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Abstract— Nonlinear vibration control is an area of growing
interest in engineering. Geometric nonlinearities arise when
vibration amplitudes become too large. While nonlinear
vibrations have been controlled in the past, studies have never
considered more than the first mode of vibration. This work
aims to develop a novel dual-mode multi-input multi-output
(MIMO) positive position feedback (PPF) controller. This
controller was designed with two linear PPF filters, targeting
the first and second natural modes, each in parallel with a cubic
stiffness term. The controller was designed using SIMULINK
and applied using piezoelectric actuator and sensor patches on
a clamped sandwich beam, exhibiting hardening behaviour
when excited by a stepped-sine excitation with increasing
forcing levels. It was then compared to four other controllers: a
SISO controller, a linear MIMO controller and two single-mode
MIMO controllers, targeting the first and second modes
respectively. The dual-mode MIMO PPF was shown to
outperform the other four controllers in the control of the first
two modes of vibration of the beam, making it the preferred
option for such a purpose.
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. INTRODUCTION

Nonlinear vibrations can arise due to numerous causes,
including geometric nonlinearities, which occur when vibration
amplitudes become fairly large [1, 2]. Geometric nonlinearities
can result in two different nonlinear behaviours: (1) hardening
behaviour, in which the structure’s stiffness increases with
increased forcing and (2) softening behaviour, in which the
structure’s stiffness decreases with increased forcing levels [3,
4]. Like linear vibrations, nonlinear ones can be dangerous for
structures, and therefore must be appropriately controlled.

Active vibration control (AVC) was developed to mitigate
large amplitude vibrations with low frequencies, which are
difficult to damp using passive methods [5]. A popular AVC
algorithm is positive position feedback (PPF), a second-order
low-pass filter, developed by Caughey [6] and implemented
experimentally by Fanson [7]. PPF is easy to implement with
piezoelectric transducers, commonly used in the AVC field.
Although designed for linear vibrations, PPF has been used to
successfully reduce nonlinear vibrations as well. However, since
PPF is designed to target only a single frequency of vibration, it
loses effectiveness as the natural frequency of a nonlinear
system shifts under increasing external function [8]. As a result,
modifications have been attempted to make PPF-based
controllers more suitable for nonlinear vibration control.
Mahmoodi and Ahmandian attempted a modified PPF (MPPF)
with an added first-order filter in [9]. This controller was
successful, despite still being linear. Zhao et al. introduced a
nonlinear cubic term to the linear PPF, designed to better target
the nonlinearities of Duffing oscillator-type systems [10]. This
controller was shown to outperform a linear one on a hardening
cantilever beam. Hameury et al. also introduced a MIMO
nonlinear PPF with a cubic term in [11, 12], which was tested
experimentally on a hardening fixed beam presenting hardening
geometric nonlinearities. This too was shown to outperform the
linear version. The present work reiterates and synthesizes these
findings comparing the novel controller by Hameury et al. to
several other variations.

Il.  MATHEMATICAL MODELLING

A. System modelling

A system with hardening nonlinear behaviour, subject to a
harmonic external force can be modelled as a Duffing oscillator:

MXx + Cx + Kx + K3x3 = F cos(wt). (1)



In the equation above, M, C, K and K3 are the mass,
damping and stiffness matrices, all n X n in dimension, where n
is the chosen number of degrees-of-freedom (DOF) of the
system. F, is the vector of forcing amplitudes, with dimensions
n X 1. The expression can be converted into the modal space,
using the n x n modal matrix & which has the property
DTM® = 1. the effects of the sensors and actuators can be
included as well, to obtain:

4+ 229,q + [Q,1°q + 113q° = Fycos(wt) + B,V,, ()

Vs =Cyq. A3)

Here, Q,, is the n x n diagonal matrix of natural frequencies,
wy, and Zg is the diagonal matrix of structure damping ratios,
{. Then, q is the modal coordinate vector, with dimensions
n X 1. The matrices B, and Cj are electromechanical coupling
matrices, of dimensions n x m and m x n respectively, where
m is the number of actuator-sensor pairs. The B, matrix
converts the actuator voltage into modal forces while the Cg
matrix converts modal coordinates into sensor voltages.

B. Controller modelling

A controller is then added to the system, with a block
diagram as shown in Fig. 1 below.
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Figure 1. Block diagram of a nonlinaer PPF controller.

Using this diagram and the expressions in (2) and (3), the
controller and system can now be written as,

4+ 229,q + [Q,]*q + 134° = F, cos(wt) +
B, B;(Q + n7,Q%), “4)

0 +22,9,0 + [0;]'Q = g/[9]"C:Csa.
Q)

Here, Q is the matrix of controller frequencies, wy, and Z
is the matrix of controller damping ratios, ;. The term gy
denotes the matrix of controller gains, g. Matrices B and C;
are the inverses of the electromechanical matrices previously
described, dubbed the controller matrices. They convert
controller output into actuation voltages and sensor voltages into
controller input respectively. They have dimensions m x n and
n X m respectively. These must be chosen by the control
designer. The values chosen for these terms for the novel dual-
mode nonlinear MIMO PPF controller are presented in Table I,

below. The controller frequencies were set equal to the
structure’s first two natural modes, while the damping ratios
were chosen based on literature. The electromechanical coupling
matrices were obtained using optimization techniques.

TABLE I. CONTROL PARAMETERS
Parameter Mode 1 value Mode 2 value
wy 64 158
{s 03 0.3
9r 03 05
g, 01 0.2
B, [—0.14 0.8069

0.14 1.2153
c; [1.2079 9.5550] | [-0.3123 0.5964]

I1l.  EXPERIMENTAL METHODS

A. Experimental set-up

The experimental set-up used for this study was a composite
sandwich beam with a PN2-1/8-3.0 PLASCORE® aramid
honeycomb core and two layers of carbon-epoxy on either side.
The beam was clamped to an aluminium frame on either end,
with a length of 517 mm between the clamps. Its width was
69.85 mm, and its thickness was 3.175 mm. The beam was
equipped with four M-8557-P1 Macro Fiber Composite
piezoelectric patches [13] in a collocated configuration [14, 15].
Two were placed 3 mm from the left clamped edge and two were
placed at 35 mm from the right edge. The images in Fig. 2 show
the structure and its components. The actuators were powered by
a PA05039 TREK High Voltage Power Amplifier. The beam
was excited at a point 10 mm from the top edge and 20 mm from
the right clamped edge with a Briel & Kjaer electrodynamic
vibration exciter. The force delivered was monitored by a Briel
& Kijaer force transducer, with a sensitivity of 0.5 mN in
conjunction with a Brlel & Kjaer 2692-C Nexus charge
amplifier. The beam’s displacement was measured using a OF V-
505 Polytec Laser Doppler Vibrometer with an LMS SCADAS
111 front-end data acquisition system. Two positions along the
beam were measured, to obtain data for the first and second
mode. The mode 1 measurement point was located at the center
of the beam, at 258.5 mm from the clamped end. The mode 2
measurement point was located at a quarter of the beam length,
at 129.25 mm from the edge. These positions were chosen to best
capture the motion of the specific modes, based on their mode
shapes. The first and second modes shapes of the beam are given
in Fig. 3.

During the nonlinear testing of the beam, a harmonic step-
sine excitation was delivered to the beam at 5 forcing levels,
ranging from 0.5 N to 3 N, over two frequency ranges, one of 55
Hz to 77 Hz and the other of 150 Hz to 167 Hz. These ranges
were chosen to surround the first and second modes. The step
resolution was 0.5 Hz, with a 20-cycle delay between steps. The
previously presented control algorithm was designed in
SIMULINK and loaded onto a dSpace DS1103 PPC Controller
Board.
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Figure 2. Diagram of the experimental set-up of the clamped beam with
dimensions and details. (a) Back (excitation side); (b) Front (measurement
side). A: Stinger; B: Force transducer; C: Actuator 1; D: Actuator 2; E: Clamp;
F: Metal frame; G: Sensor 2; H: Mode 2 measurement point; I: Mode 1
measurement point; J: Composite beam; J: Sensor 1; L: Exciter.
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Figure 3. First two natural modes of the beam. (a) Mode 1; (b) Mode 2.

IV. RESULTS

The purpose of this study was to assess the effectiveness of
a nonlinear dual-mode MIMO controller in reducing the
amplitude of vibration of the first 2 modes of nonlinear vibration
of a sandwich beam. The effects of nonlinearity as well as the
MIMO configuration and dual-mode architecture were assessed
as well. The vibration attenuation produced by each controller
was analyzed using the following equation,

R =100% - Zuncontrolled ~Zcontrolled (6)
Zuncontrolled

which calculates the percent reduction in the maximum
vibration amplitude as compared to the uncontrolled case.

A. Nonlinear dual-mode MIMO controller results

The effects of the nonlinear dual-mode MIMO controller on
the vibration amplitude of the beam were tested and the resulting
frequency response curves for each forcing level are given in
Fig. 4, as compared to the uncontrolled case. The reduction
percentage compared to the uncontrolled case was calculated
using (6), and the results are presented in Table II. Furthermore,
the actuation voltages required to implement this controller were

measured. The maximum actuation voltage differential was
obtained for each actuator at each different forcing level and
plotted in a bar chart for modes 1 and 2. This plot is shown in
Fig. 5. The actuation voltage differential defines the difference
between the maximum and minimum voltages required
throughout the actuator usage. Since the manufacturer
specifications for the actuator patches require the actuation
voltage to remain between +1500 and -500 V, the maximum
actuation voltage differential acceptable is 2000 V.

TABLE Il PERCENT AMPLITUDE REDUCTION OBTAINED FOR EACH
FOCRING LEVEL WITH THE NONLINEAR DUA-LMODE MIMO CONTROLLER.
Forcing level Reduction (%)
(N) Mode 1 Mode 2
0.5 81.9 54.3
1 82.4 60.2
15 84.0 60.0
2 86.3 62.1
3 85.6 65.3
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Figure 4. Nonlinear vibration amplitude curves for forcing levels of 0.5 N to
3.0 N for the uncontrolled beam (black dotted) and the beam controlled by the
nonlinear dual-mode MIMO controller (blue).

2200 T T T T T T
A1 Mode 1
[TJA1 Mode 2
I A2 Mode 1 1
A2 Mode 2
= = =Maximum

2000F
< 1800
1600

1400 y
1200
1000

Actuation voltage differentia

0 0.5 1 15 2 25 3 35
Force, N

Figure 5. Maximum actutation voltage differentials per forcing level for
actuators 1 (blue) and 2 (red), modes 1 (dark) and 2 (pale), for the beam
controlled by a nonlinear dual-mode MIMO controller. The dotted line indicates
the maximum acceptable voltage differential accodring to the hardware
manufacturer.



B. Nonlinear vs linear control

The effects the nonlinear term were investigated by
comparing the nonlinear dual-mode MIMO controller to a linear
dual-mode MIMO controller. For this controller, all parameters
were kept the same except the nonlinear stiffness term 7, ,
which was set to 0 for both modes. The results of this controller’s
effects on the vibration amplitude are shown in the frequency
response curves for forcing levels from 0.5 N to 3 N in Fig. 6.
Here, the nonlinear dual-mode MIMO (blue) is compared to the
linear dual-mode MIMO (red), and to the uncontrolled case
(black). The maximum actuation voltage differentials of the
linear dual-mode MIMO controller are presented in Fig. 7. From
these figures and from Table 111, which gives the percentage of
reduction for each forcing level as calculated using (6), it is
evident that the nonlinear term improves control over the first
mode by 5% for lower forcing levels to 10% for higher ones.
The nonlinear term does not, however, make a big difference for
mode 2, where reductions remain within 2-3% of each other
from one controller to the next. The actuation voltage differential
plots show higher voltage differentials for the nonlinear
controller, which is expected.

TABLE IlI. PERCENT AMPLITUDE REDUCTION OBTAINED FOR EACH
FOCRING LEVEL WITH THE LINEAR DUAL-MODE MIMO CONTROLLER.

Forcing level Reduction (%)
(N) Mode 1 Mode 2
0.5 78.3 53.8
1 76.1 60.2
15 76.2 57.8
2 78.2 59.4
3 76.0 60.1
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Figure 6.  Nonlinear vibration amplitude curves for forcing levels of 0.5 N to
3.0 N for the uncontrolled beam (black dotted) and the beam controlled by the
nonlinear dual-mode MIMO controller (blue) and the beam controlled by the
linear dual-mode MIMO controller (red dashed).
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Figure 7. Maximum actutation voltage differentials per forcing level for
actuators 1 (blue) and 2 (red), modes 1 (dark) and 2 (pale), for the beam
controlled by a linear dual-mode MIMO controller. The dotted line indicates
the maximum acceptable voltage differential accodring to the hardware
manufacturer.

C. SISO vs MIMO control

The effects of the MIMO architecture were investigated by
comparing the dual-mode MIMO controller to a dual-mode
SISO controller. Only actuator 2 and sensor 2 were used for this
controller and the resulting By, and C matrices were then B, =

[(1)] and C; = [0 1] for both modes 1 and 2. Fig. 8 shows the

results of this controller’s effects while Fig. 9 presents its
maximum voltage differentials. Notably, the actuator 1 voltage
differentials are all 0, as this actuator was not in use. Table IV
also gives the percent amplitude reduction observed at each
forcing level, as calculated using (6) again. From these plots and
this table, it can be seen that the percent amplitude reduction is
improved by 5% to 10% by the MIMO controller for mode 1,
but by almost 50% for mode 2. The MIMO controller is therefore
significantly better at controlling mode 2 than the SISO.

TABLE IV. PERCENT AMPLITUDE REDUCTION OBTAINED FOR EACH
FOCRING LEVEL WITH THE DUAL-MODE SISO CONTROLLER.
Forcing level Reduction (%)
(N) Mode 1 Mode 2
0.5 76.4 9.24
1 74.1 14.1
15 74.7 9.37
2 77.8 10.9
3 74.6 11.6
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Figure 8. Nonlinear vibration amplitude curves for forcing levels of 0.5 N to
3.0 N for the uncontrolled beam (black dotted) and the beam controlled by the
dual-mode MIMO controller (blue) and the beam controlled by the dual-mode
SISO controller (red dashed).
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Figure 9. Effects Maximum actutation voltage differentials per forcing level
for actuators 1 (blue) and 2 (red), modes 1 (dark) and 2 (pale), for the beam
controlled by a dual-mode SISO controller. The dotted line indicates the
maximum acceptable voltage differential accodring to the hardware
manufacturer.

D. Dual-mode vs single-mode control

The effects of the dual-mode architecture were compared to
two single-mode architectures, one targeting mode 1 and the
other targeting mode 2. In each case, the parameters listed for
the specified mode in Table 1 were used. The resulting
frequency response curves are presented in Fig. 10, (a) and (b),
with each case being compared to the uncontrolled beam and the
dual-mode controller. The amplitude reduction percentages were
calculated using (6) and presented in Table V (A) and (B), for
the mode-1 and mode-2 targeted controllers respectively. Lastly,
the maximum actuation voltage differentials were plotted in Fig.
11 (a) and (b) for the two controllers. We observe that the dual-
mode controller performs similarly to the mode-1 targeted
controller on mode 1, but that on mode 2, this controller has no
effect, as seen by its near-zero actuation voltages on this mode.
The mode-2 targeted controller works well on mode 2, as
expected, but less well on mode 1.

TABLE V. (A) PERCENT AMPLITUDE REDUCTION OBTAINED FOR EACH
FOCRING LEVEL WITH THE MODE-1 TARGETTED MIMO CONTROLLER.

15 49.7 57.7
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(B) PERCENT AMPLITUDE REDUCTION OBTAINED FOR EACH
FOCRING LEVEL WITH THE MODE-2 TARGETTED MIMO CONTROLLER.
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Figure 10. Nonlinear vibration amplitude curves for forcing levels of 0.5 N to
3.0 N for the uncontrolled beam (black dotted) , the beam controlled by the
dual-mode MIMO controller (blue) and the beam controlled by the single-mode
targed MIMO controllers (red dashed). (a): Mode-1 targetted; (b): Mode-2
targetted.
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Figure 11. Effects Maximum actutation voltage differentials per forcing level
for actuators 1 (blue) and 2 (red), modes 1 (dark) and 2 (pale), for the beam
controlled by a single-mode MIMO controllers. The dotted line indicates the
maximum acceptable voltage differential accodring to the hardware
manufacturer. (a): Mode-1 targetted; (b): Mode-2 targetted.

V. CONCLUSION

The purpose of this study was to examine the
effectiveness of using a nonlinear dual-mode MIMO controller
in controlling the first 2 modes of vibration of a nonlinear
hardening beam structure. The controller was compared to four
other controllers: a linear dual-mode MIMO controller, a dual-
mode SISO controller and two single-mode MIMO controllers,
targeting modes 1 and 2 respectively. These comparisons
established the effects of including the nonlinear term in the
novel controller, and the importance of the both the MIMO
architecture and the dual-mode targeting scheme. The
maximum actuation voltage differentials were also presented in
the form of bar charts, to ensure that the maximum voltages of
the hardware were not exceeded. The nonlinear dual-mode
MIMO controller was shown to outperform all four other
controllers in the vibration reduction over both first and second
modes of vibration of the beam, achieving a maximum
reduction of 86% for mode 2 and 65% on mode 2. Maximum
actuation voltage differentials reached a peak near 1800 V for
this controller, which was greater than most other controllers,
except for the mode-2 targeted MIMO, which presented a
maximum actuation voltage differential of almost 2000 V.
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