written as:

∂ρ̂

∂t̂
+ ∇ · (ρ̂ Û) = 0, (1)

where ρ̂, t̂, and Û indicate the fluid density, time, and the
flow velocity vector, respectively. Subsequently, the Cauchy
momentum equation is written as follows:

ρ̂

(
∂Û

∂t̂
+ Û · ∇Û

)
= −∇p̂+∇ · τ̂ , (2)

where p̂ and τ̂ denote the pressure field and the shear stress
tensor, respectively. τ̂ can be written as follows:

τ̂ = µ̂ (∇Û +∇Û
T
), (3)

where µ̂ is the fluid viscosity. The fluid flow between the two
microchannel walls due to capillary pressure is assumed to
be in one direction along the channel centerline. Considering
ŝ and l̂ as the coordinates along the channel centerline and
normal to ŝ, respectively, as shown in Figure 1, several
assumptions are made to analyze the flow. These include: the
flow is incompressible, quasi one dimensional, in steady state
( ∂
∂t̂

= 0), fully developed (∂Û∂ŝ = 0), and the velocity field
consists only of the component in the flow direction (Ûl̂ = 0).
By implementing these assumptions in Equations (1) and (2),
the equations of motion could be simplified as follows:

0 = −∂p̂

∂ŝ
+

∂τ̂ŝl̂
∂l̂

. (4)

Subsequently, by implementing the assumptions in Equa-
tion (3), τ̂ŝl̂, which is equal to τ̂l̂ŝ, would be written as follows:

τ̂ŝl̂ = µ̂
∂Ûŝ

∂l̂
, (5)

where Ûŝ indicates the flow velocity along the channel center-
line (ŝ). The binder matrix is reported to exhibit shear-thinning
behavior, which corresponds to the Ostwald–de Waele rela-
tionship [2], also known as the power-law model, expressed
as follows:

µ̂ = µ̂0 |ˆ̇γ|n−1, (6)

where µ̂, µ̂0, ˆ̇γ, and n represent the viscosity, consistency
index, shear rate, and the power index respectively, with
n > 1, n = 1, and n < 1 corresponding to shear-thickening,

Newtonian, and shear-thinning fluids, respectively. Also, ˆ̇γ is
written as follows:

ˆ̇γ =
∂Ûŝ

∂l̂
. (7)

Thus, by implementing Equations (5) to (7) in Equation (4),
the momentum equation could be written as follows:

0 = −∂p̂

∂ŝ
+ µ̂0

∂

∂l̂

∂Ûŝ

∂l̂

∣∣∣∣∣∂Ûŝ

∂l̂

∣∣∣∣∣
n−1
 . (8)

In the context of fluid flow between the channel walls
due to an existing pressure gradient, the velocity profile is
maximum at the center. It must be zero at the walls to satisfy
the no-slip boundary condition. Considering l̂ = 0 along the
channel centerline, ∂Ûŝ

∂l̂
|l̂=ĥ/2 < 0 and ∂Ûŝ

∂l̂
|l̂=−ĥ/2 > 0 where

ĥ indicates the distance between walls. Since the flow is
symmetric, we can proceed with solving Equation (8) over
a half domain. Considering the bottom half domain from
l̂ = −ĥ/2 to l̂ = 0, ∂Ûŝ

∂l̂
> 0; however, l̂ must be replaced

with −|l̂| in the solution of Equation (8) to account for the
whole domain. Therefore, upon integrating the Equation (8)
with respect to l̂, the following solution will be obtained:

Ûs =
n

n+ 1

(
1

µ̂0

∂p̂

∂ŝ

) 1
n

(−|l̂|)
n+1
n + C, (9)

where C is the integration constant. Considering the no-slip
boundary condition on walls (Ûs|l̂=±ĥ/2 = 0), Equation (9)
will be rearranged as follows:

Ûŝ(l̂) =
n

n+ 1

(
1

µ̂0

∣∣∣∂p̂
∂ŝ

∣∣∣) 1
n

(
ĥ

2

)n+1
n

1−

(
2|l̂|
ĥ

)n+1
n

 .

(10)
Subsequently, average velocity, ˆ̄Uŝ, is defined as follows:

ˆ̄Uŝ ĥ =

∫ ĥ/2

−ĥ/2

Ûŝ(l̂)dl̂. (11)

Upon calculating Equation (11) and implementing the solution
in Equation (10), the velocity profile could be written as
follows:

Ûŝ(l̂) =
ˆ̄Uŝ

(
2n+ 1

n+ 1

)1−(2|l̂|
ĥ

)n+1
n

 . (12)

It should be noted this approach of deriving the velocity
profile for non-Newtonian fluids conforming to the power-
law model has been initially introduced by Bird, Armstrong,
and Hassager [20]. Yet, ĥ tends to vary along the length for
capillary-driven flow in microchannels with wall variations,
as shown in Figure 1. Therefore, the average velocity should
also vary due to its dependence on the microchannel width;
thus, Equation (12) should be modified to account for irregular
capillaries written as follows:

Ûŝ(l̂, ŝ) =
ˆ̄Uŝ(ŝ)

(
2n+ 1

n+ 1

)1−( 2|l̂|
ĥ(ŝ)

)n+1
n

 . (13)



In the case of capillary-driven flow of highly viscous fluids,
which is the case for the binder matrix impregnation, the
effect of inertia is negligible, and this process is also quasi-
steady. Therefore, the momentum equation balances pressure
and viscous terms as indicated in Equation (2). Considering
a differential volume element illustrated with dark blue in
Figure 1, the balance of forces, including viscous and pressure
terms, could be written as follows:

2τ̂ŝl̂(ŝ, ĥ/2)dŝ− ĥ(ŝ)
∂p̂

∂ŝ
dŝ = 0, (14)

where τ̂ŝl̂(ŝ, ĥ/2) is the shear stress on the upper wall,
which is identical to the shear stress on the bottom wall
(τ̂ŝl̂(ŝ,−ĥ/2)) accounting for the appearance of a coefficient
2 in Equation (14). Upon dividing Equation (14) by ĥ(ŝ) and
integrating this equation from the microchannel inlet (ŝ = 0)
to the meniscus location (ŝ = L̂), which is shown in Figure 1,
Equation (14) would be written as follows:∫ L̂

0

2τ̂ŝl̂(ŝ, ĥ/2)

ĥ(ŝ)
dŝ︸ ︷︷ ︸

Viscous term

−
∫ L̂

0

∂p̂

∂ŝ
dŝ︸ ︷︷ ︸

Pressure term

= 0. (15)

Subsequently, by implementing Equations (6), (7) and (13)
in Equation (5), τ̂ŝl̂(ŝ, ĥ/2) would be written as follows:

τ̂ŝl̂(ŝ, ĥ/2) = −µ̂0

(
ˆ̄U ŝ(ŝ)

ĥ(ŝ)

(
4n+ 2

n

))n

. (16)

Thus, by implementing Equation (16) into the viscous term
in Equation (15) it could be written as follows:∫ L̂

0

2τ̂ŝl̂(ŝ, ĥ/2)

ĥ(ŝ)
dŝ = −2µ̂0

∫ L̂

0

ˆ̄Uŝ

n
(ŝ)

ĥn(ŝ)

(
4n+ 2

n

)n

dŝ.

(17)
The flow rate at each time remains constant at all sections

from the inlet to the meniscus location; therefore, the following
correlation could be written:

ˆ̄U ŝ(ŝ) ĥ(ŝ) =
ˆ̄U ŝ(L̂) ĥ(L̂), (18)

where ˆ̄U ŝ(L̂) denotes the average flow velocity at the meniscus
location, which is considered the impregnation velocity ( ˆ̇L) in
this research. Consequently, by substituting Equation (18) in
Equation (17) it could be written as:

−2µ̂0

(
4n+ 2

n

)n
ˆ̇Lnĥn(L̂)

∫ L̂

0

dŝ

ĥ(2n+1)(ŝ)

=

∫ L̂

0

2τ̂ŝl̂(ŝ, ĥ/2)

ĥ(ŝ)
dŝ.

(19)

On the other hand, the pressure term in Equation (15) equals
to the capillary pressure written as follows:

−
∫ L̂

0

∂p̂

∂ŝ
dŝ =

2σ̂

ĥ(L̂)
cos θ̃, (20)

where θ̃ is the effective contact angle, which is the linear
summation of the static contact angle, θ0, and the wall slope at

the location of the meniscus, tan−1 1
2 ĥ

′(L̂), shown in Figure 1.
Also, σ̂ is the fluid-air surface tension. Eventually, by imple-
menting Equation (19) and Equation (20) in Equation (15),
the governing equation of motion for the capillary flow of a
highly viscous power-law fluid in an irregular microchannel
neglecting inertia and gravity contributions could be written
as follows:

ˆ̇Ln

[
2µ̂0

(
4n+ 2

n

)n

ĥn(L̂)

∫ L̂

0

dŝ

ĥ(2n+1)(ŝ)

]
− 2σ̂

ĥ(L̂)
cos θ̃ = 0.

(21)

Considering n = 1, which is the case for Newtonian
fluids, Equation (17) yields the governing equation of motion
presented by Shobeiri and Ponga [21] in the absence of
gravity, inertia, and the dynamic contact angle effect.

When the fluid-air interface remains stationary in thermo-
dynamic equilibrium, its contact angle on the wall remains
constant, equal to static contact angle, θ0. On the contrary, as
the interface moves, the contact angle on the wall changes
with time, known as dynamic contact angle, θD, which is
complex to analyze. Thus, different mathematical models
have been presented in the literature to correlate θD to the
L̇ (interface velocity) and θ0 [22]–[24]. Moreover, the contact
angle modification should be applied on θ̃ rather than θ0
for analyzing capillary-driven flow in irregular channels [21].
Here, the molecular kinetic theory (MKT) has been employed
to model the dynamic contact angle effect. According to this
theory, if the probability of molecular motion in the forward
direction is higher than in the backward direction, the interface
moves forward, and vice versa. Interface equilibrium occurs
when the molecular motion probability in both directions is
equal [22]–[24]. Although various versions and interpretations
of MKT have been reported in the literature, this research
employs the following form of MKT, which is a modified
version of the model presented in reference [25], accounting
for two-dimensional microchannels, as follows:

cos θ̃0 − cos θ̃D = β
µ̂0

σ̂

(
4n+ 2

n

)n−1
ˆ̇L
n

ĥ1−n(L̂), (22)

where θ̃i = θi + tan−1 1
2 ĥ

′(L̂), and β is a combination of pa-
rameters that could be approached as a fitting parameter [25],
which is considered 9 in this research. Thus, by implementing
Equation (22) in Equation (21), the governing equation of
motion could be written as follows:

ˆ̇Ln

[
2µ̂0

(
4n+ 2

n

)n

ĥn(L̂)

∫ L̂

0

dŝ

ĥ(2n+1)(ŝ)
+

2β µ̂0

ĥn(L)

(
4n+ 2

n

)n−1
]
− 2σ̂

ĥ(L̂)
cos θ̃0 = 0.

(23)

Finally, the time-dependent impregnation length, L̂(t̂), will
be found upon solving Equation (23) numerically using the
4th-order Runge–Kutta method with L̂(0) = 0.



B. Geometrical considerations

Geometrical features of a microchannel with wavy walls
in the shape of a sine wave, including the wall wave length,
λ̂, amplitude, Â, and phase difference, φ̂, and the channel
length, L̂channel, and width at the inlet, ĥ(0), are illustrated in
Figure 1, which demonstrates the binder matrix impregnation
in a single large open pore of a coarse petroleum coke particle
in the mixing process of anode manufacturing.

Fig. 1. Geometrical features for a single irregular microchannel with wavy
walls representing an open pore in a coarse coke particle subjected to the
binder matrix impregnation during mixing.

Coarse coke particles’ large open pores are from 300µm
to 500µm [3]; therefore, ĥ(0) is chosen 400µm. Also, the
channel length (L̂channel) is considered 2400µm. The effect
of other parameters’ variations on the temporal trend of
fluid impregnation, including φ = φ̂/λ̂, A = Â/ĥ(0), and
λ = λ̂//ĥ(0), are discussed in the Results section.

C. Binder matrix properties

Binder matrix properties at different mixing temperatures
and percentages of fine petroleum coke particles have been
reported by Mollaabbasi, Hansen, Grande, Taghavi, and Alam-
dari [2]. Since the mixing temperature is held at 178◦C in
the anode manufacturing industry, the properties of the binder
matrix at this temperature, with a 35% weight percentage
of fine particles, which is the maximum value reported in
reference [2], have been chosen. These correspond to µ̂0 =
18.86Pa.sn with n = 0.89. Additionally, σ̂ is considered to
be 21× 10−3 N/m2 [26]. Moreover, the coal-tar pitch contact
angle on a compact bed consisting of fine coke particles is
reported to be within an approximate range of 50◦ to 65◦

after sufficient time [27]; thus, θ0 is set to 57.5◦.

D. Range of parameters

Dimensional and dimensionless input governing parameters
are lumped in Table I.

TABLE I
RANGE OF INPUT DIMENSIONAL AND NON-DIMENSIONAL PARAMETERS.

Input dimensional parameters
Parameter Name Range or value

ĥ(0) Channel inlet width 4× 10−4 (m)
L̂channel Channel length 2.4× 10−3 (m)

σ̂ Surface tension 2.1× 10−2 (N/m)

µ̂0
Power-law consistency

index 18.86 (Pa.sn)

Input non-dimensional parameters
Parameter Name Range or value

n Power-law power index 0.89

θ0 Static contact angle 57.5 deg.

λ Wall wavelength, λ̂/ĥ(0) 1 – 3
A Wall amplitude, Â/ĥ(0) 0.05 – 15
φ Wall phase difference, φ̂/λ̂ 0 – 0.5
β MKT fitting parameter 9

III. RESULTS

A. Effect of wall amplitude

The effect of changing wall amplitude on the temporal trend
of the impregnation length until an open pore complete filling
for λ = 1.5 and φ = 0 is shown in Figure 2.
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Fig. 2. Effect of changing the wall amplitude in dimensionless form (A) on
the temporal trend of meniscus impregnation length for A = 0.05 (blue solid
line), 0.1 (red dash-dotted line), and 0.15 (green dotted line) with λ = 1.5
and φ = 0.

As shown, the binder matrix impregnation slows by increas-
ing A from 0.05 to 0.15 leading to an almost 12 times rise in
the complete filling time. This effect is attributed to a steep
increase in the wall slope by rising A leading to increasing θ̃;
hence, weakening the capillary driving force. As changes in the
wall slope increase, the interface curvature tends to decrease at
diverging sections and increase in converging sections within
the microchannel. Since the capillary driving force relies on
the interface curvature, an increase in the curvature enhances
the driving force and vice versa. Thus, by increasing A, fluid
impregnation tends to decelerate in diverging sections and
accelerate in converging sections resulting in the temporal
impregnation length marching toward a horizontal and vertical



line in diverging and converging sections, respectively. This
effect is significantly emphasized for A = 0.15, while results
for the cases with A = 0.05 and 0.1 seem to be close. Overall,
an open pore’s complete filling time rises with an increase in
geometrical irregularity in terms of increasing A.

B. Effect of wall wavelength

The effect of changing wall wavelength on the time-
dependent trend of the meniscus infiltration length for A = 0.1
and φ = 0 is shown in Figure 3.

0 500 1000 1500

0

0.5

1

1.5

2

10
-3

Fig. 3. Effect of changing the wall wavelength in dimensionless form (λ) on
meniscus impregnation length versus time for λ = 3 (blue solid line), 1.5
(red dash-dotted line), and 1 (green dotted line) with φ = 0 and A = 0.1.

As shown, meniscus impregnation prolongs with decreasing
λ from 3 to 1, which results in an approximate 11 times
increase in microchannel complete filling time. The effect
of reducing λ on fluid impregnation length is similar
to increasing A as it causes a surge in the wall slope,
and it results in slowing down the fluid’s infiltration as
discussed in the preceding section. Moreover, the number of
diverging-converging sections increases with decreasing λ,
which culminates in a rise in the number of semi-vertical
and semi-horizontal trends in the temporal trend of the
impregnation length as shown in Figure 3. These effects
become noticeable for cases with a lower λ due to a growth
in fluid’s deceleration and acceleration in diverging and
converging sections, respectively, similar to the impact of
increasing A. Overall, an open pore filling time prolongs with
a decrease in the wall wavelength, which results in increasing
geometrical irregularity.

C. Effect of wall phase difference

The effect of changing wall phase difference on the temporal
trend of the infiltration length for A = 0.1 and λ = 1.5 is
shown in Figure 4.
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Fig. 4. Effect of changing the walls’ phase difference in dimensionless form
(φ) on the time-dependent trend of meniscus impregnation length for φ = 0
(blue solid line), 0.25 (red dash-dotted line), and 0.5 (green dotted line) with
λ = 1.5 and A = 0.1.

By increasing φ from 0 (parallel wall arrangement) to
0.5 (symmetric wall arrangement), the time of complete
microchannel filling 1.5 times increases as illustrated in
Figure 4. This effect is due to the influence of wall phase
difference on the meniscus effective contact angle. As φ
increases, the microchannel width variations tend to rise,
which results in growing changes in the spatial derivative
of the microchannel width at the meniscus location, ĥ′(L̂).
Therefore, changes in the effective contact angle are likely to
increase, which culminates in weakening the capillary driving
force and elevating the impregnation time of the meniscus
within the microchannel. Yet, the impact of increasing φ on
prolonging the impregnation time is less influential compared
to rising A and decreasing λ.

IV. CONCLUSION

This research highlights the influence of geometrical
parameters on the temporal trend of shear-thinning fluids’
impregnation length in microchannels with wall irregularities,
with the capillary pressure being the driving force. The
main application of this research is analyzing the mixing
stage in anode manufacturing for the aluminum production
industry, where the mixture of coal-tar pitch and fine coke
particles as a shear-thinning fluid impregnates open pores
of coarse coke particles, which is modeled with a single
microchannel with wall variations. An analytical method has
been proposed for analyzing the capillary-driven flow of fluids
conforming to the power-law rheology model, particularly
shear-thinning fluids, in irregular microchannels. For the
parametric study, the microchannel walls were considered
two separate sine waves, and the effects of geometrical
features, including the walls’ wavelength, amplitude, and
phase difference, were investigated. The results indicated
that increasing wall amplitude or decreasing wall wavelength
significantly escalates impregnation time due to changes in
wall slope, effective contact angle, and the driving force.
In addition, increasing the walls’ phase difference from a



parallel to a symmetric wall arrangement modestly increases
filling time due to similar reasons; however, its impact on
raising impregnation time is less significant than the other
two parameters. This study advances the understanding
of shear-thinning fluids’ capillary-driven flow in irregular
capillaries. Also, it provides a foundation for future work
on developing extended models accounting for the mixing
process in anode manufacturing.
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