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ABSTRACT

Mermin’s inequality provides a fundamental test to verify the quantum nonlocality of multipartite Greenberger—-Horne-Zeilinger

(GHZ) states, by also serving as a key resource for measurement-based quantum computing. While the theoretical foundation

of Mermin’s inequality test is well established for both qubit and qudit systems, the experimental validation for qudits remains

elusive. In this work, we perform qudit Mermin’s inequality test implemented on a qutrit (i.e., three-level system) GHZ state, where

the multipartition is achieved by deterministically entangling the time and frequency bins of a biphoton state via standard fiber-

optic components. The direct measurement of Mermin’s operator yields an expectation value of 8.612(44), surpassing the bound of

6 for local realism by 59 standard deviations. We demonstrate the potential of the verified GHZ state for high-dimensional quantum

computing by utilizing the nonlocality results to compute a ternary logic function through non-adaptive high-dimensional

measurement-based quantum computation. Our scheme is readily scalable to higher dimensions without additional loss or

modifications to the experimental setup.

1 | Introduction

Formulated in 1990 [1], Mermin’s inequality extends the concept
of Bell’s theorem to multi-partite systems, offering fundamental
and experimental methods to validate the violation of local
realism beyond two-partite Bell states. Initially designed for qubit
spins, this inequality is evaluated by measuring the expectation
value of Mermin’s operator, which consists of a specific set
of 2 x 2 unitary operators—namely, Pauli matrices [1]. Initial
demonstrations of nonlocality in multi-partite systems have
shown that Mermin’s inequality is only violated by Greenberger-
Horne-Zeilinger (GHZ) states [2]. The nonlocal properties of GHZ
states have been experimentally validated across a wide range
of qubit platforms, including photonics [3-7], ion traps [8], and
superconductors [9, 10]. Crucially, this nonlocality serves as a
valuable resource for measurement-based quantum computa-

tion, where GHZ correlations are harnessed to implement gate
operations through local (single-partite) measurements [11, 12].

Recently, Mermin’s inequality has been theoretically extended to
multipartite qudit (i.e., d-level system with d > 3) GHZ states,
where a key distinction lies in the use of d X d unitary operators
[13-18]. Beyond their foundational interest, d-level correlations
provide a foundation for high-dimensional measurement-based
quantum computation, enabling greater information density
per system and reduced overhead compared with qubit-based
schemes [18, 19]. Realizing both the inequality test and high-
dimensional computation requires simultaneous d-level projec-
tions across multiple parties, which introduces challenges such as
maintaining coherence and minimizing crosstalk between levels.
For instance, Mermin’s inequality test for a qutrit (i.e., three-
level system) GHZ state has been recently performed using three
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photons entangled in the orbital angular momentum degree of
freedom (DoF) [20]. However, due to the limitations associated
with probabilistic state preparation and the complexity of high-
dimensional projections in multiphoton systems, the expectation
value of Mermin’s operator was inferred by measuring quantum
state fidelity via two-level projections only. A direct experimental
demonstration of quantum nonlocality in multipartite qutrit
GHZ states via high-dimensional projections has been achieved
only very recently using a path identity scheme [21]. Yet, the
computational framework enabled by d-level correlations has
remained largely unexplored.

Bridging this gap between high-dimensional correlation and
computation, we present the experimental violation of qudit
Mermin’s inequality using a three-qutrit GHZ state, together with
a demonstration of its computational power. Our approach to
multipartite qudit preparation involves the use of a deterministic
high-dimensional entangling gate—the SUM gate—between the
time and frequency DoFs of a biphoton frequency comb. This
method allows us to efficiently perform three-level projection
measurements using standard fiber-optic infrastructure, leading
to a direct experimental violation of Mermin’s inequality by 59
standard deviations. We showcase the potential of the verified
GHZ state for advanced computational architectures through
non-adaptive high-dimensional measurement-based quantum
computation [18].

2 | Results
2.1 | High-Dimensional Multi-Partite Nonlocality

The three-qutrit GHZ state serves as a fundamental resource
for demonstrating high-dimensional multi-partite nonlocality,
defined as

1
| GHZ) = —(] 000) + | 111) + | 222)) 1)
) NG ) ) )

The nonlocality of the three-qutrit GHZ state can be tested by
applying Mermin’s operator on the GHZ state, given by [16]:

M=XXX+q*(YYY + XYW + XWY + YXW + WXY

+YWX + WYX) + qWWW )

where g =e>/3X =Y’ |s+1(mod 3))(s|,Y = Z'/ X7/,
W =27*3XZ72 and Z = Eizo |k)g*(k|. The nine elements in
Equation (2) are non-Hermitian and share the GHZ state in
Equation (1) as a common eigenstate, with complex eigenvalues
of unit magnitude. The coefficients of the elements in Mermin’s
operator align the complex phases (i.e., the arguments) of
their eigenvalues so that they combine constructively, yielding
the maximal quantum expectation value, [(M,)| =9. Here (-)
denotes the expectation value and |-| its absolute value. In
contrast, within the framework of local hidden variable (LHV)
theories, which assume pre-existing local properties of each
party, the expectation value of Mermin’s operator is bounded by
[{(Miuy)| < 6, because classical assignments cannot satisfy all
nine correlations simultaneously [16].

2.2 | Non-Adaptive High-Dimensional
Measurement-Based Quantum Computation

The nonlocality proven by Mermin’s inequality test
is directly linked to the ability of performing non-
adaptive  high-dimensional measurement-based quantum
computation (NHMQC) through qudit GHZ states [18, 22,
23]. The computational framework of NHMQC evaluates
a multivariate modular arithmetic function of the form
f:{0,1,...,d -1} - {0,1,...,d — 1}, where p represents
the number of input variables and d denotes the dimensionality
of the inputs. Unlike the adaptive approach, which requires
random measurements with feedforward control [24-26],
NHMQC employs pre-determined measurement settings, thereby
providing a straightforward platform to probe the fundamental
resources underpinning high-dimensional measurement-based
quantum computation [11, 12, 18].

For the ternary case based on qutrit GHZ states, fixed local
measurements enable the evaluation of modular polynomial
functions of algebraic degree beyond two, whereas any LHV
model is fundamentally restricted to functions of degree at most
two [18]. This enhanced computational capability originates from
the genuine multipartite nonlocal correlations of the GHZ state
[18]. Consequently, NHMQC not only provides an operational
model of high-dimensional quantum computation, but also
serves as a witness of nonlocal correlations beyond classical
hidden-variable theories, as tested through the qutrit Mermin‘s
inequality in this work.

2.3 | Three-Qutrit GHZ State: Generation Scheme
and Experimental Setup

To generate a three-qutrit GHZ state, we initially create
frequency- and time-correlated photon pairs through sponta-
neous nonlinear process (Figure 1a). A comb-like spectral filter is
then applied to both photons, selecting three discrete frequency-
correlated pairs (Figure 1b), which results in a biphoton frequency
comb state [1hy) = |£o), |t6)i\/% Z;O |ff>s|f}>,-‘ Here, f and f’ are
the central frequencies of the signal (s) and idler (i) photons,
J is the index of the frequency-correlated pairs, while |¢,), and
It ), are the initial time-bin states. A high-dimensional entangling
SUM gate is applied to the idler photon through a dispersive
medium which linearly time-shifts its frequency bins (Figure 1c)
[27]. This operation entangles the frequency | f{),, |f7),, |f}), and
the corresponding time |t)) , [¢]),, |t3), bins of the idler, while
leaving the signal photon state unchanged [28]. The resulting
quantum state can be expressed as

L

V3
FUDIANIE) + L0 18),) 1), @)

w0 = —= (1fo) 16,113,

By defining the encoding |f,/f,/ty) = 10), |f1/f1/t) = 11),
|f2/f5/t5) = 12), and neglecting the time-bin state |¢,); of the
signal photon, the state |,) can be described as a three-qutrit
GHZ state, as given in Equation (1).
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FIGURE 1 | Time-frequency-entangled three-qutrit GHZ state generation scheme. a) A spontaneous nonlinear process, such as spontaneous
parametric down conversion (SPDC), generates time-correlated photon pairs (signal and idler) within a nonlinear material. b) The spectrum of these
photon pairs is shaped using a comb-like spectral filter, producing a time-correlated biphoton frequency comb (here, three frequency-correlated pairs
are selected). c) A SUM gate is applied to one of the photon pair (here, the idler) to entangle time and frequency. This is achieved by sending the idler
photon to a linearly dispersive medium, where frequency bins of the idler photon are time-shifted, resulting in a frequency-time-entangled three-qutrit
GHZ state.
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FIGURE 2 | Experimental setup. A single-photon pair is generated via the spontaneous parametric down-conversion (SPDC) process by pumping a
periodically poled lithium niobate (PPLN) crystal with a continuous wave (CW) laser. A time-correlated biphoton frequency comb is produced through
spectral filtering using a WaveShaper. The frequency-time-entangled GHZ state is created by applying a SUM gate to the idler photon using a negatively
dispersed linearly chirped fiber Bragg grating (LCFBG). Projection measurements for state characterization, Mermin’s inequality test, interference
measurement and non-adaptive high-dimensional measurement-based quantum computation are carried out using a positively dispersed LCFBG for the
time qudit in the idler photon, and a phase modulator (PM) for the frequency qudits in both the signal and idler photons. The projected photons undergo
further spectral filtering with another WaveShaper before being detected by superconducting nanowire single-photon detectors (SNSPDs) connected to
a time-correlated single photon counting (TCSPC) unit. Blue and black lines represent polarization-maintaining fibers and SMA cables, respectively.

Figure 2 illustrates the experimental setup. A periodically
poled lithium niobate (PPLN) waveguide is pumped using a
continuous-wave (CW) laser at the central frequency of 775.5 nm
to generate signal-idler photon pairs through SPDC. A 1550 nm
bandpass filter is used to isolate the photon pairs. The photons
pass through a WaveShaper, which filters out three equidistant

frequency-correlated pairs to create a biphoton frequency comb
[28, 29]. A SUM gate is applied to the idler photons by sending
them through a negatively dispersed (—D) linearly chirped fiber
Bragg grating (LCFBG). This induces a deterministic time shift
to the frequency bins of the idler corresponding to the amount of
dispersion applied. Therefore, the processed idler state, together
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with the signal photon, generates a time-frequency entangled
two-photon state, corresponding to the three-qutrit GHZ state.
The detailed procedure for generating the three-qutrit GHZ state
is provided in the Experimental Section/Methods.

The generated GHZ state is characterized via projection measure-
ments on each qutrit in both the frequency and time domains.
Frequency-bin measurements are accomplished through a
frequency-mixing technique, facilitated by a phase modulator
in the path of each photon [30]. Time-bin measurements on the
idler photon are achieved by employing an equally, but positively
dispersed (+D) LCFBG (see Figure 2), which deterministically
projects all time bins into a specific temporal mode. Another
WaveShaper is then used in the measurement stage to filter
out the mixed frequencies on the signal and idler photons,
which are routed thereafter to two superconducting nanowire
single-photon detectors (SNSPDs) (Section S1).

2.4 | Experimental Verification of Three-Qutrit
GHZ State

To verify the GHZ state generation, we estimate fidelity through
the expression [31]:

2 2
1 1
Fonz = 3 z_:; (nnn|p| nnn) + 3 Z Re (nnn |p| mmm)
n= nm=0
n#m

C)
where p denotes the measured density matrix of the GHZ state,
and n and m are subspaces representing the basis states |0),
|1), and |2) of each qutrit. The fidelity has a lower bound of
2/3, and values exceeding this threshold are required to validate
the demonstration of a three-qutrit GHZ state [20, 31]. Figure 3
shows the measured values used for estimating the elements in
Equation (4) (see Experimental Section/Methods). The calculated
fidelity is F = 0.958(10), significantly surpassing the lower bound
of 2/3 by 29 standard deviations and establishing the realization
of a three-qutrit GHZ state. To exclude all biseparable models and
further certify genuine multipartite entanglement, we evaluate
an entanglement witness, yielding (Wgy,) = —0.937(15), whose
negative expectation value unambiguously indicates entangle-
ment beyond the biseparable bound (Section S2).

2.5 | Experimental Test of Qutrit Mermin’s
Inequality

Using the verified three-qutrit GHZ state, we perform the qutrit
Mermin’s inequality test by measuring the expectation values of
the nine elements in Equation (2), obtained by projecting the
GHZ state onto their corresponding eigenvectors (Section S3).
By summing the expectation values of all elements, presented in
Figure 4, we obtain the expectation value of the qutrit Mermin’s
operator, |[{(M..s)| = 8.612(44), which is in close agreement with
the quantum mechanical prediction of 9. This result demonstrates
a significant violation of the LHV value of 6 by 59 standard devi-
ations, strongly confirming the quantum mechanical prediction
and ruling out classical explanations of the observed correlations.

0.33

0.22

Re(p)

0.11

222)

000) " (500

FIGURE 3 | Density matrix elements used for the fidelity calculation
of the GHZ state. The elements included in the fidelity calculation are
marked in blue, while those not utilized are denoted in white. The
measured fidelity is F = 0.958(10), where the number in parentheses
denotes the uncertainty in the last digits (i.e., F = 0.958 + 0.010). This
value exceeds the verification bound of 2/3 by 29 standard deviations,
confirming the presence of a three-qutrit GHZ state.

Expectation value

[ Real
[ Imaginary

(XXX)  (YYY)  (XYW)  (XWY) (YXW) (WXY) (YWX) (WYX) (WWW)

FIGURE 4 | Expectation values of nine elements of the qutrit Mer-
min’s operator. Note that the expectation values are complex, given
the non-Hermitian nature of the observables. The expectation value of
Mermin’s operator is [(Mpeas)| = 8.612(44), surpassing the LHV bound
of 6 by 59 standard deviations. Error bars are determined by Poissonian
statistics.

We further assess the violation of qutrit Mermin’s inequality
by examining the visibility of quantum interference. We first
set a lower bound for visibility, determined from the LHV
theorems, which is established at 0.75 (Section S4). We then
measure the visibility from the quantum interference pattern.
To this end, each qutrit of the GHZ state is projected onto
the state |¢) = \/% (|0 + |1 + €2%|2)), with the phase 0 being
systematically varied from 0 to 277 (Section S4). Figure 5 shows the
measured quantum interference pattern, which exhibits excellent
agreement with the theoretical one. We extract a raw visibility of
V =0.992(7), exceeding the LHV bound of 0.75 by 34 standard
deviations. This outcome conclusively confirms the violation of
the qutrit Mermin’s inequality (Section S4).

40f7

Advanced Quantum Technologies, 2026

85UB01 7 SUOWILIOD SA T8I0 3|l |dde au Aq pauIenob a8 s3jole YO ‘8sN JO S3nJ o} A%eiq1T 8ul|uO AB]1A UO (SUOTIPUOD-PUE-SWS)L0 A8 1M AleIq 1 jeu [Uo//Sdiy) SUORIPUOD pue swie 1 8Ly 88S *[9202/50/22] Uo Areiqiauliuo Ao |im ‘inetedns a1Bojouyoe | d 81093 Aq 526005202 3Nb/Z00T 0T/I0p/W0d" A3 1M Aleid1|Bul U0’ psoURADe//ScNY WOJ) pepeojumod ‘v ‘9202 ‘Yh0BTTSE



X Experiment
Theory

06
V=0.992(7)

02

Normalized coincidence counts

Phase (6)

FIGURE 5 | Interference measurement for Mermin’s inequality test.
The raw visibility is V' = 0.992(7), significantly exceeding the local realism
upper bound of 0.75 by 34 standard deviations, thereby confirming
the violation of Mermin’s inequality. The cross marks represent the
experimental data, while the solid line depicts the theoretically estimated
interference pattern.

2.6 | Demonstration of High-Dimensional
Quantum Computation

In our demonstration, we compute a ternary logic third-degree
polynomial function [18]:

() =x; @x]®Xox; D2 [x7x, D x7x] (5)

We transform the two input variables x, and x; into three ele-
ments by pre-processing: s, = X, , §; = X; , and s, = 2(x, @ x;).
Each qutrit of the GHZ state is then measured using the
corresponding operators m(s,), M,(s;), and mi,(s,). Further
details of the experimental procedure are provided in Section S5.
Table 1 provides the computational results for all possible input
combinations. The experimental outcomes are highly consistent
with the theoretical predictions, showing an average relative
error of 0.329% only. The success probability of our computation,
derived from the result of qutrit Mermin’s inequality test (Section
S6), is 0.971, underscoring the efficacy of our GHZ state in execut-
ing high-dimensional quantum computation. Furthermore, this
success probability surpasses the 0.778 bound predicted by LHV
theorems (Section S6), additionally highlighting the nonlocal
characteristics inherent to our GHZ state.

3 | Conclusion

We have experimentally validated the multipartite qudit nonlo-
cality on a three-partite qutrit GHZ state, by directly assessing the
expectation value of the qutrit Mermin’s operator via three-level
projections across all parties simultaneously. We found that such
avalue significantly exceeded the threshold predicted by the LHV
theory. The deterministically generated qutrit GHZ state showed
a quantum state fidelity of 0.958(10), much higher than the values
of ~#0.73-0.91 achieved in probabilistic multi-photon experiments
[20, 21, 32].

As a fair note, we acknowledge that our Mermin’s inequality
test is not free of loopholes such as spatial locality, as the
hyper-encoding approach inherently hinders us from spatially
separating the two parties (i.e., the time and frequency bins)
within a single photon. As an alternative, one could explore
pumping a photon-triplet source with a pulsed laser to directly
generate a time-bin three-qudit GHZ state [33, 34], which
could help overcome these limitations. However, a loophole-
free nonlocality test falls outside the scope of this work.
Instead, we focused on demonstrating how nonlocality can
be experimentally applied to high-dimensional quantum
computation. By leveraging the high-dimensional nature and
nonlocality of the demonstrated qutrit GHZ state, we have
successfully computed a ternary logic third-degree polynomial
function with minimal error, marking the first implementation
of high-dimensional measurement-based quantum computation.
The success rate close to one highlights the fundamental role
of d-level correlations in this type of operation. While previous
experiments utilized multipartite qudit cluster states for high-
dimensional one-way quantum processing [35], our work is
intrinsically different, as it demonstrates the implementation of
a specific measurement-based computational problem.

The proposed scheme for qudit GHZ state offers the advantage of
being easily scaled up to higher dimensions by, e.g., incorporating
additional frequency-bin pairs, without introducing additional
losses and/or modifying the experimental setup. Combining the
scalability stemming from few-photon state implementations
with the use of off-the-shelf fiber-optic technology will sup-

TABLE 1 | Computational results of the NHMQC using three-qutrit GHZ state.

X0 X (riry(so)rin, (s;)nny(s,)) Output z Exact value f(x,,x;) Relative error (%)
0 0 0.948¢!(-0:015) 2.993 0 (=3 mod 3) 0.243
0 1 0.941¢i(2100 1.003 1 0.259
0 2 0.979¢'%9%2 0.999 1 0.095
1 0 0.957¢'08D 0.994 1 0.628
1 1 0.942¢/%105 1.005 1 0.527
1 2 0.962¢1(2099 1.002 1 0.237
2 0 0.967¢'%10% 1.004 1 0.420
2 1 0.962¢'%10 1.004 1 0.383
2 2 0.955¢(4199) 2.004 2 0.174

Here, sy = X, , 8; = X; , and s, = 2(x, @ X,). The relative error represents the ratio of the absolute difference between the exact value and the experimental result

to the exact value, expressed as a percentage. The average relative error is 0.329%.
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port the development of advanced, yet easily implementable,
photonic-based quantum computing architectures [36, 37].

4 | Experimental Section/Methods
4.1 | Qutrit GHZ State Generation

A periodically poled lithium niobate (PPLN) waveguide is
pumped using a continuous wave (CW) laser (QPhotonics,
QFBGLD-775-5) at the central frequency of 775.5 nm (386.58 THz)
to generate broadband energy-time correlated single photon pairs
(signal and idler). A 1550 nm (193.414 THz) bandpass filter (OZ
Optics) with a 78 nm transmission bandwidth (1500-1578 nm) is
used to isolate the photon pairs. To generate a time-correlated
biphoton frequency comb of two frequency-bin qutrits, we use
a WaveShaper (Finisar, 4000S) to filter out three equidistant
frequency-correlated pairs (1535.735, 1536.003, 1536.271 nm for
signal photon and 1565.921, 1566.199, 1566.477 nm for idler pho-
ton, with each frequency’s bandwidth of Af =27 GHz). The
WaveShaper separates the signal and idler photons, sending the
idler to the negative linearly chirped fiber Bragg grating (LCFBG)
with a dispersion of around —2 ns nm™'. The negative LCFBG
induces a linear time shift in the idler photon’s frequency bins,
implementing a SUM gate (see Experimental Section/Methods).
The spacing between time bins is approximately §t = 570 ps, with
each bin’s width of around At = 288 ps. The characteristics of our
frequency and time qutrits exceed the Fourier uncertainty limit,
with § f8t = 19.38 > 1, enabling their independent control and
measurement in a hyper-encoding approach [35]. Therefore, the
processed idler state, together with the signal photon, generates a
time-frequency entangled two-photon state, corresponding to the
three-qutrit GHZ state.

4.2 | SUM Gate

The SUM gate is a generalized version of controlled-NOT gate that
entangles two qudits, each stored in two registers: the control (c¢)
and target (¢) registers. This gate is defined as [27]:

d-1

SUM, = D' [k) (k| ® X" ©)

k=0

where the d-level Pauli-X gate, X; = Zi;l) [x +1 (mod d)){x| ,
is applied to the target register qudit k times, conditioned by
the control register qudit state |k) (k # Z;). This gate enables
the entangling of the two qudits based on the specific con-
trol and target register. When the SUM, is applied to the
state %(lo)c + [1), + 12),)10),, the target register qudit state is
shifted, and the output state becomes entangled in a Bell-like
state %(|0)C|0>t +|1),11), +12).12),). In our experiment, the
frequency degree of freedom of the idler photon acted as control
qudit, while its time degree of freedom acted as target qudit.
A negative LCFBG was used to apply dispersion-shift of the
frequency-bin state into the time-bin domain.

4.3 | Fidelity Measurement

To determine the fidelity of our three-qutrit GHZ state, we
need to measure the three diagonal elements of its density

matrix, that is (000]0]000), (111]|p]111), and (222|p|222), along
with its six anti-diagonal elements, (000|p|111), (111]p|000),
(000p|222), (222|p]|000), (222|0|111), and (111|p|222). For the
diagonal elements, we direct the signal and idler photons to the
SNSPDs and measure the basis states of each qutrit. The anti-
diagonal elements are measured using specific combinations of
the 2 x 2 Pauli matrices o, and o, [31]. The real and imaginary
parts of each component are given by:

Re ({(nnn| p |mmm))

1
— g <<O_§Cn,m)o_)(cn,m)o_)(cn,m)> _ <Uin,m)0;n,m)0;n,m)> (7)

(n,m) _(n,m) _(n,m) (n,m) _(n,m) _(n,m)
—<O'y [op ay >—<O'y gy [op >)

Im ({(nnn| p |mmm))
;n,m)o_;n,m)o_;n,m) _ <O_§)n,m)o_§cn,m)o_§cn,m) (8)

-3
_ <U§Cn,m)a§}n,m)ain,m)> _ <U)(Cn,m)agcn,m)0§n,m)>>

(nm) __ (n,m)

where o, = |m) (n| + |[n){m| and o), " =i|m) (n| —iln)(m|,
in the subspaces n,m. We measure the expectation value of
the operators c"*™ and U;"’m) by projecting the GHZ state into
their superposed eigenvectors. Further details of the experimental

procedure are provided in Section S1.
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