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Abstract—A density-based high-order Central Essentially Non-
Oscillatory (CENO) finite-volume scheme in combination with min-
imally dissipative Riemann solver-based upwind numerical flux
functions has been applied to both low- and high-speed canonical
turbulent flow problems. In particular, implicit large-eddy simulation
(LES) results were obtained by the numerical solution of the Favre-
filtered form of the compressible Navier-Stokes equations for both
the subsonic and supersonic Taylor-Green vortex (TGV) and decay of
homogeneous isotropic turbulence (HIT) flows. The initial conditions
for the latter were set to match those of previous low-speed wind
tunnel experiments. DNS results for the HIT flow were also obtained
through the implementation of a pseudo-spectral Fourier-Galerkin
solver on a triply periodic cubic computational grid containing
2,048 nodes which was used as a reference for the LES solutions.
Published reference data was then used as a means of comparison
for both of the TGV flow simulations considered in this study. For
the subsonic TGV flow, the CENO scheme is shown to outperform
a standard second-order finite-volume scheme by achieving a lower
error in peak enstrophy at a reduced computational cost. Furthermore,
the high-order CENO results obtained for the supersonic TGV flow
show excellent agreement with the previous reference solutions. The
high-speed TGV flow presents a unique challenge as it necessitates an
accurate representation of small-scale turbulence while requiring suf-
ficient numerical dissipation in the proximity of shocks. The CENO
scheme addresses this challenge by employing a hybrid reconstruction
procedure that transitions to a limited, low-order scheme for cells
with under-resolved solution content. The latter are detected via
a smoothness indicator, thereby ensuring that small turbulent flow
scales in smooth regions are not excessively damped. Additionally,
modified variants of the standard Roe flux are considered in this study
and they are shown to provide significant reductions in numerical
dissipation, as evidenced by the increased peak enstrophy for the
TGV flow problem and a significantly improved prediction of the
—5/3 slope in the spectral turbulence energy density compared with
the results of the standard Roe flux in the case of the HIT decay
problem.

Keywords—Large-Eddy Simulation (LES); High-Order Meth-
ods; Compressible Turbulent Flows; Computational Fluid Dy-
namics (CFD).

I. INTRODUCTION

Accurate representation of the wide range of turbulent
scales that high-fidelity simulations should produce remains
a significant challenge. This is because the development of
turbulent structures is extremely sensitive to errors originating
from spatial discretization schemes. Specifically, for both
large-eddy simulation (LES) and direct numerical simulation
(DNS), standard-order methods underpredict flow scales in the
higher-resolvable wavenumber range, which somewhat limits
their applicability. This can be overcome by increasing the
resolution of the computational grid; however, the cost of such
an approach is significant. An alternative is to use high-order
spatial discretization schemes, which provide improved accu-
racy, often at a cost less than their standard-order counterparts.
In particular, high-order methods have low levels of numerical
dissipation and dispersion, which enables accurate predictions
of smaller turbulent length scales. This has motivated the con-
tinued use and development of high-order spatial discretization
schemes for high-fidelity simulations of turbulent flows.

In this study, the high-order central essentially non-
oscillatory (CENO) finite-volume scheme proposed by Ivan
and Groth [1]], [2]] was combined with minimally dissipative
Riemann solver-based numerical flux functions [3]], [4] and
used in the implicit LES of several canonical turbulent-flow
problems. The CENO scheme has previously been successfully
applied to incompressible low-Mach number viscous flows [5]],
LES of turbulent premixed combustion [6], steady subsonic
laminar flows [1f], [2]], [7] and resistive MHD flows [8|]—
[10]. It is based on a hybrid solution reconstruction procedure
that provides high-order accuracy in smooth regions and non-
oscillatory transitions at discontinuities [[1], [2]. This hybrid
reconstruction procedure retains an unlimited high-order K-
exact reconstruction for cells in which the solution is fully



resolved and reverts to the piecewise limited lower-order
counterpart for cells with underresolved/discontinuous solution
content [[1]], [2]. The transition in this hybrid reconstruction
procedure is controlled by a smoothness indicator [1f], [2].

II. FAVRE-FILTERED NAVIER-STOKES EQUATIONS

LES simulations are considered herein based on the solution
of the Favre-filtered form of the Navier-Stokes equations
for a compressible gas. The latter can be achieved via the
application of a low-pass spatial filtering procedure which
yields the system of equations:
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where x; and ¢ are the position vector associated with physical
space and time, p, 4;, F = p/(y—1)+uu;u;/2 are the Favre-
filtered values of the gas density, flow velocity, total internal
energy, and p is the filtered pressure. Here, 7;; is the viscous
stress tensor evaluated in terms of Favre-filtered quantities

y . 20 &
gy = pu(T) (2Sij - 351‘3‘31«@), 4)
and 7;; = p(u;u; — 4;4;) is the so-called subgrid-scale
(SGS) stress tensor. The Favre-filtered heat flux is given by
¢; = —R(0T'/Ox;). The other remaining terms appearing the

equations above are given by
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where (); is the SGS heat flux, J; is the SGS turbulent
diffusion, and D; is the SGS viscous diffusion. The values of
these SGS terms have been previously evaluated by Vreman
et al. [11] and Martin et al. [12]] where it was found that
the influence of (7;; — &;5), (§; — §;), and D; can all be
considered negligible. The SGS heat flux and diffusion are
then modeled to close the system of equations. First, using a
gradient approximation, the SGS heat flux can be modeled as

Pry 0x;’

and following the work of Knight ez al. [[13]], the SGS diffusion
can be defined as

Q; = ®)
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Lastly, it is also possible to model the SGS stress tensor
using a number of popular eddy-viscosity approaches, such as
the standard and dynamic versions of the Smagorinsky model

[14], [15]. However, in this study an implicit LES approach is
adopted and no sub-grid modelling is used to explicitly model
Qj, J; and 7;;. The resulting system of equations therefore
closely resembles the unfiltered form of the compressible
Navier-Stokes equations. Both the filtering and subgrid mod-
elling are achieved implicitly by the numerical method wherein
errors from the spatial and temporal discretization schemes act
as an additional equivalent SGS stress.

III. HIGH-ORDER CENO FINITE-VOLUME METHOD

The aforementioned Favre-filtered, compressible form of the
Navier-Stokes equations can be written in the following form
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where U is the vector of conserved solution variables
U = [p, pi, pv, pb, pE]", (11)

and F is the flux dyad which is the sum of the inviscid (hy-
perbolic) and viscous (elliptic) fluxes, Fy and Fg respectively.
Following Ivan and Groth [1]], [2], application of the high-
order CENO finite-volume method to the integral form of
Eq. for hexahedral computational cells, 5k, of a multi-
block body-fitted mesh results in the following semi-discrete
form given by
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where AA is the area of face f with 1 < f < Ny and w
is the face quadrature weighting coefficient for face f and
quadrature point m. Equation (I2) represents a coupled non-
linear system of first-order ordinary differential equations for
the time evolution of the cell averaged values of conserved
solution quantities, U, within each computational cell, ijk.

A. High-Order K-Exact Least-Squares Reconstruction

The CENO scheme uses the K-exact least-squares recon-
struction of Barth [16] to achieve high-order spatial accuracy
based on a K'"-order Taylor polynomial series expansion for a
solution variable, U, about the centroid of each computational
cell. As discussed by Ivan and Groth [1], [2f], the order of
the polynomial determines the spatial accuracy of the scheme.
This K"-order polynomial can be expressed as
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where Z is the cell centroid, U is the reconstructed solution
variable, and K is the order of the polynomial. The spatial
derivatives appearing in this expression, Dy, ,,p,, are the
coefficients in the Taylor series expansion. Note that the
error in the polynomial approximation is O(AX*1). With
sufficient quadrature points on each face, this implies that a
K™ order polynomial achieves K + 1 accuracy. This is true
for the evaluation of the hyperbolic solution fluxes. However,
the evaluation of solution gradients for the viscous fluxes



requires direct differentiation of the K** order polynomial
and, globally, this reduces the order of accuracy from order
K + 1 to order K. The target accuracy here is fourth-order
and thus a K = 4 reconstruction polynomial is used for
a consistent fourth-order spatial discretization of the Navier-
Stokes equations.

B. Inviscid/Hyperbolic Flux Evaluation

The inviscid or hyperbolic flux is evaluated at each cell
interface by using a Riemann-solver based flux function in
terms of the reconstructed solution variables based on the K-
exact procedure within each computational cell as described
above. Note also that the number of quadrature points per
face must be increased from one (for second-order accuracy)
to four (for fourth-order accuracy) to ensure the increased
accuracy offered by the high-order reconstruction is retained
in the numerical flux evaluation. Variants of the standard Roe
flux [17], specifically LMRoe [3] and L?Roe [4], are used
here as they provide reduced levels of numerical dissipation
in low-Mach regions of the turbulent flows.

C. Viscous/Elliptic Flux Evaluation

To maintain global K™-order accuracy, solution gradients
are computed by directly differentiating the K -exact polyno-
mials [1]], [2]. To achieve a unique value of the reconstructed
solution and its gradient required for the evaluation of the
viscous or elliptic fluxes at each face of a computational cell,
simple arithmetic averages of the solution and its gradient are
used given by
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as proposed by Ivan and Groth [1f], [2].

D. Smoothness Indicator

One of the defining properties of the CENO scheme is
its ability to check for smooth solution content and thereby
avoid the limiting of the solution gradients associated with
smooth extrema. This is done through the use of a so-
called smoothness indicator which extrapolates the K -exact
polynomial reconstructed in cell, ijk, to a neighboring cell,
pqr, and then compares this extrapolated polynomial with the
original reconstructed polynomial in cell pgr. Formally, the
smoothness indicator, «, is defined using

2
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where Uf;k (pgr, Ypqrs Zpqr) 1s the reconstructed polynomial in
cell, ijk, extrapolated to cell, pgr, and UX . (2pqr: Ypgrs Zpqr)
is the original reconstructed polynomial in cell pgr, and U
is the average value of U for cell, ijk. For values of «
approaching unity, the solution is deemed to be smooth and the

high-order reconstruction is accepted; otherwise, the solution

for cell 75k is deemed to be non-smooth and a standard
piecewise limited linear reconstruction procedure is applied in
the cell [1f], [2]]. Note that in the current study, the smoothness
indicator is only used for the supersonic TGV as the subsonic
flows are taken to be smooth.

IV. LES RESULTS

Three canonical turbulent flows were investigated in this
study. This includes the subsonic Taylor-Green vortex (TGV)
[18], supersonic TGV [19] and decay of homogeneous
isotropic turbulence (HIT) based on the experiment of Comte-
Bellot and Corrsin (CB-C) [20]]. Explicit Runge-Kutta time
integration was used for all the results presented herein.

A. Subsonic Taylor-Green Vortex

The TGV flow problem provides a convenient validation
problem for LES. Inviscid motions dominate the early stages
followed by viscous diffusion which leads to a transition to
turbulence. The initial conditions for the subsonic Taylor-
Green vortex flow are given by [4]

u(x,t =0) = Vp sin<z>cos(z)cos<z> :
v(x,t =0)=-Vp cos(i)sin(i)cos(i) )

w(x,t=0)=0,

where V) is the reference velocity and L is a reference length
scale defined such that —7L < x,y, 2 < mL where the compu-
tational grid is a uniform periodic box with equal dimensions
in each coordinate direction. The Reynolds number is defined
as Re =V, L/v and is set to 1,600. The Taylor-Green vortex
test case can be extended to work with compressible flow
solvers by defining an initial pressure field given by
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where py is the reference density. The fluid is assumed to
be a perfect gas with specific heat ratio v = ¢,/c, = 1.4
and Prandtl number Pr = pc,/k = 0.71. The reference
Mach number is My = Vp/ag = 0.1 with the speed of
sound ay = /vR1y. The initial temperature field is uniform
with 7' = T, and initial density field p = p/RTy. The
characteristic convective time, t., is defined as t. = L/Vjp, and
the simulation is run for tg,q = 20%.. The reference pressure
is po = poRTp, where the reference density, pg, is determined
from the definition of the Reynolds number.

Several solution quantities of interest are analyzed when
considering TGV flow simulations. This includes the volume
averaged enstrophy, £, which is defined as

1 w-w
E=— [ p——dV,
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where V is the volume of the computational domain and w
is the vorticity vector. The global dissipation rate, ¢, is based

solely on the kinetic energy, Ej, and is given by
dEy
dt -
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Figure. 1. Comparison of modified Roe flux functions for the time evolution
of enstrophy for the subsonic TGV flow problem using the fourth-order CENO
scheme on computational grids with 643 (red), 1283 (blue) and 2563 (green)
cells.
TABLE. 1
COMPUTATIONAL COSTS AND ERROR IN PEAK ENSTROPHY FOR THE
SUBSONIC TAYLOR-GREEN VORTEX FLOW PROBLEM

Cells (N;) | Scheme | Order | Error (%) | CPU Time (hrs)
64 CENO 4 58.7 377
128 LLR 2 63.9 415
128 CENO 4 325 3956
256 LLR 2 375 7974
256 CENO 4 7.97 33194
512 LLR 2 15.1 46493

The evolution of the kinetic energy, Fj, with time is also
volume-averaged and is defined as
1 u-u
B poV /vp 2 v
where u is the velocity vector.

For the subsonic TGV flow problem, implicit LES results
were obtained using both the proposed CENO scheme with
fourth-order spatial accuracy and a second-order limited least-
squares reconstruction scheme (LLR) on 643, 1282 and 2563
computational grids. The standard Roe flux, LMRoe and
L2Roe were also compared, the results of which can be seen in
Fig.[T} where the time evolution of the enstrophy is shown. It is
evident that L’>Roe flux function outperformed its counterparts.

The predicted temporal variation of the enstrophy com-
paring second-order LLR results to those of the fourth-order
CENO scheme for the subsonic TGV problem is also given
in Fig. 2] It is apparent that the high-order CENO scheme
outperforms the LLR scheme on significantly coarser compu-
tational grids. For example, CENO results on a 128° grid show
a higher level in peak enstrophy while costing nearly 40% less
than LLR results obtained on a finer 256 grid. A summary of
the computational costs for solving the subsonic TGV problem
is presented in Table [[} Figure [3| shows the time evolution of
kinetic energy and dissipation rate; the differences between
a coarse CENO and fine LLR result are not substantial.
These results demonstrate that high-order solutions obtained
on coarser grids can be both cheaper and more accurate than
standard-order schemes on finer grids.
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Figure. 2. Time evolution of enstrophy for the subsonic TGV flow problem
using both second-order LLR and fourth-order CENO schemes with the L’Roe
numerical flux function on 643, 1283, 2563 and 5123 computational grids.
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Figure. 3. Time evolution of kinetic energy (top) and energy-based dissipation
rate (bottom) for the subsonic TGV flow problem using the second-order LLR
and fourth-order CENO schemes on 643, 1283 and 2562 computational grids
with the LRoe numerical flux function

B. Supersonic Taylor-Green Vortex

The TGV flow is further explored at a Mach number of 1.25
to assess the ability of the proposed CENO scheme in accu-
rately representing both shocks and small scale turbulence.
Following the work of Chapelier ef al. [19], two additional
diagnostics are used to analyze solutions to this flow problem.
First, similar to enstrophy, solenoidal dissipation is used as a
measure of the influence of the small scales and is defined as
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TABLE. 11
SUMMARY OF NUMERICAL METHODS COMPARED FOR THE SUPERSONIC
TAYLOR-GREEN VORTEX FLOW PROBLEM

Solver Numerical Order of Shock
Method Accuracy Capturing
CENO Central ENO 4 Local limiting
FLEXI DGSEM 4 Subgrid FV
SD3DvisP SD 4 LAD
SPADE Central FD 8 Local upwinding
OpenSBLI FD-TENO 6 TENO
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Figure. 4. Comparison of numerical methods for the time evolution of

dilatational (top) and solenoidal (bottom) dissipation for the supersonic TGV
flow.

where pg is the reference dynamic viscosity at ¢ = 0. The
second is dilatational dissipation, which is a measure of the
effects of compressibility, and is defined as

2
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LES results obtained using a variety of schemes [|19] are com-
pared to those for the fourth-order CENO results in Fig. ] and
for a 256° cubed computational mesh. Good agreement with
the reference solutions is evident. The comparable numerical
methods include results from discontinuous Galerkin (DG),
finite-difference (FD), spectral difference (SD) and Targeted
ENO (TENO) schemes (see Table [l LAD refers to localized
artificial diffusivity). Note that the CENO scheme outperforms
the other comparable numerical methods in that a sharp shock
profile is obtained without any oscillations or smearing as
depicted in Fig. [5]
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Figure. 5. Comparison of several numerical methods for the Mach number
profiles on the line x = z = 0 at ¢, = 2.5.

C. Comte-Bellot Corrsin Experiment

Finally, one of the more popular grid-generated wind tunnel
turbulence experiments was done by Comte-Bellot and Corrsin
(CB-O) [20] and has since been used as a benchmark for
turbulence resolving numerical simulations. Measured energy
spectra data was obtained at three downstream locations of
a grid in a wind tunnel, thus providing a useful means for
comparison with both LES and DNS results. Initial conditions
for a LES or DNS solution, can be set to closely match
the energy spectra measured at the first downstream location
and comparisons can be made at both the second and third
measurement points. A synthetic turbulent field is used in this
research which is generated based on the method of Rogallo
[21]. The simulations are run on a cubic grid with periodic
boundary conditions on all six faces with uniform mesh spac-
ing. Some researchers have proposed scaling the experimental
data for a variety of reasons however, the approach of de
Bruyn Kops and Riley [22] (which does not scale the data)
is adopted as it has been shown that this method works quite
well by optimizing the physical domain size to contain all the
wavenumbers reported in the measured data of CB-C [20].

A comparison of the results obtained for the HIT problem
using the various Roe flux functions is shown in Fig. [6]
for both the energy spectra and decay of turbulent kinetic
energy wherein the DNS solution was obtained with the
implementation of a pseudo-spectral Fourier-Galerkin solver
[23]]. Additionally, Fig. [7| provides a comparison of fine LLR
and coarse CENO results. Note that the CENO results obtained
on the coarser 1283 grid are nearly half the computational cost
of the LLR scheme obtained using a 2563 grid and show better
agreement with the experimental data.

V. CONCLUSIONS

Both a standard second- and high-order finite-volume
schemes in combination with low dissipative Roe-type flux
functions have been applied to the solution of several canonical
turbulent flows. For the subsonic TGV flow, the high-order
CENO scheme has been shown to achieve higher levels of
accuracy at a reduced cost compared to the second-order
scheme and, for the supersonic case, ability of the CENO
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Figure. 6. Energy spectra at the second measurement location (top) and decay
of turbulent kinetic energy (bottom) using the fourth-order CENO scheme with

the modified Roe fluxes on a computational grid with 1283 cells
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Figure. 7. Energy spectra at the second measurement location using the
fourth-order CENO scheme and L?Roe numerical flux function on a com-
putational grid with 1283 cells

scheme to capture shocks without excessive dissipation of
the resolved turbulence has been demonstrated. Lastly, results
for the CB-C experimental case have shown that the high-
order CENO scheme on a coarser grid is more accurate than
the standard second-order approach on a finer mesh while
requiring less computational effort.
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