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Abstract 

The reliability assessment of large rotating structures like hydroelectric Francis runners is often limited by our capacity to define 
a proper limit state combined with a relevant degradation model. In this paper, we propose that the proper limit state for fatigue 
reliability of such structures is the onset of high cycle fatigue (HCF). Based on this premise, a prior interval for our limit state 
based on available literature is presented. The prior assumptions are believed to be the first step toward validation of the 
applicability and suitability of the proposed model. The paper includes an overview of the theoretical background for reliability 
assessment of Francis turbine runners, the methodology used, and the results obtained from the information gathered from the 
available literature. 
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1. Introduction 

The capacity to define a proper limit state combined with a relevant degradation model is essential to the 
reliability assessment of large rotating structures such as hydroelectric Francis runners. Large Francis runners have a 
high downtime cost which limits inspection frequency. Since these structures can sustain a significant amount of 
damage without any safety issues, the main concerns are usually repair and downtime losses. Hence, for Francis 
runners, a crack needs to be repaired as soon as possible to minimize repair costs. Concurrently, the time between 
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inspections must be maximized to reduce downtime. Combined, the inspection difficulty and long inspection interval 
leads to cracks that reach a detectable size only after the onset of High Cycle Fatigue (HCF).  

 
Nomenclature 

a  crack length 
0a  crack length at which the fatigue limit and the LEFM threshold cross 
1a  crack length at which behaviour deviate from the fatigue limit behaviour 
2a  crack length at which behaviour deviate from the LEFM threshold behaviour 

)(xf X  joint density function 
)(xg  limit state 

N  number of cycles 
StartupN  number of startup per day 
SNLN  number of regime change from maximum opening to SNL per startup 

p  position of the defect 
R  stress ratio 
t  time 
x   an n-dimensional vector of random variables 

)(aY   stress intensity correction factor for a given geometry 
K   stress intensity factor 

thK  stress intensity factor of the LEFM threshold 
onsetK  stress intensity factor of the HCF onset  
  stress cycle range 

0  fatigue limit 
LCF  stress cycle range of the LCF loading component 
HCF  stress cycle range of the HCF loading component 
Shutdown stress cycle range of the shutdown transient 
SNL  stress cycle range of the regime change from maximum opening to SNL 
Startupstress cycle range of the startup transient  

 
The HCF onset is defined in this paper as the contribution to crack propagation of small amplitude stress cycles 

which are different from the high amplitude LCF cycles irrespective of their frequency [1]. We are faced with the 
following dilemma: if the HCF onset has occurred, longer time between inspections leads to a longer crack; yet, if an 
inspection is made before the HCF onset, we incur downtime and maintenance costs with limited and incomplete 
information on the state of the structure. Therefore, typical fatigue limit like the one derived from an SN curve or the 
detection of critical crack length are not suitable as they do not adequately reflect this reality and might result in 
excessive maintenance costs. 

To circumvent these difficulties, we propose the use of the HCF onset as the limit state for reliability assessment. 
This approach relies on two assumptions:  
 
 After the HCF onset, significant crack growth will be induced, the crack will become easily detectable and crack 

length will be linked to the time of operation rather than being a function of the number of Low Cycle Fatigue 
(LCF) events;  

 If significant growth is expected, a crack needs to be repaired as soon as possible to minimize cost. 
 

The thresholds below which the HCF loading does not contribute to crack propagation can be represented using 
the Kitagawa diagram [2]. This diagram combines two limits: the threshold for fatigue crack growth as define in the 
framework of Linear Elastic Fracture Mechanics (LEFM) and the fatigue limit for a given number of cycles which 
we assume to be 1E+07 cycles for material exhibiting an endurance limit. It should be noted that this diagram can 
also be extended to include more parameters such as notch effects and multi-axial criteria [3]. The methodology 
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developed [4] uses the limits formed by the Kitagawa diagram and the El Haddad correction factor [5] which 
accounts for short crack behavior as the limit state for the reliability assessment of large Francis turbine runners.

The paper is structured as follows: first we present our case study which is a run-of-ff the-river hydroelectric
facility located in Quebec, Canada. Then, we describe the limit state used for reliability assessment followed by
prior assumptions and discussion of the results obtained.

2. Hydroelectric Francis runner

Our case study is based on the Francis runner from a run-of-ff the-river hydroelectric facility in Quebec, Canada. 
This specific turbine runner was chosen because in situ measurements combined with historical operational data
were both available. In this study, the studied location is a cutout near the runner crown present on each blade. This 
location was instrumented with strain gauges as shown in Figure 1.

The flaw geometries generally expected for such structures are either surface flaws or embedded flaws, as shown
in Figure 2a. However, in our particular case, the critical zone is near the edge of the blade inside the cutout region.
As a result, corner flaw geometry is a more representative geometry as shown in Figures 2b and 2c. In this paper,
however, only the corner flaw in Figure 2c is studied in order to limit the number of random parameters considered.
In this paper, the flaw stress intensity correction factor   and crack growth data are taken from the BS7910:2005 [6].

A typical combined LCF+HCF loading is composed of an LCF component having a stress range LCFL and a
HCF component having a stress range HCFH , as shown in Figure 3a. Such a representation approximates the strain
measured during a typical loading sequence (Figure 3b) if the startup and shutdown are neglected.

  

Fig. 1. Francis runner diagram. (a) Overall view of the runner; (b) Detailed view of the measured location.

Fig. 2. Flaw geometries. (a) Typical surface and embedded flaw;yy (b) Corner embedded flaw; (c) Corner flaw.
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Fig. 3. (a) Schematic representation of combined LCF+HCF loading; (b) Measured loading during a typical loading sequence

Fig. 4. Crack propagation comparison for HCF/LCF loading.

An example of the effect of the HCF loading compared to LCF crack growth is presented in Figure 4. We
observed in this figure, using typical LEFM methodology from the BS7910:2005 [6], that the crack propagation 
results for LCF only, and combined LCF+HCF loading, are similar until the moment where the HCF component
reaches the threshold for crack propagation. After this moment, the crack growth speed rises rapidly for the
combined LCF+HCF loading.  

However, transients like the one observed during startup have a significant influence on life expectancy, and are 
directly related to the control scheme used [7]. Hence, these transients need to be included in the load spectrum. A
representation of the load spectrum used is shown in Figure 5 and the parameter values are presented in Table I. The
load spectrum parameter values are considered representative of the strain range observed in the cutout location.
Only two of the parameters are considered random: the initial defect size a and HCF stress range HCFH . Both 
parameters have an extreme value distribution and, even if their parameters values are plausible, they were chosen
arbitrarily for illustrative purposes.

https://www.researchgate.net/publication/252556909_Impact_of_startup_scheme_on_Francis_runner_life_expectancy?el=1_x_8&enrichId=rgreq-7a94f95c6f19d57a3ee144676a5f9d89-XXX&enrichSource=Y292ZXJQYWdlOzI3MDkxNzcwODtBUzoyNzYyMjAzMTUxNzI4NjRAMTQ0Mjg2NzQ2MzM2OA==
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Fig. 5. Case study load spectrum.

Fig. 6. (a) Schematic Kitagawa diagram; (b) Representation of the reliability problem.

                                         Table 1. Case study parameter values.

Parameters Location Scale Distribution type Units

a 1.5 0.5 Gumbel mm

HCFH 26.0 1.0 Gumbel MPa

Startup 70.0 - - MPa

Shutdown 120.0 - - MPa

SNL 100.0 - - MPa

StartupNS 0.232 - - Day−1

SNLNS 3 - - Startup−1

3. Limit state for HCF onset

For the reliability assessment of a structure, we need the following: a properly defined limit state model, a
reliability criterion, and characterized uncertainty sources. In this study, the limit state is the HCF onset as proposed
by Gagnon et al. [4]. This limit state is defined as the thresholds proposed by Kitagawa and Takahashi [2] combined 
with the correction factor developed by El Haddad et al. [5]. In this limit state, the El Haddad correction factor 
accounts for short crack growth by asymptotically matching the LEFM threshold and the fatigue limit. This limit 
state, commonly called the Kitagawa diagram, is shown in Figure 6a, and the uncertainties associated with the
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parameters of the reliability problem are shown in Figure 6b. Notice the a1 and a2 points which represent the actual 
divergence from the fatigue limit and the LEFM thresholds where the El Haddad correction offers a conservative 
approximation [8]. 

In the Kitagawa diagram, the limit formed by the LEFM threshold is obtained from the stress intensity factor 
solution defined as follows: 

)(aYaK    (1) 

where K  is the stress intensity factor,  is the stress cycle range, a  is the crack length and )(aY  is the stress 
intensity correction factor for a given geometry. The limit state equation is obtained by replacing K  by the LEFM 
threshold thK  in Eq. (1), which is rewritten as follows: 

)(aYa

Kth
th    (2) 

To capture short crack growth, El Haddad et al. [5] proposed to asymptotically match the limits defined by 
LEFM and the fatigue limit 0  using the reference crack length 0a  as a correction factor. The correction factor 0a  
is added to the crack length a  in Eq. (2) to obtain: 

)()( 00 aaYaa

Kth
th    (3) 

where the constant 0a  represents the transition between both limits, and is obtained by solving the following 
equation: 

2

00
0 )(

1
aY

K
a th     (4) 

For infinite life, 0  is the endurance limit. However, in cases where the limit for a finite number of cycles N  is 
of interest, the number of stress cycles N  can be accounted for by using the fatigue strength at N  cycles rather than 
the endurance limit. Furthermore, it is relevant to note that all the parameters in Eq. (3) and Eq. (4) can be 
considered as independent random variables.  

Finally, the criterion for failure needs to be expressed as follows: 

0)(xg    (5) 

with a probability of failure: 

0)(

)(

xg

Xf dxxfP    (6) 

in which, x  is an n-dimensional vector of random variables with a joint density function )(xf X . Using Eq. (3) as the 
limit state, )(xg  becomes: 

)()(
),(

00 aaYaa
K

ag onset   (8) 
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If we consider a crisp limit state, our reliability model has two uncertainty sources: the defect size and the HCF 
stress range HCF . However, as stated by Hall and Lawry [9] “… the distinction between ‘failed’ and ‘not failed’ 
states is seldom as crisp as the formulation of the limit state function suggests.”  

4. Prior limit state 

Our objective is to define a range inside which we expect the limit state for the HCF onset to be located. The 
intervals obtained constitute prior assumptions which depend on the authors’ opinions and information available. As 
such, they constitute priors that could be updated using Bayesian statistics to obtain less subjective posterior values 
[10]. Our limit state depends on two parameters: onsetK  and 0 . Given that we currently don’t have data for 

onsetK , we will assume thonset KK  for our prior. We present the data available in the literature for material 
similar to ASTM A-743 CA-6NM typically used for turbine runners in Table 2 and 3. This data constitutes the 
information available to establish our prior limit state interval.  

              Table 2. Threshold thK  values from literature. 

thK  [MPa·m½] Description Source 

4.5 ASTM A-743 CA-6NM in water at R=0.1 Lanteigne et al.   [11] 

4.5 S41500, R=0.1, Air Lanteigne et al.   [12] 

5.4 Cast SS 13Cr-4Ni, R=0.05, Water Tanaka [13] 

2.2 Cast SS 13Cr-4Ni, R=0.7, Water Tanaka [13] 

3.4 Cast SS 13Cr-5Ni, R=0, Dry Air Usami and Shida [14] 

6.0 Cast SS 13Cr-5Ni, R=0, Air Usami and Shida [14] 

5.1 Cast SS 13Cr-5Ni, R=0, Water Usami and Shida [14] 

2.3 Cast SS 13Cr-5Ni, R=0.5, Dry Air Usami and Shida [14] 

3.7 Cast SS 13Cr-5Ni, R=0.5, Air Usami and Shida [14] 

3.9 Cast SS 13Cr-5Ni, R=0.5, Water Usami and Shida [14] 

2.6 Cast SS 13Cr-5Ni, R=0.8, Water and Air Usami and Shida [14] 

2.0 Steels, including austenitic in air or other non-aggressive 
environments up to 100 °C British Standards Institute [6] 

2.0 ≤ thK ≥ 6.0-5.56R Steel Hobbacher [15] 

 
The values presented in Table 2 are taken from sources using different experimental protocols and 

methodologies. Among them, we also listed values from standards organizations and international body 
recommendations. The experimental data available do not allow us to define a most probable value or the 
probability distribution within this interval. Accounting for residual stress, we expected the HCF loading stress ratio 
to be around R = 0.7. The lowest reported value for that stress ratio is thK = 2.2 by Tanaka [13]. However, both the 
BS7910:2005 [6] and the International Institute of Welding [15] recommend thK = 2.0 as the lowest expected value 
for high stress ratio. Given the data available, thK = 2.0 is considered as the lowest expected value for the HCF 
onset. On the other hand, we observe that the highest measured value is thK = 6.0 at R = 0 reported by Usami and 
Shida [14] Accounting for some uncertainty, we can define the onsetK  prior at R ≥ 0.5 to be within the interval 
[2.0, 6.0] MPa·m½. 
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Table 3. Fatigue strength (stress range) 0 from literature.

N=1e7 N=1e11 Description Source

410 MPa 198 MPa ASTM A-743 CA-6NM in water, R = 0 Mahnig et al. [16]

135 MPa 55 MPa ASTM A-743 CA-6NM in water corrected for P=95%
and Smax = Su Mahnig et al. [16] corrected by the authors

246 MPa 96 MPa Steel with UTS < 552 MPa ASME Section VIII Division 2 [17]

123 MPa 154 MPa Steel with UTS = 793-892 MPa ASME Section VIII Division 2 [17]

For the fatigue strength 0 , we can only refer to the study by Mahnig, 1974 for our material ASTM A-743 CA-
6NM. Furthermore, none of the sources listed in Table 3 report values for N=1E11 which is the maximum expected
number of HCF cycles in our application. To circumvent this, the values have been linearly extrapolated by the
authors. We consider such extrapolations to be conservative. For our lowest expected value, we used the values
given by Mahnig et al. [16] corrected for a probability of 95% and for a maximum stress equal to the yield strength
(550 MPa) using ASME methodology [18]. On the other hand, given the lack of experimental data, the yield
strength is used for our upper limit. Our prior interval for fatigue strength 0 is [55, 550] MPa. By combining the
prior interval for onsetKKK and 0 , we obtain the limits presented in Figure 6.

Fig. 6. Prior limit state interval.

The lower limit delimits a “Safe” region from an “Unknown” region inside which realizations of the limit state
are expected to occur without any further information concerning value frequencies, probable values, distribution
type, etc. The upper limit, on the other hand, delimits the region in which we are convinced that the HCF onset has
occurred and the component is considered “Unsafe”. For practical purpose, the lower limit defines a region inside 
which, without knowing the actual safety factor, we believe that the HCF onset will not happen.  

5. Results and discussion

The results obtained using the data in Table I, the limit state in Figure 6 and the LEFM methodology from the
BS7910:2005 [6] for the contribution of the LCF loading to crack growth are presented in Figure 7. We observe that 
at t = 0 in Figure 7a, part of the joint distribution formed by the uncertainty in the HCF load HCF and defect size
a cross the “Safe” state boundary and into “Unknown” state region. In the “Unknown” state region, the component 
can either be “Safe” or “Unsafe” without being able to assign a probability to each state. This is somewhat different 
from the typical reliability data where the component has either failed or not. We believe that using a prior interval
is more suitable than a subjectively assigned distribution given the level of information available for our materials.
However, one could argue that the bounds of our interval are also subjective. In such cases, the interval concept 
could be extended to a series of possible intervals in the form of a fuzzy set [19]. In the current study, we have
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chosen to use only the interval concept for its simplicity and ease of interpretation. Observe in Figure 7b that the 
probability of being in the safe state diminishes from 90% to 82% after 100 years. Since the studied runner has 13 
blades, the probability for the whole runner to be in the “Safe” region is %26%)90( 13  initially and diminishes to 

%7%)82( 13  after 100 years. 
 

     

Fig. 7. (a) Initial problem t = 0; (b) Probability of the “Safe” state as of function of time. 

6. Conclusions 

The conclusions in this paper regarding the fatigue reliability of hydroelectric Francis runners are as follows: 
 

 The loading of Francis runners can be decomposed in an LCF component which initially contributes to crack 
propagation and a HCF component which does not contribute initially to crack propagation. 

 The operation of a Francis runner is considered “Unsafe” when the HCF loading component contributes to crack 
propagation.  

 The limit state for the HCF onset is the thresholds proposed by Kitagawa and Takahashi [2] combined with the 
correction factor developed by El Haddad et al. [5]. This limit state is a function of both the HCF onset onsetK  
and the fatigue strength 0 . 

 If we consider thonset KK , we should expect the onsetK  for ASTM A-743 CA-6NM to be within the interval 
[2.0, 6.0] MPa·m½ given the data available in the literature.  

 The 0  interval is defined as [55,550] MPa for ASTM A-743 CA-6NM given the data available in the 
literature. 

 
We applied these using the loading observed on the runner from a run-of-the-river hydroelectric facility in 

Quebec, Canada. Our results show that the probability of being in the “Unsafe” state is negligible even after 
100 years of operation. However, even in the initial state (t = 0) there is a significant risk of venturing into the 
“Unknown” state where we don’t have enough information to  discriminate between “Safe” and “Unsafe” states. 
Furthermore, this probability augments with time due to the LCF loading’s contribution to crack propagation.  
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