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A B S T R A C T 

The stresses induced by a mechanical contact imposed on a birefringent sphere have 

been studied experimentally and numerically. The birefringent sphere is machined 

from a birefringent parallelepiped on a high speed numerically controlled machine. 

The residual stresses developed in the birefringent sphere have been eliminated by a 

thrmic treatment of relaxation. The technique of freezing and mechanical cutting in 

thin slices was used. In the case of 3D photoelasticity, the frozen stress techniques, 

which are very much used, may introduce residual stresses in the cut up slices. 

Although the means to avoid the introduction of these residual stresses are well 

established, these techniques remain time consuming. Slices are analyzed on a 

polariscope using plane light and circular light. The photoelastic fringes are used to 

determine the principal directions of the stresses as well as the values of the stresses. 

A numerical simulation using the finite elements made it possible to make a 

comparison with the experimental results. The analysis shows a good correlation 

between experimental measurements and numerical simulation. 

NOMENCLATURE 

a  Amplitude of the light wave [nm] 

n1          Refractive index along the direction of σmax 

n2 Refractive index along the direction of σmin 

      f  Isochromatic fringe value [N.mm] 
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α            Isoclinic parameter  [degree  (°)] 

φ            Isochromatic  parameter [degree  (°)] 

λ            Light wave length used for the experiment [nm] 

F           Normal load [N] 

δ            Relative retardation  [nm] 

e            Model thickness [mm] 

N           Fringe order 

µ1          Poisson’s ratio of the birefringent model 

µ2          Poisson’s ratio of the metal cylinder 

1. Introduction  

      In mechanical systems several parts can come into contact, thus transmitting motion and power. Knowledge of the 

deformations in the vicinity of the contact zones can help predict the service behavior of the parts. Several methods can be 

used to measure deformations. We will use here the photoelasticimetry which is an interesting method because it allows 

having a complete field of stresses. Several studies have been conducted [1; 3-6; 8-18] experimentally and numerically to 

analyze and study contact problems. The stresses are generally concentrated in the vicinity of the contact zone and decrease 

very quickly while moving away from this zone. The method consists on freezing stresses in the volume of the model by 

using the properties of the molecular chains of certain polymers (epoxy, polycarbonate ... Etc.). When the model is loaded 

in the highly elastic state, then cooled slowly to room temperature, it retains almost all the acquired birefringence in the 

highly elastic state. This stress freezing technique is based on the biphasic behavior of some materials when heated to a 

critical temperature. These polymers are composed of two types of chains connecting the molecules to each other: the main 

chains and the secondary chains. At room temperature both types of chains resist the loads applied to the model. When the 

temperature of the polymer increases to the glass transition temperature (about 130 ° C for the epoxy), the secondary chains 

give way and therefore only the main chains then support stresses. The charge being maintained, slowly decreasing the 

temperature of the polymer to room temperature, the secondary chains are reformed between the strongly deformed main 

chains. When the load is removed, main strings relax slightly, but a considerable proportion of the deformation is 

preserved. The elastic deformations of the main chains are then fixed in the volume of the model permanently thanks to the 

reformed secondary chains [9]. This property is used to study stresses in three-dimensional parts. Once the model has 

cooled down and the stresses are frozen, it is cut into thin slices so that the stresses are relatively identical through the 

thickness. If possible, the slices are cut according to particular plans, such as planes of symmetries, meridian plans ... etc. 

They are studied by a two-dimensional photoelasticimetry method, without forgetting to consider the normal stress on their 

plans as non-zero. These normal stresses are obtained from other sections, for example, perpendicular to the previous ones, 

or cutting the slice into "slices", to be able to observe it in perpendicular directions. The analysis of the fringe pattern is 

carried out manually by point measurement; this requires a lot of time. With the development of computer science and 

image acquisition and processing techniques, several methods have been developed [10-11; 2]. J.C. Dupré and A. Lagarde 

[2] have developed a method for 3D visualization of isochromatic and isoclinic fringes developed in transparent (epoxy) 

solids in contact using the light scattering phenomenon and the superposition properties of these light fields. The model to 

be analyzed is cut optically using two laser beams. They were able to analyze the field of the stress in all the volume of the 

solids in contact. A parallelepiped loaded by a force centered in the middle was used. A. Zénina [4-5] has developed a 

method of 3D visualization of a torsion test on a prismatic bar (epoxy) using the optical cutting method using a 

monochromatic CCD camera. This optical slicing requires only a few seconds to get the results. 

Budimir [6] presented a numerical procedure for the two-dimensional elastic problem. In his Hertz contact model between 

two solids, considering the state of constraint plane, he showed a good correlation with the theoretical results. Contact 

stresses were calculated using materials with different elastic modulus: an aluminium cylinder on a rectangular steel plate. 

He showed that the maximum normal stress is at the center of the contact surface and invariably decreases to zero at the 

end. As a result, the contact surfaces are a function of the Young's module of the two solids in contact. He also studied the 

effect of friction with the same pair of materials. He also analyzes the adhesion and slip conditions for different Young's 

modulus materials. L. kogut [12] presented in his work a finite element analysis of an elastic contact of a deformable sphere 
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compressed by a rigid parallelepiped. The plastic elastic contact of a sphere on a plane is of fundamental importance in 

contact mechanic. It finds its application in the study of wear problems, of friction and also in the thermal and electrical 

conductivity between rough contact surfaces. Kogut uses the VON MISES criterion to detect the local transition between 

elastic and plastic deformations. He showed an evolution of the elastic contact with three stages that go from the purely 

elastic contact to the plastic elastic contact and finally to the purely plastic contact. 

A. Bilek [13] used a non-destructive optical slicing method for the case of a rigid aluminum cylinder in contact with an 

epoxy deformable parallelepiped at room temperature. A rigid aluminum parallelepiped is in contact with a deformable 

epoxy cylinder at freezing temperature (120 °) and a rigid aluminum cylinder on a cylindrical deformable epoxy model, 

inside an oven. The basic idea is to use the polarization properties of scattered light by studying thin slices of the model. 

In this study, we used two methods, experimental analysis using photoelasticity and numerical analysis. In the experimental 

part, a mechanical device made it possible to freeze the stress. A sphere made of deformable birefringent material (epoxy) 

is stressed in compression thanks to a rigid steel cylinder. 

The initial residual stresses were eliminated by a relaxation heat treatment. The stresses are fixed in the model inside an 

oven using a heat treatment. After cooling, the model is cut into several thin slices. The most sought-after slice has been 

studied and compared with the finite elements using the CASTEM software. 

2. Experimental Procedure 

         2.1.1 Elimination of residual stresses 

  Residual stresses are stresses that modify the mechanical properties of materials such as hardness and resilience. For 

metals (steel, aluminum, cast iron...etc.), the stress are due to the orientation of the planes (disturbance of the crystal 

lattice). It is not an easy task for researchers and designers to eliminate residual stresses. Before analyzing models, 

specimens and samples, it is necessary to check the presence of the residual stresses.  As for transparent materials, they can 

be observed using a polariscope, but what about metals; we can not observe the residual stresses even if we did thermal 

treatments annealing). There will always be questions to ask (Fig. 1). Several results were found approximately, researchers 

are not yet able to find methods that can validate their results in optical methods. There are several stresses such as 

mechanical stresses, thermal stresses, chemical stresses ... etc; these are stresses that must be validated by experimental, 

numerical and analytical methods. 

In aerospace, such a method is of particular interest since it is used to observe the stresses and to obtain components in 

the materials, epoxy, used here, is a thermoplastic resin (TD) polymer material having an amorphous structure with a glass 

transition temperature gT  of about 120 ° C. It is a macromolecule based on carbon, formed by the crosslinking of several 

monomers  
n

CHOCH 2  ; the residual stresses are due to the structure of the resin (TD) and the rise in temperature 

which is of the order of gT  .  In this case the residual stresses visualized under the polariscope (Fig. 1) are due to the 

machining. 
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Fig. 1- Machining of the aluminium cylinder (A) and of the epoxy cylinder (B) 

 Visualization of residual stresses for a cylinder in 3D 

 

The model must be introduced into the oven. The temperature is then increased to 120 ° C at 5 ° C per hour (Fig. 2). 

The model remains in the oven for 3 to 12 hours depending on the volume of the room for homogenization of the 

temperature. The model is then cool before being removed from the oven. The cooling temperature of a model with 

variable sections is determined by the largest thickness of the variable sections and determined by the largest thickness of 

the part. A table provided by the manufacturer of the PLM-4R allows to choose the cooling rate according to the thickness 

of the model. 

 

 

Fig. 2- Thermal cycle for annealing 

 

The model is then ready to be used, such as, at room temperature or undergo the stress freezing process when using the 

stress freezing method or the three-dimensional photoelasticimetric optical slicing method for determining the stresses in 

the model volume (Fig. 3). 
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Fig. 3- Visualizations of the model under the polariscope after elimination  

of the residual stresses for an epoxy cylinder 

 

        2.1.2 Experimental apparatus 

The experimental setup consists of a loading device. The model is mounted in the loading device. A steel model is used 

to apply a compressive load on a deformable model. The results are retrieved from the polariscope after displaying the 

stress and mechanical cutting, as an image, using a digital camera. The isochromatics and isoclines obtained make it 

possible to analyze the stress field. 

A rigid steel cylinder 30 mm in diameter and 20 mm thick is used to apply a compression load of 150N on a 

deformable sphere (Fig. 4). The axes of both models are orthogonal. The stresses were fixed inside the volume of the 

sphere using the stress freezing method. The sphere is then cut into thin slices for further analysis on a polariscope. 

   

Fig. 4- Detailed view of the experimental setup 

 

The birefringence phenomenon is used here to analyze the stress fields. Figure 5 shows the well known photoelastic 

method based on the birefringent phenomenon [11] of some transparent materials.  

The load (150 N) 

Loading   

device 

 

Steel cylinder 

Epoxy sphere 

Oven 
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Fig. 5- Light propagation through a photoelastic model. 

 

 

The light intensity obtained on the analyzer (Fig. 5) is given by the following relation (equation 1) [1]. 

 

                                                22sin22sin2 aI                                                                  (1)                 

The terms 𝑠𝑖𝑛22 ∝  and 𝑠𝑖𝑛2𝜑/2 give, respectively, the principal stresses directions and the values of their 

difference with the following relation (equation 2): 

                                                    
e

fN
σσ  21

                                                                     (2)

 

Where N is the fringe order obtained experimentally from the isochromatic fringe pattern, e is the slice 

thickness and f is the fringe constant which depends on the light wavelength 𝜆 used and the optical constant C of the 

model material (f= 𝜆/𝐶). The value of the fringe constant f is determined experimentally with a disc of the same 

material as the model. The disc, introduced in the oven with the model, is loaded along the diameter. After cooling 

the disc is analyzed with the circularly polarized light in order to obtain the fringe constant which is used then to 

obtain stresses [1; 22; 23]. The value obtained is f = 0.36N/mm/fringe [23]. 

2.2 Experimental Results 

2.2.1  The isochromatic fringes 

       We analyzed a slice of relatively large thickness (10mm) so as to obtain several fringes. To obtain the experimental 

fringes, it was necessary to use a zoom. We distinguish the fringes and we notice that their number increases when approaching 

the contact zone. They then decrease to cancel themselves away from the contact zone. The fringes obtained are shown on 

(Fig. 6). 
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Fig. 6- Experimental isochromatic fringes at z=0 mm (slice a)  

and at z=10 mm (slice b). 

It can be seen that the stresses are localized to the neighborhoods of the contact zone; it is also observed that the stresses 

developed in the different slices diminish as they move away from the direction of application of the load. On both sides of 

contact of the sphere, it is therefore far from the point of application of the load there is no fringes. The stresses are negligible 

(Fig. 6-A). We note that the closer we get to the line of action of the load, the more the fringes appear (Fig. 6). 

The values of the constancy of fringe and Young modulus at freezing temperature used in the numerical calculation 

were determined using the marker tracking method [21-22; 23] described: 𝑓𝑓 =0.36 N/mm/frange, 𝐸𝑓 = 15,9 𝑁/𝑚𝑚2. 

Figure 7 illustrates the maximum shear stress along the segment [AB]. At each order of bangs, the order of N 

corresponds to a value of the maximum shear stress given in absolute value. The variation of the maximum shear stress along 

the [AB] axis is given in the fig. 6, it is found that the stress in the middle of the contact zone takes the value of 0.018 MPa at a 

distance of 35mm, and then gradually increases to the area of load application. We note that the shear stress 𝜏𝑚𝑎𝑥  takes a 

maximum value at the point of Hertz and decreases as we move away from this point and this confirms the results obtained by 

other investigators [14], even the theory of Hertz.  

 

Fig. 7- Experimental values of principal stress difference  

along the vertical axis of symmetry. 
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2.2.2 The isoclinic Fringes  

      By rotating the two Polaroids simultaneously one visualizes the isoclines (Figure 8) that appear one by one according 

to the angle of rotation. We notice that by turning the two Polaroid, the isocline fringes appear in very visible dark areas in 

the images and change their position depending on the angle of rotation. It is recalled that the isoclines do not depend on the 

intensity of the loading; therefore the study on isoclines will be done for a single case of loading. 

 

 

 
             

Fig. 8- Isoclinic fringe patterns for two different positions  

of the polarizer and the analyzer axes (0°,15°, 30°, 45°, 60°, 75° and 90°). 

 

The exploitation of the isoclines makes it possible to determine the principal stresses directions. The principal stresses 

trajectories   called isostatics can be traced from the knowledge of the isoclines. Figure 9 shows the isoclines and isostatics for 

the case of the sphere identified experimentally and traced manually. 

 

Fig. 9- Isoclinic and isostatic for plane-to-sphere contact 

Isoclinics 
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Isostatic 

Isoclinic 
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3. Finite Elements Analysis  

       A finite element analysis conducted with CASTEM  software. Young’s modulus and Poison’s ratio for the two bodies in 

contact are introduced in the program. The isochromatic fringes, the isoclinic fringes and the stress values are determined 

numerically in order to compare them with the experimental ones. However, we have to determine correctly the optical 

parameters. The experimental results are obtained for a value of the slice thickness relatively large in order to observe several 

fringes. Stresses are, therefore, not constant along the thickness of the isolated slice. In the finite element solution, the thick 

slice is divided into n thin slices to have a better simulation of the applied stresses [7,11]. Every thin slice is then characterized 

by αi and ϕi, respectively the isoclinic and the isochromatic parameters, constant along its thickness. The meshing of the model 

(Fig. 10) is refined in the contact zone in order to obtain more  accurate results. 

 

 

Fig. 10 - Model meshing. 

 

 

 

3.1 Application of the Load 

       In the finite elements solution, we used the vertical displacement of the upper cylinder as this is a more realistic way of 

applying the load; for each node we calculated the resulting vertical displacement according to its position in the contact zone. 

The equivalent applied load is obtained, then, as the sum of the elementary vertical loads at the nodes in contact. The iterative 

process in the incrementing of the vertical displacement stops when the sum of the elementary loads reaches the value of the 

load (F=150N) set for the experiment. The material is considered to behave everywhere as a purely elastic isotropic material. 

Fringe constant f=0.36N/mm, Young’s modulus (E1=210000 MPa, E2=15.9 MPa) and Poisson’s ratios (μ1=0.3, μ2=0.45) 

respectively for the parallelepiped and the sphere are introduced in the finite element program. The mesh is refined in the 

neighbourhood of the contact zone (Fig. 10) in order to achieve better approximation of stresses. 
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3.2 Calculating the  Isochromatics  

The following relation (3)which can be obtained readily from Mohr’s circle for stresses allows us to calculate the 

principal stresses difference at any point of a stressed model. 

 

                                            √(𝜎𝑥 − 𝜎𝑦)
2

+ 4𝜏𝑥𝑦
2 = 𝜎1 − 𝜎2 = 𝑁𝑓/𝑒                                                                                  (3) 

 

The different values of the retardation angle 𝜑 can be calculated at any point on the model using the following relation (4) 

 

 

 

                                                      

Fig. 11 -.Representation of the Deformed Sphere 

 

                                             𝜑 = 2πN = 2π e/f √(𝜎𝑥 − 𝜎𝑦)
2

+ 4𝜏𝑥𝑦
2                                                                           (4) 

 

The different values of  𝑠𝑖𝑛2𝜑/2  which represents the simulated isochromatic fringes (fig. 12) have been easily 

calculated. Isochromatics and isoclines (Fig. 12), calculated for each slice using a program written under CASTEM, clearly 

show that in the upper and lower part of the sphere, away from the load application area, the stress are null (total absences of 

fringes). They then increase to a maximum value at the point of application of the load (the number of fringes visible is 

maximum at this location). CASTEM uses a color scale to represent the Isochromatics and isoclines fringes. If for example the 

light intensity is zero, CASTEM represents it in blue. If the light intensity is maximum, CASTEM represents it in red. 

CASTEM has four colors: blue, green, yellow and red. The intensity of light is variable between 0 and 1. 

  

 

 

Refined area 
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Fig. 12 -.Fringes obtained by finite elements along the sphere by isolating a slice of thickness 8 mm 

 

Images obtained using CASTEM are processed using Photoshop software to obtain black and white fringes (fig.13). 

To compare the numerical and experimental results, as for the experimental case, the calculations were made with 7 mm thick 

slice. The fringes thus obtained correspond to the stresses developed in the isolated slice along the axis of the sphere. They are 

comparable to experimental fringes (fig. 6). 
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Fig. 13 -.Isochromatic fringes measured by finite elements and treated with Photoshop software 

 

The graph (Fig.14) clearly shows the evolution of the difference in principal stresses along a vertical line along the 

direction of the applied load. 

                                         

 
 

Fig. 14 -.Evolution of the difference of the principal stresses  

 to a segment located along the direction of the load 

 

The difference in the principal stresses increases by approximately 0, 84 MPa to a value of about 0, 39 MPa at a 

distance of 3, 33 mm. It gradually decreases to a value of 0.018 MPa at 35 mm and then it increases to reach a value of 

0.84MPa at a distance 68 mm. 

 

3.3 Calculating the Isoclinic fringes  

        In the finite elements program the isoclinic fringes are numerically calculated with relation (4) given here after. 

Isoclinic fringe patterns are obtained for two different settings of the polarizer and the analyzer axis (∝= 0°,15°, 30°, 45°, 60°, 

75° and 90°). The term  𝑠𝑖𝑛22 ∝  represents the isoclinic fringes which are loci of points where the principal stresses 
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directions are parallel to the polarizer and the analyzer axis. In the simulation program the different values of the isoclinic 

parameter α can be calculated with the following relation (eq. 4) which can be obtained readily from Mohr’s circle of stresses: 

 

                                        1tan 2 /xy x y                                                                                  (4) 

The different values of  𝑠𝑖𝑛22 ∝  can therefore be calculated and displayed (fig.15). 

      

 

                          Fig. 15- Calculated isoclinic fringe pattern for 0°,15°, 30°, 45°, 60°, 75° and 90°. 

4. Comparison of results        

The purpose of this comparison is to validate the results finite elements by the experimental. Two comparisons are possible. 

The first will be made between the images of the isochrones and isoclines recorded experimentally and those simulated 

numerically; the second comparison will be made between the curves of the variation of the differences of the principal 

stresses difference. 

4.1 Comparison of isochromatics 

Figure 16 shows the experimentally recorded isochromatics and calculated isochromatics with CASTEM and processed 

with Photoshop. 

 

 

Fig. 16- Isochromatic fringes, simulated (a) and experimental (b). 

a) 
b) 
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The simulated fringes are comparable to the experimental fringes in the lower and upper parts of the model. Far from 

the contact zone, the stress decreases. We note that the experimental image obtained by photoelasticimetry is superimposed 

largely with the image given by CASTEM and treated with the Photoshop software. 

 

4.2 Comparison of isoclines 

For the comparison of the isoclines obtained numerically and experimentally for the different rotations of the angle, the 

dark part of each image corresponds to the isoclines, area where one of the main directions is parallel to one of the 

polaroids axes. Fig. 17 represents the superposition of the isoclines obtained numerically and processed with the 

PHOTOSHOP software (to the left of each image) with the corresponding isoclines obtained experimentally (to the right of 

each image). Note that it is impossible to separate the isochromic network from the isoclinic network in the images 

obtained experimentally. Note that the isoclines on the left and right sides of each image are similar and consistent. 

 

 

 

     

 

Fig. 17- Comparison of the digital isoclinic fringe pattern 

 and the experimental isoclinic fringe pattern 

 

0° 15° 

30° 45° 

60° 75° 

90° 
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4.3 Graphs of the principal stresses difference for a slice isolated along the load direction 

Figure 18 represents the graphs of the experimental and numerical results. The graph of the difference of the principal 

stresses along the line [AB] shows, relatively, good agreement between numerical results and experimental results. 

 

Fig. 18- Principal stresses difference along the vertical axis of symmetry 

Using numerical computation it is possible to determine the values of the stress in all the sections of the studied model. 

However, this is not the case for experimental analysis using photoelasticimetry, it is sometimes difficult to obtain the fringe 

order and therefore the stresses in the immediate vicinity of the contact zone. 

Several authors, Karl-Hans Laermann [19] and D.K. Tamraker [20], have found that many sources of errors could affect the 

accuracy of digital photoelasticity measurements. Three main reasons can explain the errors observed in our case: 

a) For finite element analysis, the behavior of the model is considered to be purely elastic and ignores localized plastic 

deformations due to stress concentrations in the contact zone. The stress field is therefore no longer the same as that 

obtained for the purely elastic isotropic case. The zone of plasticization normally decreases the intensity of the stresses 

and thus the fact of considering a purely elastic isotropic behavior in the zone of contact induces stresses greater than they 

are actually 

b) The type meshing used in the finite element calculation process especially in the contact zone. 

c) The accuracy of the experimental measurements, mainly the evaluation of the fringe order which is more difficult and less 

precise in the vicinity of the contact zone. 

 

5.  Conclusion  

 In this work we have shown that the stress freezing and mechanical slicing method can be successfully used to analyze 

stress fields developed in the neighbourhood of the contact zones.   This technique allows a complete study of a model; 

Isochromatics as well as isoclinics can be determined experimentally, particularly in the more stressed regions of the models.  

A finite elements analysis with castem package can give relatively accurate results as long as the limit conditions and the 

application of the load are correctly simulated.  

We have analysed a stress field developed in a birefringent sphere. The purpose is to develop a finite element solution and 

analyse completely the stress field, particularly in the neighbourhood of the contact zone.   We showed that photoelastic 

fringes and stresses can be calculated easily and accurately for any isolated slice with sufficient accuracy.  Good agreements 

between experimental and numerical results are achieved. 
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