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Abstract—Physics-Informed Neural Networks (PINN) have 
emerged as a powerful tool for solving partial differential 
equations (PDEs) and have been extensively applied in vari-
ous fields such as energy, environment, and engineering. Typ-
ically, PINNs utilize Automatic Differentiation (AD) to com-
pute the residuals of governing equations, which may lead to 
precision loss. Although recent studies have attempted to inte-
grate traditional numerical methods with PINNs, these ap-
proaches are mostly data-driven and remain dependent on tra-
ditional numerical solvers for generating training data. In con-
trast, this paper proposes a purely physics-driven Finite Vol-
ume Neural Network (FVNN) method, completely independ-
ent of conventional numerical solvers, specifically designed to 
solve steady-state incompressible flow problems. Inspired by 
the Finite Volume Method, the FVNN approach divides the 
solution domain into multiple grids and employs Gauss's theo-
rem to evaluate the residuals of the Navier-Stokes equations at 
Gaussian integral points located on grid boundaries, rather 
than at collocation points within the grids as in traditional 
PINNs. The loss function is constructed using the Gaussian 
integral approach, effectively reducing the order of derivatives 
required for velocity calculations. To validate the effective-
ness of the proposed method, we predict velocity and pressure 
fields for two representative examples in fluid topology opti-
mization. Results are compared against both commercial soft-
ware and traditional PINNs. Numerical cases demonstrate that 
the FVNN significantly improves the accuracy of velocity and 
pressure field predictions while accelerating the network's 
training speed compared to traditional PINNs. 

Keywords: Physics-Informed Neural Networks; Finite Volume 

Method; Navier-Stokes Equations; Incompressible Flow; Steady-

State Problems; 

1. INTRODUCTION  

In recent years, Physics-Informed Neural Network (PINN) 
(1) has emerged as a promising numerical method that, unlike 
traditional data-driven machine learning techniques, directly in-
corporates governing equations and boundary conditions into 
the loss function. This integration enhances model interpretabil-
ity and ensures that predictions are more consistent with physi-
cal laws. PINN can provide accurate solutions to partial differ-
ential equations with minimal or even no prior data. Compared 
to conventional discrete numerical methods, such as finite dif-
ference and finite element methods, PINNs offer greater flexi-
bility in handling complex geometries, as they do not require 
mesh generation. Furthermore, when applied to high-dimen-
sional problems, PINNs effectively overcome the curse of di-
mensionality, making them especially suited for tackling such 
challenges(2). Consequently, PINNs have found widespread ap-
plications in various fields, including diffusion equations, mate-
rials science, quantum mechanics, solid mechanics, and fluid 
dynamics(3–7) . 

In particular, researchers have successfully applied PINNs 
to a wide range of fluid dynamics problems, demonstrating 
strong performance in both laminar and turbulent flow regimes. 
For example, Raissi et al. (1) pioneered the use of PINNs to 
model the Navier-Stokes (NS) equations, ,enabling the predic-
tion of velocity and pressure fields for incompressible flows. 
However, most existing models based on PINNs for solving par-
tial differential equations achieve this by directly embedding the 
residuals of the governing equations at the collocation points 
into the loss function(8,9). When applying PINNs to solve in-
compressible flow, the mass conservation equation Eq.(1) is 
typically enforced by treating the stream function 𝜙 of the ve-
locity as the network output. By differentiating 𝜙 with respect 
to the spatial coordinates, the velocity components in each 



 

direction can be obtained (3). To compute the residuals of the 
NS equations, the second derivatives of the velocity must be cal-
culated, which effectively requires computing the third deriva-
tives of the network outputs. In this context, Automatic Differ-
entiation (AD) is commonly used to compute the derivatives of 
the network output with respect to the network inputs (10). To 
compute first-order derivatives, AD uses both forward and 
backward passes. In solving high-order partial differential equa-
tions, AD can be recursively applied 𝑛 times to compute 𝑛th-
order derivatives, leading to substantial computational overhead 
and potential accuracy loss(11). To address this issue, numerous 
researchers (12–16) have proposed loss functions in weak form, 
which reduce the order of derivatives required for the PDEs. 
Several examples have demonstrated the potential of this ap-
proach in solving high-dimensional partial differential equations. 

Inspired by the finite volume method, we propose the FVNN. 
This method leverages Gauss's theorem to reduce the order of 
the NS equations and employs the reduced integral expressions 
as the loss function for PINN, thereby enabling unsupervised 
training. Without requiring any prior data, the steady-state ve-
locity and pressure fields of incompressible laminar flow can be 
predicted solely based on the reduced integral expressions of the 
NS equations and the problem's boundary conditions. To sys-
tematically explain this theory and verify its effectiveness, 
Chapter 2 introduces the theoretical framework, loss function 
construction, and sampling strategies of FVNN. Chapter 3 
demonstrates the reliability and effectiveness of the FVNN 
model through two numerical examples. Finally, the main con-
tributions and findings of this study are summarized in the con-
cluding chapter, along with a discussion of the potential of this 
method to be further extended to fluid topology optimization. 

2. FINITE VOLUME NEURAL NETWORK (FVNN) 

2.1 Governing equation 

In this paper, we present FVNN, which is used to predict the 
velocity and pressure fields for incompressible laminar flow un-
der steady-state conditions. Let us first consider the governing 
equations of this problem in the steady-state case: 

∇ ⋅ 𝐮 = 0                                              (1) 

(𝐮 ⋅ ∇)𝐮 = −
1
𝜌∇𝑝 +

𝜇
𝜌∇

!𝐮	 (2) 

Where ∇ is the Nabla operator, 𝐮 = (𝑢", 𝑢!) is the veloc-
ity vector (in 2D problem), 𝑝 is the pressure, 𝜇 is the viscosity 
of the fluid, 𝜌 is the density of fluid. To naturally satisfy the 
mass conservation equation (1), researchers(1,8) define the 
stream function 𝜙 of the velocity as the output of the neural 
network. This allows the velocity components in each direction 
to be obtained through Eq. (3). 

𝑢", 𝑢! =
𝜕𝜙
𝜕𝑦 ,−

𝜕𝜙
𝜕𝑥  (3) 

2. 2 Integral Formulation of the NS Equations Using the 
Finite Volume Method  

In solving the NS equations, the Finite Volume Method ap-
plies integration of the governing equations over discrete control 
volumes, converting the differential form into an integral form. 
This transformation facilitates the handling of complex bound-
aries and discontinuities. For incompressible flows, to satisfy 
the mass conservation equation, the stream function 𝜙 is typi-
cally used as the output in PINNs, as previously discussed, elim-
inating the need for further adjustments. As for the momentum 
conservation equation, the divergence theorem(17), also known 
as Gauss's theorem, is applied as shown below to convert vol-
ume integrals into boundary integrals, which correspond to the 
flux of the momentum conservation equations on the cell bound-
aries. 

6(∇ ⋅ 𝐮)𝑑𝑉
#
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The following section addresses each term in the momentum 
equation Eq. (2). The inertial term (𝐮 ⋅ 𝛁)𝐮 from momentum 
equation Eq. (2) is transformed into a surface flux form through 
Gauss's theorem: 
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The pressure gradient ∇𝑝 is also converted into a surface 
flux: 

6
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For the viscous diffusion term, it is treated as a surface flux 
on the boundary: 
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After these transformations, the momentum conservation 
equation becomes an integral equation over the control volume, 
expressed the fluxes on the control volume boundary. 
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(8) 

According to the above modifications, the two-dimensional 
form of the boundary flux integral is as follows: 
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Here, 𝑢" and 𝑢! represent the velocities in the 𝑥- and 𝑦- 
directions at each integration point, respectively; 𝑛"  and 𝑛! 
are the components of the normal vector to the cell boundary in 
the 𝑥- and 𝑦-direction; and 𝑝 is the pressure at this point. 

Figure 1 Schematic of FVNN. Here, 𝑥 and 𝑦 are the horizontal and vertical 

coordinates of the flow field integration points. 𝜽{𝑤, 	𝑏} represents the 

weights and biases of FVNN, which are continuously updated during training. 

2. 3 Implementation of FVNN  

In the present work, the proposed FVNN takes a standard 
multilayer fully connected neural network as a prototype (shown 
in  

). For this network, we use the hyperbolic tangent (tanh) as 
the activation function which is suitable to capture nonlinear 
patterns in flow field, as shown below: 

𝜎(𝑥) = tanh(𝑥) =
𝑒( − 𝑒)(

𝑒( + 𝑒)( (11) 

The network input is the spatial coordinates 𝒙 = (𝑥, 𝑦) of 
the sampled points in the flow field, and the outputs are the 
stream function 𝜙 and pressure 𝑝, as formulated in Eq.(1) and 
Eq.(2). This approach allows us to obtain a continuous solution 
that satisfies the weak form of the NS equations. To compute 
the derivatives of the output quantities with respect to the spatial 
coordinates, we leverage automatic differentiation, which effi-
ciently calculates both first- and second-order derivatives. Spe-
cifically, given the neural network output 𝑓(𝒙, 𝜽), where 𝒙 
represents the spatial coordinates and 𝜽 denotes the network 
parameters, automatic differentiation provides the derivatives: 

𝜕𝑓
𝜕𝑥 	,
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(12) 

These derivatives are then substituted into the integral ex-
pressions of the finite volume formulations shown in Eq.(9) and 
Eq.(10), allowing us to evaluate the governing equations over 
each cell. By doing so, we ensure that the network output satis-
fies the integral form of the conservation laws within each finite 
volume cell. 

Furthermore, we introduce a boundary condition loss func-
tion ℒ*+, which, along with the physical loss ℒ,, constitutes 
the total loss function ℒ-.//: 

ℒ-.// = ℒ, + 𝛽 ∗ ℒ*+ (13) 

The physical loss ℒ,  is computed by evaluating the NS 
equation residuals after transforming them via the Gauss’s the-
orem into integrals, which are then approximated using Gauss-
ian quadrature. The boundary condition loss function ℒ*+  is 
computed by substituting the velocity field and pressure field 
predicted by the FVNN into either Dirichlet or Neumann bound-
ary conditions, depending on the specific problem. β is a con-
stant that balances the contributions of the two types of loss 
functions. 



 

The PINN minimizes the loss function through gradient de-
scent algorithms, such as Adam and L-BFGS (18,19). Through 
iterative optimization of the network parameters, the predicted 
solution gradually converges towards the true physical solution. 

2.4 Gaussian Quadrature-based Sampling Strategy and Loss 
Function Computation 

Unlike the uniform sampling of points in the entire flow field 
in PINN for fluid(1), in this study, the selection of sampling 
points is based on Gaussian Quadrature(20). Specifically, like 
Finite Volume Method, the flow field is discretized into ele-
ments, and the sampling points involved in the FVNN loss func-
tion calculation are located on the boundaries of these elements, 
as shown in Figure 2. These points are selected through Gauss-
ian Quadrature to ensure that the approximation of physical 
quantities at each integration point achieves higher accuracy. 
Gaussian Quadrature allows for efficient sampling in high-di-
mensional spaces, especially when dealing with complex 
boundary conditions and flow fields, significantly reducing er-
rors.  

 

Figure 2 Diagram of integration points. 

Through Gaussian Quadrature, we can convert the loss func-
tion from an integral form into a discrete numerical form. By 
applying the Gaussian Quadrature coefficients at the sampling 
points, we can compute the contribution of loss function at each 
point, and thus obtain the loss function of the governing physical 
equations, as shown in Eq.(14). 
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Where 𝑁 represents the number of elements in the flow 
field, 𝑛	denotes the number of integration points in each ele-
ment, and 𝑤1 represents the Gaussian quadrature weight. 

3. MODEL VALIDATION AND RESULTS ANALYSIS 

The pipe bend problem is classic example in fluid topology 
optimization, first introduced by Borrvall and Peterson in 
2003(21). In the following chapter, we will use the proposed 
FVNN to predict the steady-state velocity and pressure fields for 
these two cases and compare the results with the commercial 
software COMSOL and Fluent, thereby validating its effective-
ness. The FVNN is implemented through PyTorch and trained 
on NVIDIA RTX 4090. 

3.1 Pipe Bend Problem 

This problem is illustrated in Figure 3.a. On the left-hand 
side, there is an inlet at which parabolic normal velocity profiles 

are prescribed with a maximum velocity of 𝑈50 ]𝑈67( = 16
8
^n 

the bottom, there is a zero-pressure outlet at which the flow is 
specified to exit in the normal direction. For the steady case, the 

dynamic viscosity and density of the fluid is 0.02 19
6⋅8

 and 1 19
6" 

respectively. 

 
Figure 3 Problem setup 



 

For the boundary conditions, instead of performing addi-
tional sampling, we select integration points located at the 
boundaries, compute the associated boundary condition loss 
terms ℒ*+ , and incorporate them into the final loss function. 
The Adam optimizer is used for training. The specific neural 
network parameters are as follows: 

TABLE 1. THE PARAMETERS OF FVNN 

Parameter Value 

Architecture: layers and neurons [2,40,40,40,40, 

40,40,40,40,2] 

Training epochs 20000 

Learning rate 0.003 

𝛽 (scaling ℒ! and ℒ"#) 0.0001 

 

Figure 4. Comparison of Results for the Pipe Bend Problem: (a) Predicted 

results from FVNN, (b) Computational results from COMSOL, and (c) 

Predicted results from the traditional NS equation-based PINN. 

Figure 4 shows the prediction results of FVNN for the Pipe 
Bend problem. As can be seen, accurate predictions of the ve-
locity field are achieved, while the pressure field can be reason-
ably predicted qualitatively. The numerical predictions of the 
pressure field differ from those of COMSOL. This phenomenon 
has already been explained by Raissi in (1), where it was stated 
that the absolute pressure field in incompressible flows is inde-
terminate and can only be predicted up to an arbitrary constant. 
The model predicts the relative pressure variations, but the ab-
solute pressure value remains undetermined. It can be also ob-
served that the traditional PINN, which directly incorporates the 
residuals of the Navier–Stokes equations into the loss function, 
fails to provide accurate predictions for both the velocity and 
pressure fields in this problem. Consequently, it can be con-
cluded that FVNN, by reducing the order of differentiation in 

automatic differentiation, significantly enhances the accuracy of 
predictions for incompressible flow fields. 

Table 2 presents a comparison between FVNN and the tra-
ditional NS-based PINN in terms of training time and the num-
ber of sampling points (with their respective prediction results 
shown in Figure 4.a and Figure 4.c). As shown in the table, after 
20,000 iterations, FVNN achieves more accurate predictions 
than the traditional NS-based PINN while utilizing fewer sam-
pling points, resulting in a 40% reduction in training time. Fig-
ure 5 illustrates the variations of the loss functions during the 
training process for both models, demonstrating that FVNN ex-
hibits significantly faster convergence compared to the tradi-
tional NS-based PINN. 

TABLE 2. COMPARISON OF TRAINING TIME AND SAMPLING POINTS 

Parameter Training Time(s) The number of Points 

FV-PINN 442.72 29280 

Traditional PINN 745.77 42202 

 

Figure 5. Comparison of Loss Functions: FVNN vs. Traditional PINN 

3.2 Steady-state flow past a cylinder problem 

This problem is illustrated in Figure 3.b. In this subsection, 
the classical steady-state flow past a cylinder problem is inves-
tigated to further validate the effectiveness of the proposed 
FVNN. In this case, a uniform inlet velocity profile is applied, 
and the outlet is subjected to a zero-pressure boundary condition. 
All other physical parameters, as well as the neural network ar-
chitecture and hyperparameters, remain consistent with those 
used in the previous subsection. Figure 6 presents a comparative 
analysis analysis between the FVNN predictions and the results 
obtained from the commercial CFD software Fluent. The results 
indicate that FVNN achieves excellent predictive performance 
for the steady-state flow past a cylinder. 



 

 
Figure 6 Comparison of Results : (a) Problem setup (b) Predicted results from 

FVNN, (c) Computational results from Fluent,. 

3.3 Summary of Case Study Results 

The predictions of FVNN model closely resemble those from 
commercial softwares, demonstrating a high level of agreement. 
The accuracy of these predictions highlights the effectiveness 
of the PINN approach in capturing the underlying flow 
dynamics, making it comparable to traditional computational 
methods. Through comparison, it is evident that FVNN 
significantly outperforms traditional NS-based PINNs in terms 
of prediction accuracy, achieving more precise results with 

fewer computational resources. In addition to its enhanced 
accuracy, FVNN demonstrates a substantial reduction in time 
cost, as it requires fewer sampling points. Furthermore, FVNN 
exhibits a much faster convergence rate than conventional NS-
based PINNs, making it a highly efficient approach for solving 
complex flow problems. 

4. CONCLUSIONS  

This paper presents FVNN, a novel Physics-Informed Neural 
Network inspired by the Finite Volume Method. By leveraging 
the Gauss’s theorem to reformulate the residuals of Navier-
Stokes equations, FVNN reduces the reliance on high-order 
derivatives and achieves enhanced prediction accuracy and 
faster convergence. The proposed method has been validated 
on steady-state incompressible laminar flow problems by 
comparing with commercial softwares, demonstrating superior 
accuracy and efficiency compared to traditional PINNs. FVNN 
offers a promising framework for solving complex fluid 
dynamics problems with reduced computational cost and 
higher precision, paving the way for broader applications in 
computational physics. 

In future work, we aim to leverage FVNN to achieve highly 
accurate predictions of velocity and pressure fields in flow 
scenarios with dynamically evolving fluid-solid interfaces. 
This will lay the foundation for fully AI-driven fluid topology 
optimization, offering a novel technical framework and 
solutions to the challenges of fluid mechanics design. 
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