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 a b s t r a c t

Identifying noise sources in the workplace is essential to ensure workers’ health and safety. This 
often relies on advanced acoustic sensing systems. Among these, spherical microphone arrays 
(SMAs) are widely used due to their capability to localize sound sources across a full three-
dimensional space. Commercial SMAs typically employ rigid shells combined with spherical har-
monic beamforming, while open SMAs utilize conventional beamforming. Only a limited number 
have been explored in the literature. Although both commercial and custom-made SMAs are fre-
quently employed in the development of source localization algorithms, the design criteria–such 
as the choice between an open versus a rigid shell, the number of microphones, the array diameter 
and the positioning of microphones–remain largely under-investigated. In this study, we address 
this gap by conducting a comprehensive analysis of over 300,000 SMA configurations to eval-
uate performance in terms of mainlobe width and mainlobe-to-sidelobe ratio. The methodology 
involves ranking simulated SMA configurations over a broad range of operational frequencies, en-
abling us to identify key performance trade-offs and critical design parameters. The results offer 
practical guidelines for designing and selecting SMA configurations that optimize beamforming 
performance based on specific application requirements, such as the number of microphones, the 
frequency range, and the chosen beamforming algorithm. The comprehensive codebase, made 
available together with the analysis reported here, can serve as a benchmark for future studies, 
promoting more informed decisions in the design and implementation of advanced SMAs.

1.  Introduction

Spherical microphone arrays (SMAs) have been extensively used for acoustic imaging in a wide range of applications, including 
noise source identification in workplaces [1], vehicles [2], and aircraft [3].
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These arrays, through the use of beamforming algorithms, enable the localization of sound sources in all directions, creating an 
acoustic image that visually represents the beamformer output level using a color map, overlaid on a photograph of the recorded 
environment.

For a more detailed discussion of the performance and applications of beamforming in acoustic imaging, readers can refer to a 
comprehensive review of the literature, covering both theoretical and practical cases, including noisy conditions [4].

Two types of SMAs are identified in the literature: open and rigid. For open SMAs, the microphones are mounted on a wire 
frame [5] or rods [1,6–8], while for rigid SMAs, the microphones are flush-mounted on the surface of an acoustically reflective shell. 
Open SMAs are considered acoustically transparent and do not interfere with acoustic waves. In contrast, rigid SMAs can generate 
scattering effects [9–11,50]. The combination of different SMA types has also been explored, including either two open layers [12] 
or a rigid inner layer paired with an open outer layer [13–15], to enhance robustness and to extend the frequency range.

In the case of an open SMA, conventional beamforming in the frequency domain (CBF), based on a free-field Green’s function, is 
commonly used [16]. Generalized cross-correlation (GCC) in the time domain is also applicable, and both algorithms yield similar 
acoustic imaging performance [17–19]. Both can also be applied to a rigid SMA, albeit without any correction for scattering ef-
fects [18]. To address the scattering effects, spherical harmonic beamforming (SHB) can be used, as described in the literature [20,50]. 
SHB projects the microphone signals onto an orthogonal basis of spherical harmonic functions before performing beamforming. When 
applied to rigid SMAs, the decomposition of the signals can remove the influence of diffracted waves. Although SHB can be applied 
to open SMAs with omnidirectional receivers, it is prone to numerical instabilities at certain frequencies due to division by zero in 
the Bessel functions involved in the spherical harmonic expansion [18,22]. These instabilities can be mitigated by employing open 
SMAs with cardioid receivers, dual-layer configurations, or averaging over a frequency band [18,20].

A key distinction between CBF and SHB lies in their performance across various frequency ranges. At low values of the di-
mensionless frequency parameter 𝑘𝑟𝑎 (defined in Section 3.3), CBF produces a wider mainlobe than SHB when localizing a point 
source [11,18,23,50]. In CBF, the mainlobe width depends on the SMA radius, while in SHB, it is determined by the spherical har-
monic truncation order, which is bounded by the maximum order imposed by the array geometry. At high values of the dimensionless 
frequency parameter 𝑘𝑟𝑎, the CBF performance is influenced by the spacing between microphones : the smaller the distance, the higher 
the frequency limit. In contrast, the theoretical SHB performance is again limited by the maximum truncation order of the spherical 
harmonics, which defines the dimensionless upper frequency limit [17,20]. The SMA radius, the number of microphones, and their 
positions are considered key design parameters.

Some studies have focused on specific SMA geometries, keeping the radius and number of microphones fixed while exploring 
different algorithms. Several open SMAs have been proposed in the literature. One design features 15 microphones on a sphere with 
a radius of 0.25m, using a time-domain algorithm based on GCC [1]. Commercially available open SMAs have also been developed 
with 48 and 120 microphones, with radii of 0.175m and 0.3m, respectively, and using a time-domain algorithm [5]. Another study 
investigated an open SMA with 6 microphones placed at the center of each face of a cube with a side length of 0.5m, analyzing 
the use of arithmetic, geometric, and harmonic means in GCC computation [24]. A compact open SMA with 32 microphones and a 
0.075m radius was introduced using the SHB algorithm [6]. Further investigations explored open SMAs with 14 and 15 microphones 
on a 0.25m radius sphere, aiming to enhance acoustic imaging by combining GCC with geometric and energetic criteria [7]. An open 
SMA consisting of 18 microphones in optimized positions was also designed with a 0.2m radius [8]. Dual-layer open SMAs have also 
been considered. One configuration placed 12 microphones across two layers with radii of 0.005m and 0.05m, targeting room impulse 
measurement applications, sound recording, and source localization [12]. The use of rigid SMAs has also been extensively studied. A 
design with 64 microphones arranged in a t-design geometry on a 0.14m radius sphere evaluated both SHB and CBF performance [50]. 
Subsequent comparisons using a 20-microphone rigid SMA have confirmed SHB’s superior resolution at low frequencies [11]. One 
commercial implementation of a rigid SMA used in experimental studies featured 54 microphones [3]. To further enhance SHB, the 
spherical harmonics angularly resolved pressure (SHARP) algorithm was introduced for source pressure level estimation and was 
implemented on a commercially available rigid SMA with 36 microphones and a 0.0975m radius [9]. Later, a configuration with 50 
microphones was proposed, integrating a filter-and-sum algorithm to improve sidelobe rejection [10]. This same commercial array 
was used in a comparative study of deconvolution algorithms adapted from planar arrays to SHB, where CLEAN-SC demonstrated 
superior acoustic imaging performance [25]. Dual-layer rigid configurations have also been tested to extend the measurement range. 
One such array consisted of two layers of 24 microphones: a rigid layer with a radius of 0.15m, and an open layer with a radius of 
0.4m [14]. Another used 32 microphones per layer at radii of 0.0163m and 0.06m [13], while a third design used layers at 0.028m
and 0.0952m [15].

Few studies have offered a comprehensive comparison of different SMA geometries, evaluating their impact on performance 
under similar conditions. One such study evaluated the performance of five open SMAs of constant radius, each equipped with 64 
microphones, using the CBF algorithm. The geometries considered were t-design, Packing, Covering, Minimum Energy, and Spiral. 
Among these, the Spiral geometry was found to offer the best performance in terms of mainlobe width and sidelobe level [26]. 
Another investigation compared three microphone geometries–Equi-angle, Gaussian, and t-design–across two sets of microphones 
for the SHB [27]. Since the number of microphones is constrained by the SMA geometry, the first set consisted of 36, 18, and 12
microphones, respectively, while maintaining a consistent truncation order. The second set included 36, 32, and 36 microphones, 
maintaining a similar number of microphones. The findings indicated that the t-design geometry minimized spatial aliasing errors in 
the acoustic image and that white noise gain (the ratio of output signal power to input white noise power) depended on the number 
of microphones rather than the geometry itself.

These examples highlight the variety of SMAs (open or rigid) and their usage parameters. To summarize, radii typically range 
from 0.05m to 0.4m, while the number of microphones varies from 12 to 120. This variation illustrates the lack of consensus on 
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SMA design. With key parameters varying between studies–often without clearly justified choices–and the vast diversity of SMAs, 
navigating the selection of a suitable design for an application is challenging. To the authors’ knowledge, no study has conducted a 
comprehensive comparison between CBF and SHB across many SMA designs. These classical algorithms constitute the foundation for 
many enhanced variants. Parameters such as SMA radius, number of microphones, and array geometries have not been extensively 
analyzed. Designs, whether commercial or custom-made, often lack detailed justification for these choices. This paper presents a 
numerical study that systematically compares CBF and SHB for both open and rigid SMAs across a wide range of radii, number of 
microphones, and geometries to identify key factors in designing an optimal SMA under ideal, noise-free conditions. Performances 
are evaluated via numerical simulation based on objective criteria, including source-level accuracy, mainlobe width, and sidelobe 
levels. This numerical investigation lays the groundwork for future experimental validations and studies in more realistic acoustic 
environments.

The theoretical background of CBF and SHB is presented in Section 2. The methodology, including microphone geometries and 
objective criteria, is detailed in Section 3. Results are presented and discussed in Section 4, followed by concluding remarks in 
Section 5.

2.  Frequency domain algorithms for acoustic imaging

2.1.  Beamforming formulation

Throughout the manuscript, a temporal dependency of the form ei𝜔𝑡 is assumed. An acoustic image at the angular frequency 𝜔, 
denoted 𝐀(𝜔), is given by the product of the steering matrix 𝐖(𝜔) and the cross-spectral matrix 𝐂(𝜔) of the acoustic pressure captured 
by the SMA [16],

𝐀(𝜔) =𝐖𝐻 (𝜔)𝐂(𝜔)𝐖(𝜔), (1)

where (⋅)𝐻  denotes the Hermitian transpose. The acoustic image is obtained from the diagonal of the matrix 𝐀 ∈ ℂ𝐿×𝐿, where 𝐀 is a 
square matrix, 𝐿 is the number of points on the scan grid, and ℂ denotes the field of complex numbers. The definitions and dimensions 
of 𝐖 and 𝐂 for CBF and SHB are provided in the following sections.

2.2.  Conventional beamforming (CBF)

The steering matrix 𝐖 ∈ ℂ𝑄×𝐿, where 𝑄 represents the number of microphones, is formed from individual steering vectors for 
each point on the scan grid indexed by 𝑙=1,… , 𝐿. The steering vector 𝐰𝑙 ∈ ℂ𝑄×1 is obtained from the left pseudoinverse of the 
Green’s function vector 𝐠𝑙 ∈ ℂ𝑄×1, which represents the transfer functions between a scan point and microphones 𝑞 =1,… , 𝑄 (see 
formulation 𝑖𝑖𝑖 of [28]),

𝐰𝑙(𝜔) = 𝐠𝑙
(

𝐠𝐻𝑙 𝐠𝑙
)−1, (2)

where the elements of 𝐠𝑙 are solutions to the inhomogeneous Helmholtz equation of a point source in a free field and are given by,

𝑔𝑞,𝑙 =
e−i𝑘𝑟𝑞,𝑙
4𝜋𝑟𝑞,𝑙

, (3)

where i =
√

−1 is the imaginary unit, 𝑘=𝜔∕𝑐 is the wavenumber with 𝑐 being the sound speed, and 𝑟𝑞,𝑙 = ||𝐫𝑞 − 𝐫𝑙|| represents the 
Euclidean distance between microphone positions 𝐫𝑞 and scan points 𝐫𝑙. The position vectors are expressed in spherical coordinates 
𝐫 = (𝑟, 𝜙, 𝜃) where the radius 𝑟 is the distance between the observation point and the origin of the SMA, and spherical angles are the 
azimuth 𝜙 ∈ [−180◦, 180◦] and the colatitude 𝜃 ∈ [0◦, 180◦]. The cross-spectral matrix, denoted by 𝐂, is defined as

𝐂(𝜔) = 𝐩(𝜔)𝐩𝐻 (𝜔), (4)

where 𝐩 ∈ ℂ𝑄×1 is the vector of sound pressures recorded by each microphone in the frequency domain, and 𝐂 ∈ ℂ𝑄×𝑄.

2.3.  Spherical harmonic beamforming (SHB)

With the SHB, the steering matrix is expressed in the spherical harmonic domain and 𝐖 ∈ ℂ(𝑁 +1)2×𝐿, where 𝑁 represents the 
truncation order explicitly chosen for the microphone geometry (Chap. 5, [20]). Elements of the steering matrix are defined as,

𝑊𝑛(𝑛+1)+𝑚,𝑙 = 𝑑(𝑁) 𝑏−1
∗

𝑛 (𝑟𝑙 , 𝑟𝑞 , 𝑘) 𝑌 𝑚∗
𝑛 (𝜃𝑙 , 𝜙𝑙), (5)

where the indices 𝑛 and 𝑚 refer to the order, with values ranging from 0 to 𝑁 and the degree with values ranging from − 𝑛 to 𝑛. The 
SHB gain, 𝑑(𝑁), is a scalar that is chosen to be a function of the order, 𝑁 , given by 𝑑(𝑁) = 4𝜋∕(𝑁 +1)2. This gain gives a narrow 
lobe and therefore the maximum of directivity (see [20] for gain formulations). The symbol (⋅)∗ represents the complex conjugate 
operator. The radial function 𝑏𝑛 is the transfer function between the scanning points 𝑟𝑙 (or the source position 𝑟𝑠, see section 2.2) and 
the microphone positions 𝑟𝑞 located on the SMA radius 𝑟𝑎 (𝑟𝑞 = 𝑟𝑎 for all 𝑞) which is either open or rigid. The radial function is given 
for omnidirectional microphones by [29],

⎧

⎪

⎨

⎪

⎩

𝑏𝑛(𝑟𝑙 , 𝑟𝑞 , 𝑘) = (− i)𝑘ℎ(2)𝑛 (𝑘𝑟𝑙)𝑗𝑛(𝑘𝑟𝑞), open

𝑏𝑛(𝑟𝑙 , 𝑟𝑞 , 𝑘) = (− i)𝑘ℎ(2)𝑛 (𝑘𝑟𝑙)
(

𝑗𝑛(𝑘𝑟𝑞) −
𝑗′𝑛(𝑘𝑟𝑞 )

ℎ
′(2)
𝑛 (𝑘𝑟𝑞 )

ℎ(2)𝑛 (𝑘𝑟𝑞)
)

, rigid
(6)
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where ℎ(2)𝑛  is the spherical Hankel function of the second kind and 𝑗𝑛 is the spherical Bessel function of the first kind. The operator 
(⋅)′  designates the derivative of these functions with respect to the variable 𝑟. This transfer function applies to spherical waves. 
Its inverse, 𝑏−1𝑛 , is commonly referred to as radial filters and used to compensate for radial dependence in the SHB. In the rigid 
case, it compensates for the scattering effects. These radial filters tend to greatly amplify low-frequency components, with the effect 
becoming more pronounced as the order 𝑛 increases. Practical applications necessitate a strategy to reduce the associated noise, such 
as Tikhonov regularization [2]. Alternatively, the use of cardioid microphones [22] offers a more limited form of noise control. The 
order can also be limited to avoid the amplitude increase associated with higher orders by setting 𝑁 = ⌊𝑘𝑟𝑎⌋+1 [30]. The general 
form of the spherical harmonic function 𝑌 𝑚

𝑛  is given by,

𝑌 𝑚
𝑛 (𝜃, 𝜙) =

√

2𝑛+1
4𝜋

(𝑛− |𝑚|)!
(𝑛+ |𝑚|)!

𝑃 |𝑚|
𝑛 (cos 𝜃)𝑒i|𝑚|𝜙, (7)

and 𝑃𝑚
𝑛  is the associated Legendre function. Note that 𝑌 −𝑚

𝑛  is obtained by multiplying the conjugate spherical harmonic function by 
the Condon-Shortley factor (− 1)𝑚. The cross-spectral matrix 𝐂 ∈ ℂ(𝑁 +1)2×(𝑁 +1)2  is given by,

𝐂(𝜔) =𝐘𝐻(

𝛂𝛂𝑇 ⊙ 𝐩𝐩𝐻
)

𝐘, (8)

where 𝛂 ∈ ℝ𝑄×1 is a weighting vector that corresponds to the quadrature weights for integration on the SMA (see Tables 1 and 2). 
The subscript (⋅)𝑇  denotes the transpose operator, the symbol ⊙ represents the Hadamard product, and 𝐘 ∈ ℂ𝑄×(𝑁 +1)2  is the spherical 
harmonic matrix.

3.  Methods

3.1.  Microphone geometries

Based on a literature review, fifteen microphone geometries are selected for this study. The number of microphones considered 
ranges from 16 to 64, aiming to align with previous works in the literature. Some geometries allow for the use of any number 
of microphones; these are referred to as “full set” geometries and include t-design, Minimum Energy, Packing, Covering, Maximal 
Volume, and Spiral. In contrast, certain geometries are constrained by the inherent limitations of their mathematical definitions, 
restricting the number of usable microphones. These are referred to as “limited set” geometries and include Equi-angle, Gauss-
Legendre, Lebedev, Fliege, B&K, Efficient t-design, L-design, Maximum Determinant, and Fibonacci. A summary of these geometries, 
along with the number of microphones considered, is presented in Table 1, while Table 2 provides the corresponding standardized 
truncation orders, additional notes, and relevant literature references. Maximal Volume, Efficient t-design, L-design and the Maximum 
determinant have not yet been introduced into the field of acoustic imaging as array geometries, to the authors’ knowledge.

All microphone geometries can be used with CBF [31], whereas SHB requires special attention to ensure the orthogonality of 
spherical harmonics is preserved. The value of the truncation order 𝑁 applied in this SHB depends on the product of the wavenumber 
with the SMA radius 𝑟𝑎 and is expressed as [30]

𝑁 =

{

⌊𝑘𝑟𝑎⌋+1, if ⌊𝑘𝑟𝑎⌋+1≤𝑁max

𝑁max, if ⌊𝑘𝑟𝑎⌋+1>𝑁max
, (9)

where the symbol ⌊⋅⌋ represents the floor function and 𝑁max is the maximal truncation order. The truncation orders used in Table 2 
are defined by 𝑁max = ⌊

√

𝑄⌋−1 [2], ensuring standardization across array geometries. However, this order can exceed the maximum 
order supported by the geometry, 𝑁sup. Eq.  (9) adjusts the truncation with 𝑘𝑟𝑎; the SHB output remains unchanged as long as 
𝑁(𝑘𝑟𝑎)≤𝑁sup. When 𝑁(𝑘𝑟𝑎)>𝑁sup, spatial aliasing typically appears; in rare cases it may also yield a narrower mainlobe. In noise-
free conditions, the truncation rule in Eq.  (9) yields beamforming results that match the ideal point spread functions. Due to its 
simplicity, it serves as a benchmark and remains applicable in the presence of noise.

The analysis begins with 36 and 50 microphones; however, some geometries cannot accommodate these exact numbers due to 
constraints in their mathematical formulation. We therefore select the nearest number of microphones for 36 and 50 and refer to 
these microphone sets as 36⋆ and 50⋆. Then, the impact of varying the number of microphones from 16 to 64 is examined. Fig. 1 
shows the microphone positions on the spherical surface for the geometries considered with the set of 36⋆ microphones. Figs. 1.(a) 
to (e) and (j) to (n) exhibit a uniform or nearly uniform distribution of microphone positions. In Figs. 1.(g), (h) and (i), a regular 
microphone arrangement is observed. In Figs. 1.(f) and (o), the positions follow a spiral pattern. The Lebedev, Fliege, Efficient t-
design, L-design, and Maximum Determinant geometries feature microphones placed at the poles. Microphones located at the poles 
can create design constraints, as supports are required at the bottom pole to hold the SMA and at the top pole to mount a camera. 
Rotating the microphones positions resolves the issue.

Microphone positions for the geometries are provided in the supplementary material, which also includes the maximum supported 
truncation orders, the numerical simulations, and results for one configuration at a time.

3.2.  Numerical simulations

Numerical simulations were conducted to compare the performance of SMA designs. The sound field is first generated for all 
configurations, after which beamforming is applied and evaluated according to acoustic image criteria.
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Table 1 
The fifteen selected geometries, along with the number of available microphones, result in 156 layouts. A full set is 
defined as a layout with 16 to 64 microphones in steps of 4, with additional numbers 25, 26, 37, 38, 42, 49, 50, and 
62 included to account for the limited set of microphones. The limited set does not include all possible numbers of 
microphones. The symbol ∙ represents geometries where the number of microphones is 36 or close to 36, denoted 36⋆, 
and the symbol ■ represents geometries where the number of microphones is 50 or close to 50, denoted 50⋆.

 Geometries  Q
 16  20  24  25  26  28  32  36  37  38  40  42  44  48  49  50  52  56  60  62  64

Fu
ll S

et

 t-design × × × × × × × ∙ × × × × × × × ■ × × × × ×

 Min. Energy × × × × × × × ∙ × × × × × × × ■ × × × × ×

 Packing × × × × × × × ∙ × × × × × × × ■ × × × × ×

 Covering × × × × × × × ∙ × × × × × × × ■ × × × × ×

 Max. Volume × × × × × × × ∙ × × × × × × × ■ × × × × ×

 Spiral × × × × × × × ∙ × × × × × × × ■ × × × × ×

Li
m
it
ed

 Se
t

 Equi-Angle × ∙ ■

 Gauss-Leg. ∙ ■

 Lebedev × ∙ ■

 Fliege × × ∙ ■ ×

 B&K ∙ ■

 Eff. t-design × ∙ × ■ ×

 L-design ∙ ■

 Max. Det. × × ∙ ■ ×

 Fibonacci × ∙ ■

Table 2 
Among the geometries, two configurations are selected with a number of microphones close to 36 and 50, denoted 36⋆ and 50⋆. The corresponding 
maximum truncation orders applied with SHB, denoted by 𝑁max, are calculated using 𝑁max = ⌊

√

𝑄⌋ − 1 [2,30]. The maximum supported order is 
denoted by 𝑁sup; the symbol — indicates that the geometry does not have a defined 𝑁sup. The “Notes” column defines the geometries and the 
associated weights 𝛼. The geometries mentioned with equal weights are assumed to have 𝛼𝑞 = 4𝜋

𝑄
. (first part).

Geometries 36⋆ 50⋆ Notes Other
References

Q 𝐍max 𝐍sup Q 𝐍max 𝐍sup

Full Set t-design 36 6 4 50 6 5 The quadrature of this geometry is exact for polynomials of 
degree at most 𝑡 and has equal weights, such that 𝛼𝑞 = 4𝜋

𝑄
 [32]. 

The t-design is one of the most widely used geometries in 
acoustic imaging when a rigid SMA is considered. The codes 
are available on Sloane’s website [33].

[11,20,50] 
[26,27,34]

Min. Energy 36 5 — 50 6 — This geometry results from minimizing the potential energy of 
𝑄 points on a sphere [33]. It is assumed that the weights are 
equal.

[26]

Packing 36 5 — 50 6 — This geometry solves a geometric problem, namely the optimal 
approach to tightly packing equal spheres together. The centers 
of these spheres serve as microphone positions. No specific 
weights are provided. As the microphone positions are 
naturally equidistant, equal weights can be assumed.

[26,33]

Covering 36 5 — 50 6 — The covering geometry is derived from the solution to the 
problem of finding the most effective way to achieve the 
minimum overlap thickness between spheres without gaps 
between them [35]. The objective is to minimize the maximum 
distance between points on the surface of a sphere. The centers 
of the spheres serve as the microphone positions, and equal 
weights can also be assumed.

[26,33]

Max. Vol-
ume

36 5 — 50 6 — The microphone positions are those that maximize the convex 
hull of a volume defined by 𝑄 [36]. The positions are evenly 
spaced, and it is assumed that the weights are equal.

[26,33]

Spiral 36 5 — 50 6 — Named as suggested by Du et al. [26], this geometry is helically 
arranged following the golden ratio, giving both even and odd 
number of positions. It is assumed that the weights are equal.

[37,38]
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Table 2 
(second part)

Geometries 36⋆ 50⋆ Notes Other
References

Q 𝐍max 𝐍sup Q 𝐍max 𝐍sup

Limited Set Eq. Angle 36 5 2 64 7 3 There are 𝑄=4(𝑁sup +1)2 positions, with weights 
𝛂, as given in [20].

[21,27]

Gauss-Leg. 32 4 3 50 6 4 There are 𝑄=2(𝑁sup +1)2 positions, with weights 
𝛂, as given in [20].

[21,27]

Lebedev 38 5 4 50 6 5 Constructed by rotating the axes of an octahedron, 
it results in a limited number of microphones with 
nearly equal weights assigned to the microphone 
positions. This geometry has been used in the 
ambisonic field and performs better than Fliege 
and t-design geometries for sound field 
reproduction with 50 microphones [34].

[39,40]

Fliege 36 5 5 49 6 6 Obtained by minimizing the potential energy of 
points, which are considered as electrical 
charges [41], resulting in nearly equidistant 
points. The number of positions is 𝑄= (𝑁sup +1)2, 
and the weights are nearly equal. Notwithstanding 
the close definition to Min. Energy, the resulting 
positions are distinct.

[34,42]

B&K 36 5 5 50 6 5 The microphones and weights of the Brüel and 
Kjaer geometry, referred to as B&K geometry, are 
provided with 36 microphones in the Chu et al. 
paper [43] (azimuth and colatitude columns are 
reversed in the reference paper’s notation) and 
with 50 microphones in Moreno’s thesis [44].

[9,10,25]

Eff. t-design 32 4 3 50 6 4 The Efficient spherical t-design geometries offer 
an optimal ratio of packing and covering spheres 
with equal weights, with points arranged either 
symmetrically or asymmetrically [45]. Here, 
asymmetric points are simply referred to as 
Efficient t-design.

[42]

L-design 32 4 3 48 5 4 This geometry is an Efficient spherical t-design 
with equal weights and symmetric points. Fewer 
positions are available than with asymmetric 
points. This is referred to as L-design, as Puhle 
suggested in 2020 [46].

[42]

Max. Det. 36 5 2 49 6 3 This geometry is optimized to spread out the 
microphone positions by maximizing the 
determinant of the positions’ Gram matrix. 
Womersley and Sloane provide the positions with 
the available 𝑄= (𝑁 +1)2 microphones and nearly 
equal weights [47].

[42]

Fibonacci 37 5 — 49 6 — The positions are at nearly equal distances, in 
opposing spirals following the golden ratio. Equal 
weights are assumed. The number of positions is 
exclusively odd.

[37,48]

3.2.1.  Sound field simulations
The sound source is a monopole positioned at (𝜙𝑠 =0◦, 𝜃𝑠 =90◦, 𝑟𝑠 =2m), where its position in the equatorial plane yields invariant 

results for geometries with uniform microphone distributions and marginal variations in the case of non-uniform distributions. The 
distance between the source and the receiver is chosen to represent a practical workplace scenario. The source emits pure tones 
corresponding to 17 third-octave band center frequencies ranging from 200 to 8 000Hz. Each pure tone has an amplitude corresponding 
to 94 dB SPL at 1m. The source strength is calculated as follows: 𝑎=4𝜋𝑝01094∕20 Nm−1, where 𝑝0 is the reference acoustic pressure 
(𝑝0 =2 × 10−5 Pa). Free-field conditions are assumed in the numerical simulation to avoid additional lobes due to ground or wall 
reflections. Additionally, no random noise is added to the microphone signals to focus solely on SMA performance. The SMA radii 
vary between 0.04 and 0.40m with a logarithmic step, resulting in 30 distinct radius values. Although the SMA radius varies by up to 
20% of the source distance, its influence on the results remains negligible. The acoustic pressure at the microphone 𝑞 is denoted by 
𝑝𝑞(𝑟𝑞 , 𝜙𝑞 , 𝜃𝑞). It is determined by performing an inverse spherical Fourier transform of the field generated by a monopole source of 
magnitude 𝑎. This process considers the array characteristics through the transfer function 𝑏𝑛(𝑟𝑠, 𝑟𝑎, 𝑘) (open or rigid, see Eq.  (6)) [20],
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Fig. 1. Positions of the 36⋆-microphone set, represented in the (𝜙,𝜃) plane.

𝑝𝑞(𝑟𝑞 , 𝜙𝑞 , 𝜃𝑞 , 𝑘) = 𝑎
𝑁
∑

𝑛=0

𝑛
∑

𝑚=−𝑛
𝑏𝑛(𝑟𝑠, 𝑟𝑞 , 𝑘) 𝑌 𝑚∗

𝑛 (𝜙𝑠, 𝜃𝑠)𝑌 𝑚
𝑛 (𝜙𝑞 , 𝜃𝑞) (10)

where the summation is truncated in the computation according to 𝑁 = ⌈1.2𝑘𝑟𝑎 +8 𝑟𝑠∕(𝑟𝑎) + 1
𝑟𝑠∕(𝑟𝑎)

⌉, ensuring magnitude errors of approxi-
mately 10−9 [49], and ⌈⋅⌉ denotes the ceiling function. The left-hand term imposes a slope of 1.2 with respect to 𝑘𝑟𝑎. The right-hand 
term ensures a minimum order of 𝑁 =8 for far-field sources and small array radii (e.g., for 𝑟𝑠 =2m, 𝑁 varies from 9 to 10 as 𝑟𝑎
increases from 0.04 to 0.40m). This truncation order, restricted to the sound field, aims to balance accuracy and computational cost, 
as higher orders significantly increase processing time.

3.2.2.  Beamforming simulations
The scan zone, where the source is searched, is a grid of 180 × 90 points distributed equally along the azimuth angle and the 

colatitude angle at a distance 𝑟𝑙 =2m. The grid density ensures an accurate representation of the main lobe, even for off-grid source 
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Fig. 2. A total of 318,240 acoustic images is generated from combinations of frequencies, SMA designs, and algorithms.

Fig. 3. Illustrative acoustic images displayed with an adapted color scale for positive values, enabling direct discussion of the absolute MLD 
criterion, with (a) MLD=0.0 dB and (b) MLD=4.7 dB. Moreover, in (b), the mainlobe is offset by more than 5◦ from the expected position (green 
cross), indicating a source localization error due to spatial aliasing. Note that a high MLD alone does not necessarily imply a localization error. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Illustrative acoustic images with (a) a narrow mainlobe with weak sidelobes, resulting in a SAR of 5%, and (b) a wide mainlobe covering 
the image, resulting in a SAR of 50% (exceeding the 30% threshold).

locations. The acoustic image is then obtained with the CBF or SHB algorithms, respectively. A total of 318,240 acoustic images are 
generated (see Fig. 2). Consequently, according to the numerical method, the resulting images can be considered the point spread 
function of the SMA.

3.3.  Performance criteria

To facilitate comparison across different frequencies and array sizes, the results are presented in terms of the dimensionless 
parameter 𝑘𝑟𝑎. This parameter represents the product of the wavenumber 𝑘=2𝜋𝑓∕𝑐 and the array radius 𝑟𝑎, simplifying the analysis 
by enabling a direct comparison between different array radii and operating frequencies. The parameter 𝑘𝑟𝑎 can be interpreted as 
follows: for low values of 𝑘𝑟𝑎, typically between 0 and 1.5, a low-frequency range is considered, corresponding to small SMAs relative 
to the wavelength. Intermediate values of 𝑘𝑟𝑎, ranging from 1.5 to 6, correspond to mid-frequencies. High values of 𝑘𝑟𝑎, from 6 to 16, 
indicate a high-frequency range and are typically obtained with large SMAs relative to the wavelength. Table A.1 (see Appendix A) 
provides a reference for converting 𝑘𝑟𝑎 to physical values of frequency and radius, helping to estimate the practical operational range 
of the array.

The influence of the SMA designs is first analyzed using the mainlobe level difference (MLD, Section 3.3.1), the solid angle ratio 
(SAR, Section 3.3.2), and the mainlobe-to-sidelobe ratio (MSR, Section 3.3.3). Lastly, the effect of the number of microphones, ranging 
from 16 to 64, on the MSR distribution is evaluated using boxplots. This last analysis is conducted with a linear 𝑘𝑟𝑎 step of 0.05, 
considering the minimum, maximum, and mean MSR values.
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Fig. 5. Illustrative acoustic images with (a) a mainlobe with one weak sidelobe, resulting in an MSR of 10.9dB (> 6dB), and (b) a mainlobe with 
many strong sidelobes, resulting in an MSR of 2.8dB (< 6dB).

Fig. 6. MLD obtained with the CBF algorithm and open SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets, respectively (see Table 1).

3.3.1.  Mainlobe level difference (MLD)
For a monopole source, an acoustic image is a combination of a desired mainlobe and undesired sidelobes. The mainlobe indicates 

the source position, while the sidelobes are artifacts due to the SMA geometry and the selected algorithm. The mainlobe peak value 
provides the strength level of the source, and the MLD criterion serves as an indicator of the error in the estimated strength level [1,9,
28]. The estimated strength level 𝐿𝑒 is based on the maximum over the diagonal elements of 𝐀 (see Eq.  (1)): 𝐿𝑒 =10 log10

(

max
(

𝐀𝑙𝑙
))

. 
Therefore, 𝐿𝑒 corresponds to the peak value of the acoustic image. The reference strength level, designated as 𝐿𝑟, is calculated as 
𝐿𝑟 =10 log10

(

𝑎2
)

. The MLD is obtained by MLD= |𝐿𝑒 −𝐿𝑟|, where | ⋅ | denotes the absolute value. In the figures presented in the 
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Fig. 7. MLD obtained with the CBF algorithm and rigid SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets, respectively (see Table 1).

results section, when the estimated source position deviates by more than 5◦ in either azimuth or colatitude from the true position, a 
magenta dot is added to the plot to indicate a source localization error. Fig. 3 shows acoustic images illustrating the MLD criterion.

3.3.2.  Solid angle ratio (SAR)
In acoustic imaging, the nature of the mainlobe is crucial, as it is used to determine both the position of the sound source and 

the sound level. A narrower mainlobe enhances the accuracy of source localization. The mainlobe of a linear microphone array is 
characterized by its full width at half maximum (FWHM), measured from the peak value to the −3 dB point. With a 2D microphone 
array, the mainlobe can be characterized by its FWHM or area [17,51]. When using SMAs, the mainlobe may be characterized within 
a spherical representation. In an attempt to characterize the mainlobe, a criterion based on the solid angle Ω is used [52],

Ω =

𝜋

∫
−𝜋

1

∫
−1

𝜒(𝜙𝑙 , 𝜃𝑙) d(cos 𝜃𝑙)d𝜙𝑙 , (11)

where d denotes the differential operator, and 𝜒(𝜙𝑙 , 𝜃𝑙) is a binary mask that accepts only the pixels in the acoustic image, defined as,

𝜒(𝜙𝑙 , 𝜃𝑙) =

{

1 if the level is ≥−3dB from the peak value,
0 otherwise.

(12)

The solid angle is normalized by the total solid angle of a sphere (4𝜋), yielding the SAR, Ω=Ω∕4𝜋, expressed as a percentage. A 
sufficiently narrow mainlobe is defined as having a value of less than 30%, while a higher value indicates that the mainlobe is too 
wide (see Fig. 4). Even though the ability to separate two sources is not studied here, it can still be inferred from the data in relation 
to the size of the mainlobe (the smaller the mainlobe, the greater the separation capacity). In the figures presented in the results 
section, a magenta dot is added to the plot to indicate a source localization error greater than 5◦ in either azimuth or colatitude. In 
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Fig. 8. MLD obtained with the SHB algorithm and open SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets, respectively (see Table 1). Magenta 
dots indicate errors of +5◦ in the azimuth or colatitude angles between the mainlobe and the source position.

certain cases, sidelobes may contribute to the SAR if their level exceeds the −3dB threshold. The MSR, introduced previously, can 
reveal whether this occurs.

3.3.3.  Mainlobe-to-sidelobe ratio (MSR)
Sidelobes are one or more secondary peaks present in the acoustic image. The maximum level excluding the mainlobe is denoted 

𝐿𝑠. When a sidelobe exhibits a high level, it may be misinterpreted as an acoustic source, which is an undesired outcome. The MSR, 
defined by 𝐿𝑒 −𝐿𝑠, characterizes the algorithm’s ability to minimize the sidelobe relative to the mainlobe [4]. Local maxima were 
extracted using the peaks2 function in MATLAB [53], which provides improved detection of sidelobes compared to findpeaks. An 
MSR with a high value results from a low sidelobe level in the acoustic image [9], thus facilitating more accurate identification 
of the source [17]. An MSR below 6 dB is considered the threshold for rejecting an acoustic image (see Fig. 5). Accordingly, red 
dots are added in the figures in the results section to indicate configurations with MSR< 6dB. Magenta dots indicate cases where no 
sidelobes are detected and the MSR is therefore undefined. In such circumstances, the SAR provides a viable alternative for evaluating 
performance.

4.  Results

The influence of SMA designs on acoustic imaging is first evaluated with the 36⋆- and 50⋆-microphone sets, based on the MLD 
(Section 4.1), SAR (Section 4.2), and MSR (Section 4.3). Recall that the labels 36⋆ and 50⋆ are used as convenient designations for 
the microphone sets, although they do not reflect the exact number of microphones, which depends on the geometry (see Table 1). 
The selected SMA designs are then evaluated in Section 4.4 using the MSR distribution ranging from 16 to 64 microphones.
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Fig. 9. MLD obtained with the SHB algorithm and rigid SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets, respectively (see Table 1). Magenta 
dots indicate errors of +5◦ in the azimuth or colatitude angles between the mainlobe and the source position.

4.1.  Influence of the SMA design on the MLD

4.1.1.  MLD Obtained with CBF
Figs. 6 and 7 display the MLD obtained with the CBF for open and rigid SMAs, respectively, for all microphone geometries as a 

function of 𝑘𝑟𝑎. The MLD colorbar ranges from 0 to 3dB; the values outside this range are colored in white.
As illustrated in Fig. 6, the MLD for the open SMAs is close to zero. These results demonstrate that the geometry, across the 𝑘𝑟𝑎

range, has no effect on the MLD with the CBF and open SMAs for 36⋆ and 50⋆ microphones.
In Fig. 7, the MLD for rigid SMAs remains close to zero for 𝑘𝑟𝑎 < 1.5, indicating a negligible scattering effect within the low-

frequency range. For 𝑘𝑟𝑎 > 1.5, all MLD values increase, reaching 1dB for every geometry above 𝑘𝑟𝑎 =4. Above 𝑘𝑟𝑎 =4, geometries 
with 36⋆ microphones show a slight reduction in MLD compared to those with 50⋆ microphones. The Equi-Angle geometry with 36⋆
microphones yields a higher value of 2dB. The rigid type of SMA is known to induce scattering effects that perturb the acoustic field, 
increasing acoustic pressure at the front of the SMA while creating a shadow zone at the rear. This effect is not compensated by the 
CBF algorithm, as it relies on the free-field Green’s function, leading to inaccurate estimation of the source level with a rigid SMA. 
This discrepancy explains the differences observed between open and rigid SMAs.

No errors in mainlobe position were detected regardless of the array design or the number of microphones. In conclusion, the CBF 
exhibits better MLD performance with open SMAs than with rigid ones, as its steering vector is based on a free-field Green’s function. 
Therefore, the CBF will not be considered with rigid SMAs; henceforth, when the CBF is referenced, the SMA is presumed to be open.

4.1.2.  MLD Obtained with SHB
Fig. 8 and 9 display the MLD obtained with the SHB for open and rigid SMAs, respectively, for all geometries comprising the 36⋆- 

and 50⋆-microphone sets as a function of 𝑘𝑟𝑎. A deviation of the mainlobe from the expected source position with an angular error 
of 5◦, irrespective of azimuth or colatitude is represented by a magenta dot in the figures.
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Fig. 10. SAR obtained with the CBF algorithm and open SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets, respectively (see Table 1).

Fig. 8 illustrates the results obtained with the open SMAs. A deviation error of 5◦ is commonly observed due to sidelobes for 
𝑘𝑟𝑎 > 3. The overestimation of MLD observed at 𝑘𝑟𝑎 =5.8, 7, and 8.2 is attributed to a division by zero given by the Bessel function (see 
Eq.  (6)). For 𝑘𝑟𝑎 ≥ 5.8, no geometry with 36⋆ microphones achieves acceptable MLD values in the high-frequency range. Similarly, 
with 50⋆ microphones, no geometries achieve acceptable MLD values for 𝑘𝑟𝑎 ≥ 7, except for the B&K, which maintains acceptable 
performance up to 𝑘𝑟𝑎 =8.

Fig. 9 illustrates the results obtained with the rigid SMAs. Fewer magenta dots are present compared to the open SMAs, indicating 
that the source localization error is less prevalent. These are mainly observed for 𝑘𝑟𝑎 > 9 with the 36⋆-microphone geometries and for 
𝑘𝑟𝑎 > 12 with the 50⋆-microphone geometries. The MLD increases when there is a localization error. A variation of ±2dB in the MLD 
of the Equi-angle geometry at 𝑘𝑟𝑎 =3 and 𝑘𝑟𝑎 =4 is observed with the 36⋆- and 50⋆-microphone sets, respectively. This corresponds 
to 𝑁sup +1, of the Equi-angle geometry, showing its limit.

In conclusion, the SHB leads to a better MLD with rigid SMAs than with open ones, as there is no null value with the Bessel 
functions. The Equi-angle and Gauss-Legendre geometries yield the worst results, regardless of the number of microphones (36⋆ or 
50⋆) and the SMA type (open or rigid). The Spiral geometry is ineffective when used with an open SMA.

In contrast to the CBF, the SHB fails to estimate the reference level in the high-frequency range due to spatial aliasing, which 
typically occurs when 𝑘𝑟𝑎 >𝑁 +1. For the open case, the SHB is unable to consistently estimate the reference level beyond 𝑁max +1
(see Table 2). However, in the rigid case, the SHB can estimate the reference level beyond this threshold. Moreover, no angular error 
was observed in the previous results with the CBF. Such errors only appear with the SHB in the high-frequency range. Regardless 
of the SMA type, increasing the number of microphones naturally raises the maximum supported truncation order, leading to better 
results in the high-frequency range. In the following, only rigid SMAs are considered with SHB. Moreover, since the Equi-angle and 
Gauss-Legendre geometries provide the worst MLD with the SHB, they will not be considered in the following sections.
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Fig. 11. SAR obtained with the SHB algorithm and rigid SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets, respectively (see Table 1). Magenta 
dots indicate errors of +5◦ in the azimuth or colatitude angles between the mainlobe and the source position.

4.2.  Influence of the SMA design on the SAR

Figs. 10 and 11 display the SAR obtained with the CBF (open SMAs) and SHB (rigid SMAs) algorithms. Only the SAR values 
ranging from 0% to 30% are shown. Above 30%, ineffective source localization is likely to occur due to an excessively wide mainlobe. 
Again, magenta dots indicate source localization errors.

Fig. 10 indicates that with CBF, there is no significant difference between geometries or the number of microphones. Overall, 
the SAR exceeds the 30% threshold in the low-frequency range, below 𝑘𝑟𝑎 =1.3. When 𝑘𝑟𝑎 ≪ 1, the mainlobe is wide, which is a 
known limitation of the CBF. As 𝑘𝑟𝑎 increases, the SAR value decreases, reaching a mean value of 0.4% at 𝑘𝑟𝑎 =10. The absence 
of magenta dots in the figures indicates that there is no source localization error, and the mainlobe still aligns with the source
position.

Fig. 11 shows that with SHB, the SAR remains identical across different geometries at low 𝑘𝑟𝑎 and for different numbers of 
microphones (36⋆ and 50⋆). The SAR value is on average 19.4% for 𝑘𝑟𝑎 < 1 across all configurations and then decreases in a staircase 
pattern as 𝑘𝑟𝑎 increases. This is because the truncation order 𝑁 is selected as a function of 𝑘𝑟𝑎 (𝑁 = ⌊𝑘𝑟𝑎⌋+1), up to 𝑁max. The 
Efficient t-design for 36⋆ microphones and the L-design for both numbers of microphones miss one staircase step due to their low 
𝑁sup. However, the Maximum Determinant configuration with 36⋆ microphones does not miss this staircase step, even though its 
𝑁sup is comparably low. Once 𝑁 saturates, the SAR values stagnate up to 𝑘𝑟𝑎 =8 for the 36⋆-microphone set and up to 𝑘𝑟𝑎 =12 for 
the 50⋆-microphone set. These 𝑘𝑟𝑎 values correspond to the point at which localization errors begin to appear. The t-design also 
achieves the widest range without localization errors (up to 𝑘𝑟𝑎 =12 and 𝑘𝑟𝑎 =15, respectively). Localization errors coincide with an 
increase in SAR at high 𝑘𝑟𝑎, caused by the contribution of numerous emerging sidelobes due to spatial aliasing, exceeding the −3 dB
threshold.

In conclusion, the SAR is barely affected by the SMA geometry with the CBF across the entire 𝑘𝑟𝑎 range, similar to the SHB, except 
in the high-frequency range, where the truncation order (related to the number of microphones) plays an important role. A wide 
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Fig. 12. MSR obtained with the CBF algorithm and open SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets (see Table 1). The red dots correspond 
to MSR< 6dB, and black dots indicate that no sidelobes are present in the acoustic image. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)

mainlobe occurs at low 𝑘𝑟𝑎, while the mainlobe width reduces as 𝑘𝑟𝑎 increases. At high 𝑘𝑟𝑎, the SAR values may increase when using 
the SHB, due to the contribution of sidelobes. Increasing the number of microphones from 36⋆ to 50⋆ does not influence the SAR with 
the CBF. With the SHB, source localization errors decrease as the number of microphones increases, coinciding with the rise of the 
truncation order. The use of the CBF is not recommended below 𝑘𝑟𝑎 =1.3, as its SAR exceeds 30%. Instead, the SHB should be used 
for 𝑘𝑟𝑎 < 1 to obtain a smaller SAR.

4.3.  Influence of the SMA design on the MSR

Figs. 12 and 13 display the MSR obtained with the CBF (open SMAs) and SHB (rigid SMAs) algorithms, respectively. The MSR is 
plotted in the range [0, 24]dB for each geometry as a function of 𝑘𝑟𝑎. The higher the MSR, the better the performance. The limitation 
of this statement arises when there are no sidelobes left to define the MSR. In such instances, a black dot indicates both a unique 
and likely wide mainlobe, as shown in Fig. 12 for 𝑘𝑟𝑎 < 2. If the MSR is less than 6dB, the sidelobe level is considered too high, as 
indicated by a red dot in the plot.

In Fig. 12, the MSR values with the CBF exceed 24dB for 𝑘𝑟𝑎 < 2, and are associated with an absence of identifiable sidelobes, due to 
a wide mainlobe spanning the majority of the acoustic image (SAR above 30%, see Fig. 10). Above 𝑘𝑟𝑎 =2, the MSR stabilizes around 
13.2dB over an extended 𝑘𝑟𝑎 range before gradually decreasing for all geometries. Among them, the Equi-angle and Gauss-Legendre 
geometries, for the 36⋆- and 50⋆-microphone sets, show sidelobes at 𝑘𝑟𝑎 =2, whereas sidelobes emerge for the other geometries 
around 𝑘𝑟𝑎 =1.7. This shift in sidelobe visibility does not indicate a significant improvement, since the MSR remains high and the 
mainlobe is still as wide as for the other geometries (see Fig. 10). Moreover, after this point, these geometries exhibit the steepest 
decrease in MSR values, indicating a faster degradation compared to the other configurations. When using the 36⋆-microphone set, 
most geometries exhibit MSR values below 6dB for 𝑘𝑟𝑎 > 6, except for the Spiral and B&K geometries. These two geometries maintain 
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Fig. 13. MSR obtained with the SHB algorithm and rigid SMAs for the (a) 36⋆- and (b) 50⋆-microphone sets (see Table 1). The red dots correspond 
to MSR< 6dB. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

MSR values above this threshold, with minimum MSR values of 6.4 and 6.1, respectively, up to 𝑘𝑟𝑎 =14 and across the entire 𝑘𝑟𝑎
range. The Equi-angle and Gauss-Legendre geometries show inferior performance, as they exhibit MSR values below 6dB, at 𝑘𝑟𝑎 as 
low as 4 and 5, respectively. Increasing the number of microphones, from 36⋆ to 50⋆, significantly modifies the MSR values. Eight 
geometries now exhibit similar performance, with high MSR values over the range 𝑘𝑟𝑎 = [2, 14]: Fliege, t-design, Packing, Efficient 
t-design, Fibonacci, and Spiral geometries. Minimum Energy and Maximal Volume show inferior performance with MSR values below 
6dB from around 𝑘𝑟𝑎 =7 and higher.

Fig. 13 shows that for 𝑘𝑟𝑎 < 2, the SHB algorithm exhibits reduced sidelobes compared to the CBF. As a reminder, at this 𝑘𝑟𝑎, 
the SHB algorithm also exhibits a narrower mainlobe, whereas the CBF’s mainlobe covers the entire acoustic image. The MSR is 
above 6dB for 𝑘𝑟𝑎 ∈ [0, 1] and increases by 3dB per unit of 𝑘𝑟𝑎 up to 𝑘𝑟𝑎 =3 for most geometries, as the truncation order increases. 
Above 𝑘𝑟𝑎 =3, the MSR values depend on the individual geometry then gradually decrease, reaching values below 6dB (indicated 
by red dots in the figure). For example, for the Minimum Energy geometry with 50 microphones, the MSR values are approximately 
[6, 9.6, 12, 14, 16]dB across successive staircase levels. For the 36⋆-microphone sets, the Covering and B&K geometries show an MSR 
below 6dB at 𝑘𝑟𝑎 ≤ 1. The Efficient t-design and Fibonacci geometries show the smallest and largest 𝑘𝑟𝑎 range above the 6dB threshold 
up to 6 and 8, respectively. For the 50⋆-microphone set, the MSR range above 6dB is more extended than in the previous set. The Lebe-
dev geometry provides the widest range above 6dB, extending up to 𝑘𝑟𝑎 =10.5, whereas the Spiral has the smallest range, reaching up
to 𝑘𝑟𝑎 =8.5.

In conclusion, the geometries have a considerable influence on the MSR. Increasing the number of microphones shows an im-
provement in the usable 𝑘𝑟𝑎 range for each geometry. CBF is not applicable for 𝑘𝑟𝑎 < 2, and SHB should be used instead below this 
threshold. The MSR values increase as the truncation order increases. From 𝑘𝑟𝑎 =2 to 3, the MSR values are higher with the CBF 
than with the SHB (by approximately 1 dB). From 𝑘𝑟𝑎 =3 to 4, SHB gives higher MSR values than CBF (again by approximately 1dB), 
except for Spiral with 36⋆ microphones. This is also observed for 𝑘𝑟𝑎 =4 to 5 except for t-design and Spiral.
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Fig. 14. MSR distribution obtained with the CBF algorithm and open SMAs (full set), as a function of the number of microphones 𝑄: (a)  t-
design, (b)  Min. Ener., (c)  Packing, (d)  Covering, (e)  Max. Vol. and (f)  Spiral. Gauss-Leg. Lebedev The horizontal dotted 
line corresponds to MSR=6dB.

4.4.  Influence of the SMA design on the MSR distribution

In the previous section, the MSR was analyzed as a function of 𝑘𝑟𝑎 using the 36⋆- and 50⋆-microphone sets. In this section, the 
MSR is examined as a function of the number of microphones, ranging from 16 to 64. The MSR values are summarized using a boxplot, 
where the central symbol represents the arithmetic mean MSR, and the upper and lower edges indicate the minimum and maximum 
MSR values, respectively. The MSR values are evaluated over a 𝑘𝑟𝑎 range defined by previously observed limitations from 𝑘𝑟𝑎 =2 (set 
by the CBF with an open SMA, where the mainlobe is too wide and covers the majority of the acoustic image) to 𝑘𝑟𝑎 =8 (set by the 
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Fig. 15. MSR distribution obtained with the CBF algorithm and open SMAs (limited set), as a function of the number of microphones 𝑄: (a)  Eq.-
Angle,  Gauss-Leg.,  Lebedev, (b)  Fliege,  B&K, (c)  Eff. t-design,  L-design and (d)  Max. Det. and  Fibonacci. 
The horizontal dotted line corresponds to MSR=6dB.

SHB with a rigid SMA, as most MSR values drop below 6dB beyond this 𝑘𝑟𝑎). A horizontal dotted line at MSR=6dB is included in 
the Figs. 14 to 17 as a reference threshold. Ideally, the minimum MSR values should remain above this threshold, as values below 
6dB are considered to indicate ineffective beamforming performance. A high maximum MSR value indicates strong performance. An 
optimal configuration is characterized by a narrow min-to-max MSR range and a minimal number of microphones.

4.4.1.  MSR Distribution with CBF
The results for the full set of geometries are shown in Fig. 14. Overall, all geometries follow the same general trend: as the 

number of microphones increases, the minimum and mean values rise, the maximum value stabilizes at 14dB, and the min-to-max 
range narrows. However, this trend is not strictly monotonic, as increasing the number of microphones does not always yield better 
performance. For example, with the t-design geometry, at least 28 microphones are required for the minimum to exceed the 6dB
threshold. However, increasing the number of microphones to 32, 36, 42, or even 50 does not improve performance. The narrowest 
optimal min-to-max range with this geometry is achieved with 62 microphones, though comparable performance is obtained with 48
microphones, allowing a 25% reduction in the number of microphones. Among the other geometries, the Spiral is the most efficient, 
maintaining MSR values above 6dB from 28 to 64 microphones. The narrowest min-to-max range for this geometry occurs at 60
microphones. Conversely, the Maximal Volume and Minimum Energy geometries perform the worst.

The results for the limited set of geometries are displayed in Fig. 15. The minimum MSR value for the Equi-Angle, Gauss-Legendre, 
and Lebedev geometries requires at least 50 microphones to exceed the 6dB threshold. In contrast, Fliege and B&K geometries 
achieve comparable performance with only 36 microphones. The Efficient t-design and L-design geometries are less effective than 
the Maximum Determinant and Fibonacci geometries. Notably, the Fibonacci geometry surpasses the 6dB threshold with just 25
microphones. The narrowest min-to-max range is obtained with the Maximum Determinant geometry when using 64 microphones.

To conclude, increasing the number of microphones helps reduce sidelobe levels; however, this reduction is not monotonic and is 
highly dependent on geometry. Certain geometries, such as Maximal Volume and L-design, are not well suited for use with the CBF, 
whereas the Spiral geometry, with 𝑄≥ 28, consistently provides array configurations with high minimum MSR values. This conclusion 
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Fig. 16. MSR distribution obtained with the SHB algorithm and rigid SMAs (full set), as a function of the number of microphones 𝑄: (a)  t-
design, (b)  Min. Ener., (c)  Packing, (d)  Covering, (e)  Max. Vol. and (f)  Spiral. The horizontal dotted line corresponds to 
MSR=6dB.

must, however, be interpreted within the context of the selected 𝑘𝑟𝑎 range. The presence of sidelobes reduces both the lower edge of 
the boxplot and the mean. With 64 microphones, MSR values are generally higher than with fewer microphones, leading to a natural 
upward shift and contraction of the box interval.

4.4.2.  MSR Distribution with SHB
Fig. 16 presents the results for the full set of geometries. Again, the overall trend mirrors that observed with the CBF: the minimum, 

mean, and maximum values rise, and the min-to-max range becomes narrower as the number of microphones increases. Nevertheless, 
some geometries achieve a higher minimum value with fewer microphones. For instance, with the t-design geometry, the first mini-
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Fig. 17. MSR distribution obtained with the SHB algorithm and rigid SMAs (limited set), as a function of the number of microphones 𝑄: (a)  Eq. 
Angle,  Gauss-Leg.,  Lebedev, (b)  Fliege,  B&K, (c)  Eff. t-design,  L-design and (d)  Max. Det. and  Fibonacci. 
The horizontal dotted line corresponds to MSR=6dB.

mum value exceeding the 6dB threshold requires only 25 microphones. Additionally, the minimum value observed for 25 microphones 
surpasses those of 26, 32 to 38, and 42 microphones. The highest maximum value for the t-design geometry is also observed with 25
microphones. The highest minimum value is achieved with 64 microphones, while 60 microphones provide similar performance with 
a higher mean, and 48 microphones yield comparable results, offering a 25% reduction in the number of microphones. The t-design 
geometry produces the greatest number of minimum values above the 6dB threshold, followed by Packing and Maximal Volume. 
The Packing geometry exceeds the 6dB threshold with just 32 microphones. Conversely, the Minimum Energy and Spiral geometries 
perform the worst, yielding the fewest MSR values above the 6dB threshold.

Fig. 17 displays the results for the limited set of geometries. The Equi-Angle and Gauss-Legendre geometries yield the worst results, 
as none of the tested configurations exceeds the 6dB threshold. The Lebedev geometry achieves the best performance within this 
set using 50 microphones. In contrast, the B&K geometry exhibits lower performance with 50 microphones compared to the Fliege 
geometry with 49 microphones. Nevertheless, the Fliege and B&K geometries are less effective than the Efficient t-design and L-design 
geometries, which require at least 42 and 48 microphones, respectively, to exceed the threshold. The Maximum Determinant geometry 
outperforms the Fibonacci geometry at 49 microphones.

To conclude, increasing the number of microphones contributes to lowering sidelobe levels; however, this decrease is neither 
monotonic nor uniform and strongly depends on the geometry. Some geometries, like Equi-Angle and Gauss-Legendre, are ineffective 
with SHB, whereas the t-design geometry yields the best results.

4.5.  Discussion

The use of microphone arrays in professional environments involves specific constraints, particularly in terms of compactness and 
cost. These limitations restrict the feasible choices for the array radius and the number of microphones (see Table A.1 for a conversion 
of the 𝑘𝑟𝑎 values). Among the three evaluation criteria, the MSR is the most restrictive, as it validates a narrower operational range 
compared to the SAR and MLD criteria.
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In this noise-free scenario, SHB is recommended in the low-frequency range (𝑘𝑟𝑎 ∈ [0, 1.5]), as it provides a mainlobe width below 
30% of SAR and an MSR greater than 6dB. However, in noisy conditions, this performance may be overly optimistic, since noise 
increases sidelobe levels, which can be mitigated by regularization. In the mid-frequency range (𝑘𝑟𝑎 ∈ [1.5, 6]), either CBF or SHB 
can be used. In the high-frequency range (𝑘𝑟𝑎 ∈ [6, 16]), both algorithms can be recommended, but a large number of microphones is 
required to achieve usable MSR as 𝑘𝑟𝑎 increases. When facing specific requirements in terms of source frequency range, array radius, 
geometry, or beamforming algorithm, the user may check the behavior of non-targeted parameters. For example, for an SMA with a 
radius of 0.10m, the low-frequency range sets a frequency limit of around 800Hz, where SHB with a rigid array is recommended. In 
the mid-frequency range, the applicable range is [800, 3150]Hz, and the Fliege geometry with 36 microphones can be recommended. 
Beyond this frequency, the Fliege geometry yields an MSR below 6dB. Alternatively, the CBF algorithm with B&K geometry and an 
open array can be recommended from a mid- to high-frequency range with 36 microphones. Note that, for a fixed 𝑘𝑟𝑎 value, doubling 
the array radius corresponds to halving the frequency.

Finally, the comparative analysis over the 𝑘𝑟𝑎 range [2, 8] in Section 4.4 shows that the CBF algorithm, when combined with a 
Maximal Volume geometry comprising 64 microphones, yields the smallest variance. A viable alternative requiring fewer microphones 
is the 49-microphone Spiral or the 48-microphone t-design geometry. For configurations involving fewer than 36 microphones, the 
28-microphone t-design geometry remains a robust option. With the SHB algorithm, the most consistent MSR performance across the 
investigated 𝑘𝑟𝑎 range is achieved using either the Efficient t-design or the Minimum Energy geometry with 48 microphones. When 
using fewer than 36 microphones, the t-design geometries with 25 or 28 microphones are recommended.

5.  Conclusion

The study of spherical microphone arrays (SMAs) has gained significant attention in recent years, with numerous designs proposed 
in the literature. Many SMA designs have been studied in the literature, but a comprehensive performance analysis using CBF and 
SHB has been lacking. This study addresses this gap by systematically comparing various SMA geometries based on the dimension-
less parameter 𝑘𝑟𝑎 and the number of microphones. The evaluation is conducted using objective criteria, including mainlobe level 
difference, mainlobe width (solid angle ratio), and mainlobe-to-sidelobe ratio, providing insights for practical applications and future 
research. The results of this study can be used to guide the selection of an optimal SMA for an application, considering constraints 
on array size and the number of microphones.

Acoustic images were obtained by numerical simulations of the sound field generated by a monopole source in free-field conditions. 
The SMAs of interest were either open or rigid. The aforementioned instrumental criteria were used to quantify the performance of 
the acoustic images obtained with either exactly 36 and 50 microphones, or with the closest available numbers, as a function of 𝑘𝑟𝑎
ranging from 0.1 to 16. Furthermore, acoustic images were analyzed using the mainlobe-to-sidelobe ratio distribution of the data as 
a function of the number of microphones ranging from 16 to 64.

Based on the mainlobe level difference, open SMAs are recommended for CBF, as they avoid errors in source-strength estimation 
caused by scattering at the microphone body of rigid SMAs. By contrast, with the SHB algorithm, rigid SMAs are generally recom-
mended because open SMAs, without additional processing or modifications to the array layout, induce significant localization errors 
due to numerical instabilities. Additionally, the Equi-Angle and Gauss-Legendre geometries are not recommended for use with SHB, 
as their performance is less effective than that of the other geometries with comparable numbers of microphones.

Based on the mainlobe level difference and the solid angle ratio, the results of the CBF algorithm with an open SMA remain consis-
tent across various geometries, unlike those of the SHB with a rigid SMA. According to the solid angle ratio, CBF is not recommended 
for 𝑘𝑟𝑎 < 1.3, where the mainlobe occupies more than 30% of the acoustic image. Instead, SHB should be used at these 𝑘𝑟𝑎 values 
to achieve a narrower mainlobe when filter regularization can be omitted due to the absence of measurement noise. Increasing the 
number of microphones from 36⋆ to 50⋆ improves performance at higher 𝑘𝑟𝑎 values.

According to the analysis of the mainlobe-to-sidelobe ratio distribution, with CBF and open SMAs, the Spiral or t-design geometry 
is recommended, as they achieve the highest minimum mainlobe-to-sidelobe ratios. With SHB, a geometry with equidistantly placed 
microphones is recommended, which is obtained with the t-design. The optimal choice always depends on a trade-off between radius 
constraints, target frequency, and the number of microphones.

The provided source code would allow further assessments of the beamforming methods in more practical acoustic scenarios 
involving multiple sound sources and sensor or environmental noise.

Declaration of generative AI and AI-assited technologies in the writing process

During the preparation of this work, the authors used ChatGPT in order to improve language and readability. After using this tool, 
the authors reviewed and edited the content as needed and take full responsibility for the content of the publication.

CRediT authorship contribution statement

Kévin Rouard: Writing – review & editing, Writing - original draft, Visualization, Validation, Software, Methodology, Investiga-
tion, Formal analysis, Data curation, Conceptualization; Julien St-Jacques: Writing – review & editing; Loïc Forma: Writing – review 
& editing; Loic Boileau: Writing – review & editing; Franck Sgard: Writing – review & editing, Validation, Supervision, Resources, 
Project administration, Funding acquisition; Olivier Doutres: Writing – review & editing, Validation, Supervision, Resources, Project 
administration, Funding acquisition; Nicolas Quaegebeur: Writing - review & editing; Hugues Nélisse: Writing - review & editing;

Journal of Sound and Vibration 642 (2026) 119951 

21 



K. Rouard et al.

François Grondin: Writing – review & editing; Thomas Padois: Writing – review & editing, Validation, Supervision, Resources, 
Project administration, Funding acquisition, Conceptualization.

Data availability

Data and codes are mentioned in the manuscript.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. 

Funding

This research was supported by the Institut de recherche Robert-Sauvé en santé et en sécurité du Travail (grant number 2018-0026) 
and Mitacs (IT25827).

Appendix A. 

Table A.1 provides the conversion of the dimensionless number 𝑘𝑟𝑎 into frequency and radius. To read this table, the reader may 
choose a frequency and radius to find the corresponding 𝑘𝑟𝑎 value at the intersection of the two values. The results of acoustic imaging 
with the same ratio 𝑘𝑟𝑎 are identical. For example, an acoustic image with an SMA geometry of radius 𝑟𝑎 =0.40m at 200Hz is identical 
to one with the same geometry at radius 𝑟𝑎 =0.10m at 800Hz.

Table A.1 
The dimensionless number 𝑘𝑟𝑎 is defined as the 
product of the radius 𝑟𝑎 and the wavenum-
ber 𝑘=2𝜋𝑓∕𝑐, where 𝑓 is the frequency and 
𝑐 =343ms−1 is the speed of sound.
𝑘𝑟𝑎  Radius (m)
 Frequency (Hz)  0.04  0.10  0.20  0.40
 200  0.15  0.37  0.73  1.47
 250  0.18  0.46  0.92  1.83
 315  0.23  0.58  1.15  2.31
 400  0.29  0.73  1.47  2.93
 500  0.37  0.92  1.83  3.66
 630  0.46  1.15  2.31  4.62
 800  0.59  1.47  2.93  5.86
 1000  0.73  1.83  3.66  7.33
 1250  0.92  2.29  4.58  9.16
 1600  1.17  2.93  5.86  11.72
 2000  1.47  3.66  7.33  14.65
 2500  1.83  4.58  9.16  18.32
 3150  2.31  5.77  11.54  23.08
 4000  2.93  7.33  14.65  29.31
 5000  3.66  9.16  18.32  36.64
 6300  4.62  11.54  23.08  46.16
 8000  5.86  14.65  29.31  58.62
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