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Abstract—Hydrogen/Diesel Dual-Fuel (HDDF) engines are being
investigated as a promising solution for reducing carbon dioxide
and providing a transition to zero carbon fuels. However, modeling
these engines presents challenges due to their nonlinear dynamics
and complex interactions among the two fuels. Computational fluid
dynamics modeling is often inaccurate across various operating con-
ditions, conventional data-driven approaches frequently face issues
related to model size and lack of interpretability, and based on the
complexity of the system, there is a lack of accurate physics-based
modeling. This study explores Temporal Kolmogorov-Arnold Net-
works (T-KANSs) as an alternative to conventional Machine Learning
(ML) models to capture the behavior of HDDF engines. T-KANs
offer a structured framework for function approximation that can
efficiently learn the underlying dependencies with historical data
while ensuring interpretability. A T-KAN model is developed and
trained using experimental HDDF engine data, demonstrating its
ability to predict the performance metrics of indicated mean effective
pressure and oxides of nitrogen emissions. A comparative analysis
of seven different models of well-known ML methods highlights
the advantages of T-KANs in terms of accuracy, generalization, and
computational efficiency. Given its computational efficiency and a
coefficient of determination of 0.956, the T-KAN network with a
10-lookback period is suitable for a model-based controller. This
configuration effectively utilizes historical data while functioning
without reliance on sensor feedback.

Keywords-component—temporal Kolmogorov-Arnold network;
deep neural network; hydrogen/diesel dual-fuel engine; emissions
modeling; time series prediction

I. INTRODUCTION

Internal combustion engines play a crucial role in our daily
lives, especially in the transportation and agriculture sectors.
The depletion of petroleum resources and environmental issues
drive a growing shift towards alternative energy sources.
Hydrogen (H:) is one of the promising solutions among
renewable energy resources [1]. Hydrogen-Diesel Dual-Fuel
(HDDF) engines are gaining attention because hydrogen-
enriched air in a diesel engine leads to reduced pollution

and improved performance [2]. Using hydrogen as a dual fuel
alongside diesel can leverage the low auto-ignition temperature
of diesel for pilot ignition while benefiting from the clean-
burning properties of hydrogen, which could reduce particulate
matter and carbon emissions [3]. Optimizing the combustion
process in these systems is challenging due to the complex
interactions between fuel injection timing, the differing prop-
erties of hydrogen and diesel fuels, and higher combustion
temperatures. These higher temperatures increase Nitrogen
Oxides (NOy) emissions [4], which can emphasize the need
for accurate transient emission models for effective model-
based control. By modeling emissions and the Indicated Mean
Effective Pressure (IMEP) and embedding the models in the
controller, sudden increases in emissions and cylinder pressure
can be prevented. Additionally, these models can contribute to
Hardware-In-the-Loop (HIL) setups for engine optimization
and calibration [5], [6].

Traditional physics-based models, based on thermodynamic
principles and phenomenological models, have been widely
used to simulate the behavior of HDDF engines. A detailed
validation of the numerical model for HDDF engine opera-
tion has been conducted in [7]. While they offer valuable
insight into engine operation, they can be computationally
expensive and challenging to scale across various operating
conditions. Three-dimensional Computational Fluid Dynamics
(CFD) software has been employed for numerical simulations
of direct-injection Compression Ignition (CI) engines. Instead
of diesel, a reduced-reaction mechanism for n-heptane was
utilized [8]. CFD techniques are widely adopted since they
accurately describe the chemical and physical processes oc-
curring in the combustion chamber and provide a detailed
overview of the flow field [9]. However, these CFD models
may not fully capture the complex and non-linear relationships
between varying operating points, and they are computation-



ally expensive, which makes them unsuitable for control-
oriented modeling.

Data-driven models, including Deep Neural Networks
(DNNs) and Recurrent Neural Networks (RNNs), have been
increasingly utilized to complement or even replace traditional
physics-based models in NOy prediction [10]. These Machine
Learning (ML) models are highly effective at learning complex
relationships from data. DNNs serve as a fundamental algo-
rithm in deep learning, structured as a multi-layered Artificial
Neural Network (ANN) with at least two hidden layers. Unlike
DNNs, RNNs are explicitly designed for sequential data pro-
cessing, making them useful for time-series forecasting [12].
RNNs process past information as inputs for future predictions,
enabling them to capture temporal dependencies. However,
RNNS suffer from gradient vanishing problems when handling
long sequences. To address this limitation, the Long Short-
Term Memory (LSTM) model was introduced, which incorpo-
rates three gates—input, forget, and output—along with a cell
state to retain long-term dependencies [13]. The DNN used
for emission prediction achieved a coefficient of determination
(R?) value of 0.9671, whereas LSTM networks outperformed
it with an R? of 0.9777 [11]. However, the DNN model sig-
nificantly outperformed LSTM regarding computation speed
(0.36 s versus 1381.0 s) [11]. The ability of LSTM to capture
long-term time dependencies has made it a popular choice
for modeling engine emissions and performance [14], [15]. To
simplify LSTM architectures, the Gated Recurrent Unit (GRU)
was proposed, which retains essential historical information
while discarding non-essential data. By eliminating the cell
state and reducing the number of gates, GRUs offer computa-
tional efficiency without significantly compromising accuracy
compared to LSTM [16]. Which is useful for real-time en-
gine modeling. For instance, Convolutional Neural Network
(CNN)-GRU models have been employed to predict emissions
in diesel engines, leveraging convolutional feature extraction
of CNN and sequential learning capabilities of GRU [17].
Temporal Convolutional Networks (TCNs) provide another
alternative to traditional RNN-based models. Unlike LSTMs
and GRUs, which rely on sequential processing, TCNs utilize
causal convolutions to capture temporal dependencies in paral-
lel. This allows improved handling of long-term dependencies
while maintaining computational efficiency. Recent studies
have introduced TCN-Nonlinear Autoregressive Exogenous
(NARX) architectures, which integrate TCNs with nonlinear
auto-regressive models to improve time-series forecasting for
dynamic systems [18]. Researchers have explored hybrid and
optimized ML architectures to enhance prediction accuracy
further and by integrating optimization techniques, network
performance can be tailored to specific applications. For
example, evolutionary algorithms and hyperparameter tuning
have been applied to optimize neural network architecture
[19], [20].

Despite the success of ML models, traditional neural net-
works, such as DNNs and RNNs, do not generalize well
for HDDF engines. These networks often overfit the training
data, performing well under known conditions but poorly with

unseen data. Additionally, the computational complexity of
these networks is high, requiring costly hardware for real-
time control. Kolmogorov-Arnold Networks (KANs) represent
a promising alternative to conventional neural networks for
engine modeling. KANs are models based on the Kolmogorov-
Arnold representation, a mathematical framework for approx-
imating any continuous function using a series of simple
elementary functions [21].

This study uses the Temporal Kolmogorov-Arnold Net-
work (T-KAN) to predict time series data for HDDF engine
operation.A control-oriented model of HDDF engine using
T-KAN models is described. Specifically, a T-KAN-based
framework is proposed to predict combustion characteristics
and emissions by utilizing input variables of fuel injection
timings. The contributions of this work are as follows:

e Development of a T-KAN control-oriented model to
predict IMEP and NOy in HDDF engines. This model
is computationally efficient and independent of sensor
feedback, making it suitable for model-based controllers.

e A comparison of the proposed T-KAN model against
six other conventional deep learning methods (TCN,
TCN+KAN, DNN, LSTM, GRU, and RNN) to quantify
the generalization and computational improvements.

o An investigation into the effect of past horizon on the
T-KAN accuracy and computation.

II. EXPERIMENTAL SETUP

A. Setup

The experimental apparatus consists of a Cummins QSB
4.5-liter Direct-Injection (DI) diesel engine modified to include
port-injected hydrogen and emission measurement equipment.
This naturally aspirated DI diesel engine does not utilize
aftertreatment or Exhaust Gas Recirculation (EGR). Hydrogen
is injected into the intake port of cylinder one through the air
runner as a port injection. The exhaust line for cylinder one is
isolated from the central exhaust system to facilitate emission
measurement. Therefore, all reported emissions are derived
solely from cylinder one.

To measure NOy emissions from the engine, a Bosch
sensor (ECM P/N: 06-05) is used. The experimental testing
integrates a dSPACE MicroAutoBox IT (MABX II) prototyping
Engine Control Unit (ECU) with other components instead of
commercial ECU. The MABX II collects data from all engine
sensors, while the dSPACE RapidPro controls all actuators,
including the diesel injectors, hydrogen injector, and fuel
pump. In-cylinder pressure is measured using a Kistler 6124A
piezoelectric pressure transducer mounted between the exhaust
valves of cylinder one. The MABX II Field-Programmable
Gate Array (FPGA) monitors the in-cylinder pressure sensors
and calculates the IMEP [22], [23]. An eddy current dy-
namometer operating in speed control mode regulates engine
speed. Additional details regarding the experimental setup can
be found in [10], [24], [25].



B. Dataset

The key variables related to hydrogen and diesel injection
timing, which are used to generate pseudorandom data are
illustrated in Fig. 1. The HDDF engine was tested using these
four control variables (each of which affects the injection
process and combustion characteristics):

e x1,DDOI,,;: Duration of the main diesel injection, which
determines the total mass of diesel fuel delivered, from
0.17 to 0.5 in ms

e o, DP2M: Time interval between the end of the diesel
pre-injection and the start of the main diesel injection,
which aids in hydrogen ignition, from 0.25 to 1.2 in ms

e x3,DSOI,,: Start of the main diesel injection, from -15
to 10 in Crank Angle Degrees (CAD)

e 24, H2DOI: Duration of the hydrogen injection, which
regulates the contribution of hydrogen to the combustion
process, from 0 to 5 in ms.

In this study, the diesel pre-ignition duration is fixed at
DDOI, = 0.17 ms. To ensure variability and robustness in
the dataset, these parameters are varied using a pseudorandom
sampling approach. This method enables a comprehensive
exploration of potential injection timings while adhering to
realistic constraints based on engine operating conditions. The
system outputs are considered as y; for IMEP (which ranges
from 1 to 11 bar) and y5 for NOy emissions (which ranges
from 10 to 1860 ppm).
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Figure. 1. Variables associated with hydrogen and diesel injection timings in
the pseudorandom data collection - 21, DDOIyy,: duration of the main diesel
injection. x2, DP2M: time interval from the end of diesel pre-injection to
the beginning of main diesel injection. 3, DSOI,: start of the main diesel
injection. x4, H2DOI: duration of the hydrogen injection.

III. METHODOLOGY

A. Data Preprocessing

The degree of dependence between the inputs (X =
[€1, %2, x3,x4]) and output (Y = [y1,ys2]) is illustrated in
Fig. 2, which uses lagged inputs data for each output. The
blue line represents the first output, IMEP, while the red line
represents the second output, NOy. Dependence is quantified
using Mutual Information (MI), a statistical measure that

captures nonlinear relationships between variables. The MI
between two random variables X and Y is defined as:

MI(X; V)= > Px,y) loglm )
zeX yey

where, P(x,y) is the joint probability distribution of X and Y’
and P(x) and P(y) are the marginal probability distributions
of X and Y, respectively.

An MI value of zero indicates complete independence,
whereas higher values suggest more significant dependencies.
Fig. 2 displays the MI values from 1 to 50 lagged inputs
data points, highlighting the dependency of each output on
the lagged versions of the inputs. To generate each point
in Fig. 2, the variable X is changed 50 times (maximum
lag), taking into account the delayed data associated with
each system input and the number of lags. To analyze the
effect of historical information, three lookback periods (n; =
1, 5, and 10) were selected for comparison, as MI values
sharply decreased for both outputs with ten lags. Shorter
lookback periods emphasize immediate correlations, while
longer periods may capture extended temporal dependencies.
Applying these three different lookback periods to the seven
ML models (T-KAN, TCN, TCN+KAN, DNN, LSTM, GRU,
and RNN) reveals how past data influences the predictive
relationships between the inputs and outputs.
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Figure. 2. The degree of dependence between all inputs using lagged data and
each output by calculating mutual information, where a zero value indicates
independence.

The dataset with 176,800 engine cycles is divided into three
subsets: 70% for training, 15% for validation, and 15% for
testing. The training set is used to learn model parameters,
while the validation set assists in hyperparameter tuning and
model selection to prevent overfitting. The test set remains
unseen during training and is utilized for the final model eval-
uation. All input variables are normalized to ensure uniform
feature scaling using statistics computed from the training data.
Specifically, min-max scaling is applied to transform variables
within a fixed range [0,1]. This normalization ensures that all
datasets maintain a consistent scale.



IV. TEMPORAL KOLMOGOROV-ARNOLD NETWORK

The T-KAN architecture designed for time-series prediction
is depicted in Fig. 3. The T-KAN is based on the Kolmogorov-
Arnold representation theorem, which states that any multi-
variate continuous function can be decomposed into a finite
number of univariate functions [26]. This allows the network
to approximate complex nonlinear relationships while main-
taining interpretability efficiently. This network architecture
has a single hidden layer comprising ten nodes, an input layer
whose size is determined by the lookback period, and two
output nodes representing the predicted values for the next
step (t+1). The T-KAN formulation for the function f, which
is characterized as a multivariate continuous function [21], is
presented as follows:

2n+1

XX X = ) c1>q< qqu(xp)) 2)
q=1 p=1

where ®, and ¢,,, are continuous functions that can be learned
during training. The activation functions (¢) between each
node (edge) are parameterized as a linear combination of B-
splines and basis functions. In this study, the hyperparameters
spline order (k) and grid intervals (G) are considered to be 3
and 10, respectively:

12
o(x) = wpb(x) + ws Z ¢;Bi(x) 3)
i=0

where c;, wp, and wg are trainable parameters.

The input layer has a size that is four times the number of
lookbacks, which allows the model to incorporate historical
dependencies effectively. The lookback period (n;) is a crucial
hyperparameter and is tested for 1, 5, and 10. This variation
of lookback is used to show how past information influences
predictive performance. The hidden layer captures nonlinear
interactions among input features, while the output layer
provides output predictions for one step ahead. This network
architecture is a compromise between model complexity and
computational efficiency. It uses only one hidden layer while
ensuring adequate representation of time-series dynamics.

A. Training and Evaluation

All seven ML models are trained using a consistent set
of hyperparameters to ensure fair comparisons. The hyperpa-
rameters for each model are heuristically tuned on validation
data to maximize accuracy. The training lasts for a maximum
of 5,000 epochs, with early stopping implemented to stop
training if no improvement is observed in the validation loss
for 50 consecutive epochs. A learning rate scheduler reduces
the learning rate if no improvement occurs after 20 epochs by
80%, starting with an initial learning rate of 0.001. The Adam
optimizer efficiently updates model parameters [27]. Mini-
batch training is conducted with a batch size of 1,024, which
promotes stable convergence while maintaining computational
efficiency. Upon completing the training, the final model is
evaluated using three key performance metrics: Mean Absolute
Error (MAE), Mean Squared Error (MSE), and R2.
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Figure. 3. Temporal Kolmogorov-Arnold network architecture consists of
one hidden layer with ten nodes, an input layer consisting of four times the
number of lookback nodes, and two output nodes - ¢ represents the current
time, 7+/ indicates a one-step prediction, and n; is the maximum lookback
period, which varies among 1, 5, and 10.

V. RESULTS AND DISCUSSION

The R? score across ten runs of the same data but with
different random seed numbers for all models is presented
in Fig. 4, analyzed against (a) varying lookback values and
(b) the average evaluation time per batch on CPU (Intel®
Core™ i7-12700K, 3.60 GHz) in seconds, with model size
represented by different circle sizes. All models are trained on
a GPU (NVIDIA GeForce RTX™ 4090 Ti, 24.0 GB). In Fig.
4 (a), the R? values generally improve as the lookback length
increases, indicating that longer historical inputs enhance
predictive accuracy for all models. However, this improvement
in accuracy leads to an increase in model size for T-KAN
and DNN, while the sizes of other models remain constant
across different lookback values. The rate of improvement
decreases from lookback values of 1 to 5 and from 5 to 10,
and the sharp decline in MI observed in Fig. 2 suggests that
a proper lookback choice would be 10. Some models, such
as DNN, exhibit more significant variance across different
seed numbers, showing sensitivity to initialization. In contrast,
the T-KAN model consistently presents a low error margin
across all lookback values. Fig. 4 (b) illustrates the relationship
between R? and evaluation time. It indicates that among the
high-accuracy models T-KAN, TCN, and TCN+KAN, the T-
KAN has less evaluation time while having better accuracy.
The T-KAN model achieves a high R? with relatively low
evaluation time, making it a computationally efficient choice.
All other models exhibit low evaluation time at different
lookback values. The TCN and TCN+KAN models, without
an increase in model size, experience a decrease in evaluation
time as the lookback values rise from 1 to 5.

The Seven ML models are compared in Fig. 5 using four
key metrics: (a) R? score, (b) MAE, (c) MSE, and (d) the
number of model parameters. The values are displayed in bar
plots, with a color matching Fig. 4. The error bars represent
the variability in results across 10 runs with different seed
numbers. These results are consistent for lookback periods of
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Figure. 4. Coefficient of determination (R?) for ten runs with different seed
numbers, comparing all models against (a) varying lookbacks and (b) the
average evaluation time per batch on CPU, along with model size.

1, 5, and 10. In Fig. 5 (a) the R? score shows that the T-KAN
model achieves the highest predictive performance across all
lookback periods, with a score of 0.956 for a lookback of
10. The RNN model also exhibits a higher R? score than
other recurrent models like GRU and LSTM. MAE values,
where lower values indicate better performance are shown
in Fig. 5 (b). The T-KAN model demonstrates the smallest
MAE at 0.025 for a lookback of 10, while the LSTM model
has the highest MAE at 0.054 for a lookback of 1. MSE
is shown in Fig. 5 (c), which follows a similar trend, with
the T-KAN model having the lowest MSE. The number of
parameters in each model is illustrated in Fig. 5 (d). The DNN
model has the highest number of parameters at 15,234 for a
lookback of 10, while the RNN model is the most compact
with only 930 parameters. In this case, since there is no long-
term dependency (longer than 10 engine cycle), the RNN
performs better with fewer parameters than LSTM and GRU
in terms of R?, MAE, and MSE. The T-KAN model achieves
a compromise between accuracy and complexity, having half
the parameters of the DNN model (7,980 for a lookback of
10). These results highlight the trade-off between accuracy
and model efficiency and show that the T-KAN model is
advantageous for applications requiring both accuracy and
computational efficiency. Overall, the error bars for the T-KAN
model are consistently lower than other models.

The T-KAN model prediction performance with 10 look-
backs is illustrated for the test data in Fig. 6. The blue
dots represent the output IMEP, and the red dots represent
the output NOy. Fig. 6 (a) displays the predicted versus
actual values, where points closely following the diagonal
line indicate accurate predictions. Most predictions align well
with the actual values, with minor deviations. The right side
the distribution of predicted values, showing a consistent
concentration with the actual data distribution (top histogram).
In Fig. 6 (b) the residuals (prediction errors) versus actual
values provide insight into systematic biases. The residuals
have the appearance of a random distribution, suggesting
minimal bias. The histogram on the right Fig. 6 (b) displays a
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Figure. 5. Different metrics for model comparison are categorized based on
various lookbacks for all models: (a) coefficient of determination - R2, (b)
mean absolute error - MAE, (¢) mean squared error - MSE, and (d) model
parameters.

nearly Gaussian distribution of residuals centered around zero,
which indicates that the errors are symmetrically distributed.
Together with an MAE of 0.025 for the test data, it confirms
that the T-KAN model with 10 lookbacks effectively models
the system.
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Figure. 6. Final predictions of the temporal Kolmogorov-Arnold network for
the test data: (a) predicted versus actual values, (b) residuals versus actual
values, with histograms on the sides

The practical application of this study is developing a more
efficient model for real-time engine control systems. One key



aspect is reducing model size through the KAN model, which
decreases computational complexity. This modification makes
the model more suitable for real-time applications where fast
prediction over a short horizon is essential. By optimizing
the trade-off between model accuracy and computational cost,
this approach can contribute to more efficient engine control
strategies, ultimately improving performance and responsive-
ness under dynamic operating conditions.

VI. CONCLUSIONS AND FUTURE WORK

To investigate the control-oriented modeling of IMEP and
NOy with hydrogen and diesel injection timings a data driven
approach was used. Seven deep learning models were trained
using various lookback periods to evaluate the prediction
performance of different modeling approaches. The degree of
dependence between input and output variables was quantified
using MI, revealing that longer lookback periods generally
improved predictive accuracy by capturing extended temporal
dependencies but required higher computational effort. The T-
KAN model using a single hidden layer structure to approxi-
mate nonlinear relationships was used. The results highlighted
the trade-offs between model complexity, predictive accuracy,
and computational cost. The result for 10 as lookback was
R2 0.956, MAE 0.025, and MSE 0.0013 for this dataset.
Comparison of model parameters and computation emphasized
the importance of balancing model size and efficiency over the
seven ML models tested. The findings highlight the importance
of lookback selection, feature dependency analysis, and model
complexity trade-offs in predictive modeling. Future work will
concentrate on refining model architectures with hyperparam-
eter optimization. Computational efficiency will be enhanced
by replacing B-splines with simpler functions for the KAN
model, making these more computationally efficient for real-
time applications in engine control systems.
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