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Abstract 

 This paper addresses a stochastic optimal control problem for a reliable single-product manufacturing system 

with a finite capacity. The demand by customers is stochastic in a finite planning horizon, and is described by a 

known continuous function. A two-level hierarchical control model is developed. In the first level, a stochastic 

linear-quadratic optimal control problem is formulated to determine the target values of the state and control 

variables, with the variables being the desired inventory level and desired production rate, respectively. The goal 

of the second level is to maintain the inventory as close as possible to its desired level as well as to maintain the 

production rate as close as possible to its desired rate with fluctuating demand. This problem is represented as a 

recursive optimization control problem (predictive control) with one state variable (the inventory level) and one 

control variable (the production rate). The purpose of this study is to establish the optimal production control 

strategies satisfying a stochastic demand that minimizes the total average quadratic cost and the sum of the mean 

square deviations of inventory and production for the first and second levels, respectively. The solution is 

obtained by applying the stochastic optimal control principle based on Pontryagin’s maximum principle using 

the Euler-Maruyama scheme. A numerical example and sensitivity analyses are presented to illustrate the 

usefulness of the proposed approach. 

Keywords: Manufacturing systems; Stochastic optimal control; Stochastic demand; Pontryagin’s maximum 
principle; Euler-Maruyama scheme; Shooting methods. 



S. Ouaret, J.P. Kenné and A. Gharbi

420 

1. Introduction

Generally, a manufacturing system inventory is very important as it allows the company

to respond more quickly to customer demand, given that the demand rate of manufacturing 

produced parts is usually stochastic. In this study, the system considered is composed of one 

machine producing a single type of product. A stochastic production planning problem can be 

formulated as a stochastic optimal control problem, which involves finding the optimal 

production strategy to be used in managing the inventory of the system and satisfy the 

customer’s stochastic demand over the planning horizon. 

The last two decades have seen a jump in growing interest among researchers in the 

application of the stochastic optimal control theory in different fields. Initially used in 

engineering and other fields of applied mathematics, the stochastic optimal control theory is 

also generally used in finance, economics, medicine, maintenance and production planning to 

solve a variety of problems. A classic example of a stochastic optimal control problem class is 

portfolio allocation with a consumption rate, which was introduced by Merton (1971). Many 

authors have attacked the research direction adopted for production planning in 

manufacturing systems. The literature on the subject includes, for example, the first 

contribution in the field that derived the control strategies of a quadratic model (Holt et al., 

1960) using the calculus of variation principle. Bensoussan et al. (1974) presented some 

applications of the optimal control theory using the maximum principle to management 

science and economics, as well as the discrete and continuous stochastic optimal control 

versions addressed by Sethi et al. (1981, 2000). 

Tzafestas et al. (1997) introduced and clarified the concept of model-based predictive 

control (MBPC) for integrated production planning problems in a stochastic environment. 

Dobos (2003) investigated the deterministic optimal production and inventory of the HMMS 

(Holt, Modigliani, Muth and Simon) model. This is considered as a generalization of the Holt 

et al. (1960) model, which was analysed by El-Gohary et al. (2009), using Pontryagin’s 

maximum principle to determine the optimal control policies. El-Gohary et al. (2007) studied 

the problem of stochastic production and inventory planning using stochastic optimal control. 

Based on such studies, we are especially interested in the modelling of a production planning 

problem in a stochastic environment using the stochastic Pontryagin’s maximum principle. 

https://www.researchgate.net/publication/267066987_Optimal_control_of_a_stochastic_production_planning_model_with_different_demand_rates?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
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The main objective of this study is to employ a two-level hierarchical control model (as in 

Kenné and Boukas, 2003), using the stochastic optimal control principle, to optimally to solve 

the following two problems: 

- In the first level of the proposed hierarchy, the desired inventory threshold (the safety 

stock level that the company wants to keep on hand) and the desired production rate 

(the most efficient rate desired by the firm) are determined. 

- In the second level the proposed hierarchy, the goal will be to keep the inventory level 

as close as possible to the desired inventory threshold and the rate of production as 

close as possible to the desired production rate. 

This objective will allow the minimization of the total average quadratic cost and the sum 

of mean square deviations of inventory and production for the first and the second levels, 

respectively. 

 In the present research, to solve the stochastic production planning problem in continuous 

time, we propose a two-level hierarchical control approach. We assume that the product 

demand rate is stochastic over time, and at both levels, it is assumed that the values of the 

control variables are restricted; moreover, there are no restrictions on the state variables. The 

production rate is thus defined as varying in a given control region and the inventory level is 

allowed to be positive (inventory) or negative (backlogged demands). By applying 

Pontryagin’s maximum principle (Pontryagin et al., 1962) and using the quadratic objective 

function of Holt et al. (1960), we can formulate the boundary value problems in the first and 

second levels. We may recall that the first level is based on the formulation of a stochastic 

linear-quadratic model (SLQM) to find the optimal desired production rate and inventory 

level over the planning horizon, that minimize the total average quadratic inventory and 

production cost. 

The second level is devoted to a recursive optimization control problem (predictive 

control) to find the optimal production rate needed to bring the inventory level from the initial 

point to one which satisfies the demand rate, but at the same time, minimizes the sum of mean 

square deviations of inventory and production. The solutions are obtained numerically using the 

Euler-Maruyama scheme. 

This paper is organized as follows. In section 2, we define the assumptions used in the 

model and provide the problem statement. Based on the stochastic Pontryagin’s maximum 

https://www.researchgate.net/publication/242342257_Hierarchical_control_of_production_and_maintenance_rates_in_manufacturing_systems?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
https://www.researchgate.net/publication/290456703_The_Mathematical_Theory_of_Optimal_Processes?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
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principle, we present the solution of the hierarchical control model in section 3. A numerical 

example is given in section 4. Sensitivity and results analyses are provided in section 5, and 

finally, section 6 closes the paper with some concluding remarks. 

2. Production control model 
  

2.1. Notations and assumptions 

The following notations are used throughout the paper: 

T      :     length of the planning horizon, (T ൐ 0ሻ, 

 ,଴    :     desired initial inventory levelݔ

 ,଴    :     initial inventory levelݔ

 ,ሺtሻ :     inventory level at time tݔ

 ,ሺtሻ :     desired inventory level at time tݔ̅

തሺtሻݑ) ,തሺtሻ :     desired production rate at time tݑ ൒ 0ሻ, 

d(t)  :     demand rate at time t, 

c      :     penalty factor of production, (c ൐ 0ሻ, 

h     :     penalty factor of inventory (h ൐ 0ሻ, 

c୫   :     deviation factor for the production rate to deviate from its desired rate ݑത, (c୫ ൐ 0ሻ, 

c୦    :     deviation factor for the inventory level to deviate from its desired level ̅ݔ, (c୦ ൐ 0ሻ, 

ሺtሻݑ) ,ሺtሻ:      production rate at time tݑ ൒ 0ሻ, 

U୫ୟ୶:    maximum production rate, 

σୈ   :     standard deviation of demand rate, 

w    :     standard Wiener process, 

g     :     diffusion coefficient. 
 
In this model, we assume that: 
 

(1) The production rate is to be non-negative. 

(2) The inventory level is allowed to be negative (backlogged demands). 

(3) The planning horizon is finite in continuous time. 

(4) The demand rate is assumed to be described by the following time-dependent model 

(Kiesmüller, 2003): 

 
 

https://www.researchgate.net/publication/222268054_Optimal_control_of_a_one_product_recovery_system_with_returns?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
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dሺtሻ ൌ μୈሺtሻ ൅ σୈεሺtሻ, 
 

where the parameter μୈሺtሻ is a deterministic known parameter, and σୈ is also a known non-

negative parameter. It is assumed that εሺtሻ is the white noise, a normally distributed random 

variable in time t with zero mean and unity variance: εሺtሻ	~	Nሺ0, 1ሻ and	ܧሾεሺtଵሻεሺtଶሻሿ ൌ 0 

for 	tଵ ് tଶ . We can therefore write the demand rate as a normally distributed function: 

dሺtሻ	~	Nሺμୈሺtሻ, σୈଶሻ. 

 

2.2. Problem statement 

In this section, we describe a stochastic hierarchical model. The system considered is 

composed of a single reliable machine producing one type of product, with the demand rate 

capable of being fulfilled with time. The situation is illustrated in Figure 1. 

 

 

 

 

 

Figure 1. Structure of the system 

 

First, we will consider the following stochastic linear-quadratic optimal control problem 

(denoted ሺP଴ሻሻ		of the stochastic desired production planning problem, with one state variable 

(desired inventory level) and with one control variable (desired production rate). The 

objective of the firm is to find the desired optimal production rate needed to bring the inventory 

level from the initial point to a point satisfying the demand rate which minimizes the total average 

quadratic inventory and production cost. 

The objective function to minimize (see Appendix A) is given by: 

 minimize      ܬ଴ሺݔ଴, ሻݑ ൌ ܧ ቄ׬ ߶଴ሺݔ, ,ݑ ݐሻ݀ݐ ൅ ,ሺܶሻݔ଴ሺܭ ܶሻ
்
଴ ቅ,                                         (1) 

 

where  ߶଴ሺݔ, ,ݑ ሻݐ ൌ
ଵ

ଶ
hݔሺtሻଶ ൅ ଵ

ଶ
cݑሺtሻଶ,                                                                                (2) 

~dሺtሻ  ݑሺtሻ  ሺtሻRaw Materialݔ
Manufacturing 
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subject to: 

the stochastic state equation of the inventory level ݔሺtሻ, 

ሶݔ ൌ ݂ሺݔ, ,ݑ ,ݓ ሻݐ ൌ ݂ሺݔ, ,ݑ ሻݐ ൅ ሶݓ݃ ,                                                               (3) 

and initial condition	ݔሺ0ሻ ൌ ݐ ଴, whereݔ ∈ Թ, ݑ ∈ Թ௠ and	ݔ ∈ Թ௡ 

and the non-negativity constraint: 

ሺtሻݑ   ൒ 0,	   for all t ∈ ሾ0, Tሿ.                                                                                       (4) 

 
Secondly, the initial stochastic production planning problem can be represented as a 

stochastic optimal control problem denoted ሺPሻ with one state variable (inventory level) and 

with one control variable (production rate), which is to find the optimal production rate 

satisfying the demand rate over the planning horizon and minimizing the sum of the inventory 

and production costs. This objective function can be interpreted as meaning that penalty costs 

are incurred when the inventory level and the production rate deviate from their desired goals 

(Holt et al., 1960). The function was recently generalized by Dobos (2003). 

The objective function for the minimization (see Appendix A) is given by: 

 minimize      ܬሺݔ଴, ሻݑ ൌ ܧ ቄ׬ ߶ሺݔ, ,ݑ ݐሻ݀ݐ
்
଴ ൅ ,ሺܶሻݔሺܭ ܶሻቅ,                                             (5) 

 

where  ߶ሺݔ, ,ݑ ሻݐ ൌ ଵ

ଶ
c୦ሾݔሺtሻ െ ሺtሻሿଶݔ̅ ൅ ଵ

ଶ
c୫ሾݑሺtሻ െ  തሺtሻሿଶ,                                                (6)ݑ

 
subject to: 

the stochastic state equation of the inventory level ݔሺtሻ: 

ሶݔ ൌ ݂ሺݔ, ,ݑ ,ݓ ሻݐ ൌ ݂ሺݔ, ,ݑ ሻݐ ൅ ሶݓ݃ ,                                                                (7) 

and initial condition	ݔሺ0ሻ ൌ ݐ ଴, whereݔ ∈ Թ, ݑ ∈ Թ௠ and	ݔ ∈ Թ௡.                 

and the non-negativity constraint: 

ሺtሻݑ        ൒ 0,	   for all t ∈ ሾ0, Tሿ.                                                                                       (8) 

The optimal control to find on ሾ0, ܶሿ is ݑ∗ to minimize the criterion	ܬ: 

  u∗ ൌ min୳ሾ଴,୘ሿ Jሺx଴, uሻ.                                                                                               (9) 

In the next section, we will use the above assumptions and Pontryagin’s maximum principle 

to describe our approach to solving the optimal control problems. 
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3. Solution of the optimal control problems 

 The hierarchical structure of the proposed control approach is illustrated in Figure 2. Both 

control problems can be solved by applying the stochastic optimal control principle based on 

Pontryagin’s maximum principle using the Euler-Maruyama scheme. 

 
 
 
 Level 2  
 
 
 
 
 
       
 
 Level 1  
 
 
 

Figure 2. Hierarchical control approach 

 
3.1. Solution of the optimal control problem ሺ۾૙ሻ 

To find the solution of the stochastic linear-quadratic optimal control problem defined by 

(1) and (3), we will assume that ܸሺݔ,  ሻ, known as the value function related to the objectiveݐ

function (1) from ݐ to ܶ, is given by: 

 

    Vሺݔ, tሻ ൌ min௨ E ቄ׬ ϕ଴ሺݔ, ,ݑ tሻdt
୘
୲ ൅ ,ሺܶሻݔ଴ሺܭ ܶሻቅ.                                         ሺ10ሻ 

 
Let ݐ ∈ ሾ0, ܶሿ. The optimality principle of Bellman holds that the optimal trajectory over the 

interval 	ሾ0, ܶሿ  contains the optimal trajectory over the interval ሾݐ, ܶሿ  with initial 

condition	ݔଵ ൌ  :ሻ. In other wordsݐሺݔ

 
              Vሺݔ, tሻ ൌ min௨ Eሼϕ଴ሺݔ, ,ݑ tሻdt ൅ Vሺݔ ൅ dݔ, t ൅ dtሻሽ.                                   (11) 

 
Applying the Taylor expansion: 

଴ܬ
∗ 

Singular perturbation 
(Stochastic demand 

rate) 

uത∗,  ∗ݔ̅

u∗, ,∗ݔ  Initial stochastic predictive ∗ܬ
problem ሺPሻ 

(Stochastic D.P.E)

Stochastic linear-quadratic 
problem ሺP଴ሻ 

(Stochastic D.P.E)
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ܸሺݔ ൅ ,ݔ݀ ݐ ൅ ሻݐ݀ ൌ ܸሺݔ, ሻݐ ൅ ௧ܸ݀ݐ ൅ ௫ܸ݀ݔ ൅
ଵ

ଶ ௧ܸ௧ሺ݀ݐሻଶ ൅
ଵ

ଶ ௫ܸ௫ሺ݀ݔሻଶ ൅ ௫ܸ௧݀ݐ݀ݔ൅. .. , (12) 

after simplification, we neglect the higher-order terms (Davis, 1977) such as	ሺ݀ݐሻଶ, ݀ݐ݀ݓ and 

replacing ሺ݀ݓሻଶ with ሺ݀ݐሻ, we obtain the Itô formula 

  dVሺݔ, tሻ ൌ ሺV୲ ൅ V௫f ൅
ଵ

ଶ
gଶV௫௫ሻdt ൅ V௫gdw,                                                (13) 

and: 

Vሺݔ, tሻ ൌ min୳ E ቄϕ଴dt ൅ Vሺݔ, tሻ ൅ V୲dt ൅ V௫fdt ൅
ଵ

ଶ
gଶV௫௫dt ൅ V௫gdw ൅ 0ሺdtሻቅ.            (14) 

Given that the variables ݀ݓ and ݔ are independent, we can write: 

  EV୶gdw ൌ EV୶gEdw ൌ 0,                                      (15) 

Hence, we can have the Hamiltonian-Jacobi-Bellman equation satisfied by the value function 

   0 ൌ min௨ ቄϕ଴ ൅
డ௏

డ௧
൅ డ௏

డ௫
݂ ൅ ଵ

ଶ
݃ଶ డ

మ௏

డ௫మ
ቅ,                                                             (16) 

with boundary condition: ܸሺݔ, ܶሻ ൌ ,ሺܶሻݔ଴ሺܭ ܶሻ.                                                                 (17) 

 

To solve the nonlinear partial differential equation, we can approximate the value function by 

a quadratic polynomial and find the optimal coefficient of this polynomial. The proposed 

method is based on Pontryagin’s maximum principle and the derivatives of the value function 

are obtained by the following adjoint equations for the stochastic optimal control problem: 

ሻݐሺ݌   ൌ డ௏ሺ௫,௧ሻ

డ௫
ൌ ௫ܸሺݔ, ሻݐ௫ሺ݌    ; ሻݐ ൌ

డ௣ሺ௧ሻ

డ௫
ൌ ௫ܸ௫ሺݔ,  ሻ                                  (18)ݐ

The stochastic version of the optimality conditions can be obtained using the Hamiltonian 

function: 

 

  െV୲ ൌ min௨ ቄϕ଴ሺݔ, ,ݑ tሻ ൅ V௫f ൅
ଵ

ଶ
gଶV௫௫ቅ                      

                    	ൌ min
௨
,ݔሺܪ	 ,ݑ ,݌ ,௫݌  ሻ.                                                                                     (19)ݐ

 

We note that the Hamiltonian function in the deterministic version is: 

   Hሺx, u, p, tሻ ൌ ϕ଴ሺx, u, tሻ ൅ V୶f,                        (20) 

and in the stochastic version is: 

,ݔሺܪ      . ,ݑ ,݌ ,௫݌ ሻݐ ൌ ,ݔሺܪ ,ݑ ,݌ ሻݐ ൅ ଵ

ଶ
݃ଶ ௫ܸ௫,              (21) 

 

https://www.researchgate.net/publication/246696006_Linear_Estimation_and_Stochastic_Control?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
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with ܪ:	ሾ0, ܶሿ ൈ Թ௡ ൈ ݑ ൈ Թ௡ ൈ Թ௡ൈ௡ 

,ݔሺܪ ,ݑ ,݌ ,௫݌ ሻݐ ൌ ,ݔሺܪ ,ݑ ,݌ ሻݐ ൅
1
2
	௫்݃݃ሽ݌ሼݎݐ

                         	ൌ 	ϕ଴ሺݔ, ,ݑ ሻݐ ൅ ்݂ሺݔ, ,ݑ ݌ሻݐ ൅ ଵ

ଶ
,ݔ௫݃ሺ݌ሼݎݐ ,ݑ ,ݔሻ்݃ሺݐ ,ݑ  ሻሽ.                     (22)ݐ

Assuming that we have an optimal control ݑ∗ሺݔ, ,݌ ,௫݌  ሻ which solves the stochastic optimalݐ

control problem: 

,ݔሺ∗ܪ ,݌ ,௫݌ ሻݐ ൌ ,ݔሺܪ ,ݔሺ∗ݑ ,݌ ,௫݌ ,ሻݐ ,݌ ,௫݌ ሻݐ                 (23)	

                       	ൌ ϕ଴ሺݔ, ,݌ ,௫݌ ሻݐ ൅ ்݂ሺݔ, ,݌ ,௫݌  ݌ሻݐ

      	൅ ଵ

ଶ
,ݔ௫݃ሺ݌ሼݎݐ ,݌ ,௫݌ ,ݔሻ்݃ሺݐ ,݌ ,௫݌  ሻሽ                          (24)ݐ

         					ൌ െ ௧ܸ,                                                                                                            (25) 

we can write the stochastic differential equation for the state 

 

        dݔ ൌ fሺݔ, ,∗ݑ tሻdt ൅ gሺݔ, ,∗ݑ tሻdw           

             ൌ H୮∗ሺݔ, p, p௫, tሻdt ൅ gሺݔ, p, p௫, tሻdw,                                          (26) 

 

and for the adjoint, we use Itô’s lemma (Cohn, 1980) to determine the process followed by 

p(t) 

from (18) 

       dp ൌ V௫୲dt ൅ V௫௫dx ൅
ଵ

ଶ
V௫௫௫ሺdݔሻଶ                                                                     (27) 

 													ൌ ቂV௫୲ ൅ V௫௫݂ ൅
ଵ

ଶ
ሼV௫௫௫்݃݃ሽቃݎݐ dt ൅ V௫௫݃݀(28)                                        .ݓ 

 

To obtain V௫୲ we use the partial derivative of V୲ with respect to ݔ 

    െV௫୲ሺx, tሻ ൌ H௫∗ ൅ H୮∗
ப୮

ப௫
൅ H୮ೣ

∗ ப୮ೣ
ப௫

                   	

                    	ൌ ∗௫ܪ ൅ V௫௫݂ ൅
ଵ

ଶ
 ሼV௫௫௫்݃݃ሽ.                         (29)ݎݐ

 

Substituting (29) into (28), we get 

  

         dp ൌ െܪ௫∗dt ൅ V௫௫݃݀ݓ 
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        =	െܪ௫∗dt ൅ p௫݃݀(30)                                                                                           .ݓ 

Now, we can give the necessary conditions of optimality for stochastic control in the case of 

minimization: 

														 ,ݔሺܪ	 ,ݑ ,݌ ,௫݌ ሻݐ ൌ 	ϕ଴ሺݔ, ,ݑ ሻݐ ൅ ்݂ሺݔ, ,ݑ ݌ሻݐ ൅ ଵ

ଶ
,ݔ௫݃ሺ݌ሼݎݐ ,ݑ ,ݔሻ்݃ሺݐ ,ݑ  ሻሽݐ

                

ە
ۖ
۔

ۖ
ۓ
dݔ∗ ൌ ݐ݀∗௣ܪ ൅ 																																																																																					ݓ݀݃
		dp∗ ൌ െܪ௫∗dt ൅ p୶݃݀ݓ																																																																																
ሺ0ሻ∗ݔ ൌ 																																																																																																				଴ݔ
p∗ሺTሻ ൌ ,ሺܶሻݔ௫ሺܭ	 ܶሻ																																																																																	
Hሺݔ∗ሺݐሻ, ,ሻݐሺ∗ݑ ,ሻݐሺ∗݌ ,ሻݐ௫∗ሺ݌ ሻݐ ൑ ,ሻݐሺ∗ݔሺܪ ,ሻݐሺݑ ,ሻݐሺ∗݌ ,ሻݐ௫∗ሺ݌ .ሻݐ

               (31) 

Thus the optimal inventory level and adjoint are obtained from dݔ∗ and dp∗ and the optimal 

production rate is obtained by minimizing the Hamiltonian function. 

The Hamiltonian function: 

,ݔሺܪ	 ,ݑ ,݌ ,௫݌ ሻݐ ൌ 	
1
2
ሻݐଶሺݑ	ܿ ൅

1
2
hݔଶሺݐሻ ൅ ൫ݑሺݐሻ െ μୈሺtሻ൯݌ሺݐሻ ൅

1
2
 ௫σୈଶ݌

and the two-point boundary value problem of ሺP଴ሻ: 

        	ሺTPBVP଴ሻ

ە
ۖ
۔

ۖ
ݔdۓ

∗ ൌ ൫ݑሺݐሻ െ μୈሺtሻ൯݀ݐ െ σୈ݀ݓ																																										
dp∗ ൌ െhݔሺݐሻdt െ p௫ሺݐሻσୈ݀ݓ																																															

,ݔሺ∗ݑ tሻ ൌ பு

ப௨ሺ୲ሻ
ൌ 	 ି୮ሺ୲ሻ

ୡ
																																																													

ሺ0ሻ∗ݔ ൌ ;	଴ݔ ሺTሻ∗ݔ	 ൌ 																																																				݁݁ݎ݂
p∗ሺTሻ ൌ 0.																																																																																				

                       (32) 

The stochastic differential equations are solved numerically using the Euler-Maruyama 

scheme (see Appendix A) of the problem ሺP଴ሻ obtained by applying Pontryagin’s maximum 

principle, after which the optimal inventory trajectory and the optimal adjoint trajectory are 

given by the following forms, respectively: 

 

Y୬ାଵ
ሺଵሻ ൌ Y୬

ሺଵሻ ൅ ൬
ି୞౤

ሺభሻ

ୡ
െ μୈ୬൰ dt ൅ ሺെσୈሻ√dtε୬,                                                           (33) 

Z୬ାଵ
ሺଵሻ ൌ Z୬

ሺଵሻ െ hY୬
ሺଵሻ ቌdt ൅

ሺି஢ీሻ√ୢ୲க౤

ቆషౖ౤
ሺభሻ

ౙ
ିஜీ౤ቇ

ቍ /dt.                                                               (34) 
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The initial value of the adjoint is given using the simple shooting method (Stoer and Bulirsch, 

1993). 

 Z଴
ሺଵሻ ൌ ൬

ିଢ଼బ
ሺభሻ

ୢ୲
൅ μୈ଴൰ ܿ,                                                                                                 (35) 

 

The optimal desired production rate is given by the optimization of the Hamiltonian function 

(Seierstad and Sydsaeter, 1987), and from (4) and (32), we get: 

 

,ݔሺ∗ݑ  tሻ ൌ	maxቂ0, െ ୮ሺ୲ሻ

ୡ
ቃ.                                                                                                 (36) 

 

To specify the optimal control for the stochastic linear-quadratic problem, we used the ݐܽݏ 

function (Sethi and Thompson, 2000): 

 

,ݔሺ∗ݑ   tሻ ൌ ݐܽݏ	 ቂ0, U୫ୟ୶; െ
୔ሺ୲ሻ

ୡ
ቃ,                                                                                      (37) 

 

																						ൌ

ە
ۖ
۔

ۖ
ۓ 	0																					if			 െ ୮ሺ୲ሻ

ୡ
൏ 0																																																								

െ ୮ሺ୲ሻ

ୡ
																if			0 ൑ 	െ ୮ሺ୲ሻ

ୡ
൑ U୫ୟ୶																																										

		U୫ୟ୶														if			 െ
௣ሺ୲ሻ

ୡ
൐ U୫ୟ୶.																																																

	                    (38) 

 

We then obtained the optimal desired inventory level ̅ݔ∗and the optimal desired production 

rate ݑത∗ by taking the average of the optimal inventory levels and the optimal production rates, 

respectively. 

 
3.2. Solution of the optimal control problem ሺ۾) 

To find the solution of the stochastic predictive control problem defined by (5) and (7), 

we take the same equations used in the first solution of the problemሺP଴ሻ. 

Thus the optimal inventory level and adjoint are obtained from dݔ∗  and dp∗  and the 

optimal production rate is obtained by minimizing the Hamiltonian function. Such a function 

is given by: 

https://www.researchgate.net/publication/275970953_An_Introduction_to_Numerical_Analysis?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
https://www.researchgate.net/publication/275970953_An_Introduction_to_Numerical_Analysis?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
https://www.researchgate.net/publication/264965543_Optimal_Control_Theory_with_Economic_Applications?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
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,ݔሺܪ ,ݑ ,݌ ,௫݌ ሻݐ

ൌ 	
1
2
c୦൫ݔሺtሻ െ ሺtሻ൯ݔ̅

ଶ
൅
1
2
c୫൫ݑሺtሻ െ തሺtሻ൯ݑ

ଶ
൅ ൫ݑሺݐሻ െ μୈሺtሻ൯݌ሺݐሻ ൅

1
2
 ௫σୈଶ݌

and the two-point boundary value problem of  ሺPሻ:  

        	ሺTPBVPሻ

ە
ۖ
۔

ۖ
ݔdۓ

∗ ൌ ൫ݑሺݐሻ െ μୈሺtሻ൯݀ݐ െ σୈ݀ݓ																																																																					
dp∗ ൌ െc୦ሺݔሺݐሻ െ ሺtሻሻdtݔ̅ െ p௫ሺݐሻσୈ݀ݓ																																																							

,ݔሺ∗ݑ tሻ ൌ பு

ப௨ሺ୲ሻ
ൌ 	െ ୮ሺ୲ሻ

ୡౣ
൅ 																																																																									തሺtሻݑ

ሺ0ሻ∗ݔ ൌ ;	଴ݔ ሺTሻ∗ݔ	 ൌ 																																																																															݁݁ݎ݂
p∗ሺTሻ ൌ 0.																																																																																																														

 (39) 

The stochastic differential equations of the problem ሺPሻ are solved numerically using the 

Euler-Maruyama scheme (see Appendix A) to find the optimal inventory trajectory and the 

optimal adjoint trajectory given by the following forms, respectively: 

 

Y୬ାଵ
ሺଶሻ ൌ Y୬

ሺଶሻ ൅ ൬
ି୞౤

ሺమሻ

௖೘
൅ ത୬ݑ െ μୈ୬൰ dt ൅ ሺെσୈሻ√dtε୬,                    (40) 

Z୬ାଵ
ሺଶሻ ൌ െZ୬

ሺଶሻ ൅ c୦ሺY୬
ሺଶሻ െ ୬ሻቌdtݔ̅ ൅

ሺି஢ీሻ√ୢ୲க౤

ቆషౖ౤
ሺమሻ

೎೘
ା௨ഥሺ୲ሻିஜీ౤ቇ

ቍ /dt.            

(41) 

The initial value of the adjoint is given using the simple shooting method (Stoer and Bulirsch, 

1993). 

            Z଴
ሺଶሻ ൌ ൬

ିଢ଼బ
ሺమሻ

ୢ୲
െ ത଴ݑ ൅ μୈ଴൰ ܿ௠,                                                                               (42) 

The optimal production rate is given by: 

,ݔሺ∗ݑ      tሻ ൌ	maxቂ0, െ ୮ሺ୲ሻ

ୡౣ
൅  തሺtሻቃ.                                                                                       (43)ݑ

To specify the optimal control for the stochastic predictive problem, we also used the ݐܽݏ 

function (Sethi and Thompson, 2000), to obtain: 

 

,ݔሺ∗ݑ    tሻ ൌ ݐܽݏ	 ቂ0, U୫ୟ୶; െ
୮ሺ୲ሻ

ୡౣ
൅  തሺtሻቃ,                                                                             (44)ݑ

https://www.researchgate.net/publication/275970953_An_Introduction_to_Numerical_Analysis?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
https://www.researchgate.net/publication/275970953_An_Introduction_to_Numerical_Analysis?el=1_x_8&enrichId=rgreq-3a7aabe1-532d-42d2-ab28-515d1adcb7a6&enrichSource=Y292ZXJQYWdlOzI2NTg1MjA3NjtBUzozMjU4NDc0Mjk5OTI0NDhAMTQ1NDY5OTQ4OTMwMA==
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																		ൌ

ە
ۖ
۔

ۖ
ۓ

െ

0																								if			 െ ୮ሺ୲ሻ

ୡౣ
൅ തሺtሻݑ ൏ 0																																																			

୮ሺ୲ሻ

ୡౣ
൅ 0			if								തሺtሻݑ ൑ 	െ ୮ሺ୲ሻ

ୡౣ
൅ തሺtሻݑ ൑ U୫ୟ୶																																				

U୫ୟ୶																		if			 െ
୮ሺ୲ሻ

ୡౣ
൅ തሺtሻݑ ൐ U୫ୟ୶.																																												

	             (45) 

We will apply the proposed approach to solve a numerical example of the stochastic 

production planning problem. 

 
4. Numerical example  

 In this section, we present a numerical example to illustrate the results obtained. It is 

assumed that the demand rate is a normally distributed function of time, defined as: ݀ሺݐሻ ൌ

μୈሺtሻ 	൅ σୈNሺ0,1ሻ and other parameters are presented in Table 1: 

 
Table 1: Data of numerical example 

Parameter T c h c୫  c୦   ଴ U୫ୟ୶ μୈ σୈݔ ଴ݔ

Value 120 20 80 12 3 0.8147 0.8147 10.5 10 4.5 

 

 

Figure 3. Demand rate against time 
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Figure 4. Optimal inventory levels against time 

 

 

Figure 5. Optimal production rates against time 

 

The simulation results are given in Figures 3, 4 and 5, and show that the optimal 

inventory level	ݔ∗ increases with time to converge to its optimal desired inventory level	̅ݔ∗. 

The optimal production rate ݑ∗  must satisfy the normally distributed demand rate until it 

reaches its optimal desired production rate ݑത∗ at the end of the planning horizon period. For 

our numerical example, we obtained an optimal desired production rate with a value  ݑത∗ ൌ

10.4 and an optimal desired inventory level with a value ̅ݔ∗ ൌ 56.28, which represent the 

production rate and inventory threshold desired by the firm to respond to random demand 

with	dሺtሻ	~	Nሺ10, 4.5ሻ. 
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The next section presents the validation of the proposed approach through a sensitivity 

analysis and illustration of its usefulness while examining how the results obtained vary with 

changes in some monetary and non-monetary parameters values. 

 
5. Sensitivity analysis 

From the figures and tables presented in this section, we notice two parameters that 

influence the results obtained. Firstly, we have the so-called monetary parameters that include 

ܿ, h, c୫ and	c୦ and the non-monetary parameter,	σୈ. These parameters have an influence on 

the optimal desired inventory level		̅ݔ∗, the optimal desired production rate	ݑത∗ , the optimal 

inventory level	ݔ∗, the optimal production rate	ݑ∗, the total average quadratic cost ܬ଴
∗ and the 

total average deviation cost ܬ∗ of inventory and production. 

 In the interpretations that follow, the simulation results show that the optimal desired 

production rate remains constant at	ݑത∗ ൌ 10.4. This allows regular production around the 

customer’s demand using the finite products stock as a buffer to satisfy fluctuating demand. 

 

 

Figure 6. Optimal inventory level against time for	c ൌ 5, 50. 

 

Table 2: Effect of penalty factor	c 

 50 45 40 35 30 25 20 15 10 5 ܋

ഥ࢞∗ 50.5 53.1 55.2 56.3 56.9 57.3 57.6 57.9 58 58.2 

 
 100 95 90 85 80 75 70 65 60 55 ܋

ഥ࢞∗ 58.3 58.4 58.48 58.55 58.61 58.66 58.71 58.75 58.79 58.82 
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(a) 

 

(b) 

Figure 7. Total average cost against penalty factor of production 

 

From Figures 6, 7 and Table 2, we note that when the penalty factor c increases, the 

optimal desired inventory level		̅ݔ∗ increases as well, as does the optimal inventory level	ݔ∗. 

This result is logical because the more we penalize the production, the faster we produce in 

order to respond to random demand, leading to a stock surplus. This causes an increase in the 

total average quadratic cost J଴
∗ and in the total average deviation cost	J∗. 



Hierarchical control of production with stochastic demand in manufacturing systems 
 

435 
 

 

Figure 8. Optimal inventory level against time for	h ൌ 5, 100 

Table 3: Effect of penalty factor h  

 50 45 40 35 30 25 20 15 10 5 ܐ

ഥ࢞∗ 59.26 59.06 58.86 58.66 58.46 58.26 58.06 57.87 57.67 57.47 

۸૙
∗ 7204.6 9138.1 10964 12684 14301 15817 17234 18556 19783 20917 

 7773.5 7833.5 7893.7 7954.1 8014.9 8076 8137.4 8199.1 8261.1 8323.4 ∗ࡶ

 100 95 90 85 80 75 70 65 60 55 ܐ

ഥ࢞∗ 57.27 57.07 56.87 56.67 56.48 56.28 56.08 55.88 55.68 55.48 

۸૙
∗ 21962 22921 23793 24583 25292 25923 26479 26961 27371 27710 

 ∗ࡶ 7713.9 7654.7 7595.6 7536.9 7478.5 7420.5 7362.7 7305.4 7248.3 7191.3 

 

From Figure 8 and Table 3, we notice that when the penalty factor h  increases, the 

optimal desired inventory level ̅ݔ∗ decreases; the optimal inventory level ݔ∗ decreases as well 

because more the inventory is penalized, the slower we produce in order to satisfy random 

demand, which in turn causes a decrease in products stocks. The optimal inventory level ݔ∗ 

decreases accordingly. Regarding the total average quadratic cost	ܬ଴
∗, it will increase, while 

the total average deviation cost ܬ∗ decreases. 
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ሺaሻ	c୫ ൌ 10 

 

ሺbሻ	c୫ ൌ 14 

 

ሺcሻ	c୫ ൌ 18 

Figure 9. Optimal production rate against time for	c୫ ൌ 10, 14, 18 
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ሺaሻ	c୦ ൌ 1 

 

ሺbሻ	c୦ ൌ 6 

	

ሺcሻ	c୦ ൌ 9 

Figure 10. Optimal production rate against time for		c୦ ൌ 1, 6, 9 
 



S. Ouaret, J.P. Kenné and A. Gharbi 
 

438 
 

 

Figure 11. Optimal inventory level against time for	c୫ ൌ 12, 18 

 

Table 4: Effect of deviation factor c୫ 

c୫ 10 11 12 13 14 15 16 17 18 19 20 

 ∗ࡶ 7017.4 7220.9 7420.5 7613.1 7797.3 7844.3 7860.6 7878.2 7896.3 7914 7931.1 

 

 

Figure 12. Optimal inventory level against time for	c୦ ൌ 1, 6 

 

Table 5: Effect of deviation factor  c୦ 

c୦ 1 2 3 4 5 6 7 8 9 10 

 ∗ࡶ 2681 5264.2 7420.5 9086.6 10813 12699 14866 17450 21449 24825 

 

From Figures 9, 10, 11, 12 and Tables 4 and 5, we can see that when the deviation factor 

of production c୫  increases, it causes an increase in production (see Figures 	9ሺaሻ, 9ሺbሻ,
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9ሺcሻ). Because of faster production, we have more products in stock (see Figure 11). This 

leads to a high deviation between the optimal inventory level ݔ∗ and its goal. We also note 

that the more the deviation factor of the inventory c୦ increases, the more the inventory level 

moves away from its goal because the more the inventory is penalized, the slower we produce 

as well (see Figures 10ሺaሻ, 10ሺbሻ, 10ሺcሻ), and stock fewer products (see Figure 12), and the 

total average deviation cost ܬ∗ increases in both cases (see Tables 4, 5). 

In the first level, there is no change, and the optimal desired inventory level remains 

constant at ̅ݔ∗ ൌ 56.28 because it is independent of c୫ and	c୦. Therefore, the total average 

quadratic cost	remains constant	at	ܬ଴
∗ ൌ 25923. 

 

 

Figure 13. Optimal inventory level against time for	σୈ ൌ 4, 5.5 

 

Table 6: Effect of standard deviation σୈ 

ો۲ 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 
ഥ࢞∗ 31.61 35.13 38.59 42.29 45.70 49.21 52.75 56.28 59.8 63.32 
۸૙
∗ 4572.7 5107.3 6444.7 8771.3 11742 15605 20358 25923 32328 39570 

 ∗ࡶ 3176.8 3656.5 4361.5 4989.6 5320.4 6031.7 6704.4 7420.5 8186.5 9003.5 

 
From Figure 13 and Table 6, when the standard deviation factor σୈ increases, the optimal 

desired inventory level ̅ݔ∗ increases because the increase in the variability of the demand rate 

requires to have a higher level, the cumulative demand decreases. That is why the total 

average quadratic cost	ܬ଴
∗ and the total average deviation cost ܬ∗ increase. 
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6. Conclusions 

In this study, we have presented a hierarchical optimal control policy for a manufacturing 

system, composed of one machine producing one product type, with stochastic demand. In the 

first level, we have shown how to determine the optimal desired inventory level and 

production rate based on a stochastic linear-quadratic control problem. In the second level, we 

have determined the optimal production strategy based on a stochastic predictive control to 

maintain the production rate and the inventory level as close as possible to their goals. The 

Pontryagin’s maximum principle was applied both in level 1 and level 2. A numerical 

example is presented, and the results obtained show that the hierarchical control policy has 

minimized the total average quadratic cost and the sum of the mean square deviations of 

inventory and production for the first and the second levels, respectively. The extension of 

this work for reverse logistics systems with stochastic demand is identified as a topic of future 

research. 

 
Appendix A 

A.1. The sum of the mean square deviations of inventory and production to minimize can be 

written in this form: 

 

∗ܬ    ൌ MinEሼJሽ ൌ E ቄ׬ ቂଵ
ଶ
c୦. ሺݔ∗ሺtሻ െ ሻሻଶݐሺ∗ݔ̅ ൅ ଵ

ଶ
c୫. ሺݑ∗ሺtሻ െ ത∗ሺtሻሻଶቃݑ . dt

୘
଴ ቅ, 

 and the stochastic state equation of the inventory level ݔሺtሻ: 

 
ሻݐሶሺݔ ൌ ሻݐሺݑ െ dሺtሻ, 
 
 We can numerically simulate ܬ∗ using the Euler-Maruyama scheme. We approach: 
 

௧ାௗ௧ݔ ൌ ௧ݔ ൅ න ሺsሻݑ

௧ାௗ௧

௧

ݏ݀ െ න ݀ሺsሻ

௧ାௗ௧

௧

 ݏ݀

 
 	

											ൌ ௧ݔ ൅ න ሺsሻݑ

௧ାௗ௧

௧

ݏ݀ െ න ሺμୈሺsሻ ൅ σୈεሺsሻሻ

௧ାௗ௧

௧

 ݏ݀

by 
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௧ାௗ௧ݔ ൎ ௧ݔ ൅ ሺݑ௧ െ μୈ୲ሻ݀ݐ ൅ ሺെσୈሻ√dtε୲ 

 we obtain: 

௡ାଵݕ ൌ ௡ݕ ൅ ሺݑ௡ െ μୈ୬ሻ݀ݐ ൅ ሺെσୈሻ√dtε୬ 

we define the inventory position at the beginning of period ݊ after the decision (Kiesmüller, 

2003) as: 

௦ݕ ൌ ௡ݕ ൅  ݐ௡݀ݑ

Here, the Euler-Maruyama scheme assumes that the integrands are constants on the 

integration interval since the random variable ݀௡ is normally and independent of variance	݀ݐ: 

We can write ݕ௡ାଵ as: 

௡ାଵݕ ൌ ௦ݕ െ ሺμୈ୬݀ݐ ൅ σୈ√dtε୬ሻ 

 

∗ܬ ൌ න ൤
1
2
c୦. ൫ݕ௦ െ ሺμୈ୬݀ݐ ൅ σୈ√dtε୬ሻ െ ሻ൯ݐሺ∗ݔ̅

ଶ
൅
1
2
c୫. ሺݑ∗ሺtሻ െ ത∗ሺtሻሻଶ൨ݑ . dt

୘

଴

 

∗ܬ ൌ න
1
2
c୦. ൫yୱሺtሻ െ ሺtሻ൯∗ݔ̅

ଶ
dt ൅	න

1
2
c୫. ൫ݑሺtሻ െ ത∗ሺtሻ൯ݑ

ଶ
. dt

୘

଴

୘

଴

൅෍ሺെc୦ሻሺyୱሺjሻ െ ௝ݔ̅
∗ሻ

୒

୨ୀଵ

ሺμୈ୨݀ݐ ൅ σୈdwሺjሻሻ

൅෍൬
1
2
c୦൰ ሺμୈ୨݀ݐ ൅ σୈdwሺjሻሻଶ

୒

୨ୀଵ

 

 
A.2. The total average quadratic inventory and production cost to minimize can be written in 
the same form as the last one: 
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where  ݀ݐ: timestep. 
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