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ABSTRACT:
This article proposes a hybrid numerical-analytical approach to effectively predict the sound absorption coefficient

of complex periodic metamaterials with a reasonably low computation time. A variation of an existing metamaterial,

consisting of a periodic succession of necks and cavities, is also proposed. The design variation was intended to

decrease the frequencies of the absorption coefficient resonant peaks and consists in adding eccentricity in the neck

position. The hybrid approach combines a thermoviscous-acoustic (TVA) approach with the transfer matrix (TM)

method. The TVA approach estimates the thermoviscous losses of acoustic waves in a periodic unit cell (PUC) of

the metamaterial. The TM method is used to simulate the acoustic behaviour of the complete metamaterial from the

TM of the PUC calculated numerically. The approach is compared to impedance tube measurements on prototypes

of the metamaterial. The comparison shows that the proposed approach is in good agreement with the measured

sound absorption coefficient. In addition, numerical simulations and experiments demonstrate that the proposed vari-

ation of the existing metamaterial results in a shift of the absorption peaks down in frequency without deteriorating

their sound absorption performance.
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Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1121/10.0006441
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I. INTRODUCTION

The attenuation of low frequency noise in small cavities

is an important problem in certain industrial applications

(muffler, gas turbine combustion chamber, aircraft engine,

and aircraft panel). The long acoustic wavelengths associ-

ated with the low frequencies of interest determine the main

design constraints for the problem under study. For this fre-

quency range, conventional thin acoustic layers exhibit a

low sound absorption. As a general rule, to improve the

sound absorption using conventional materials, a large mate-

rial thickness is required. Thus, for applications in which the

volume available for sound absorbing materials is limited,

new innovative designs of thin and light acoustic materials,

which are effective at low frequencies and can withstand a

harsh environment, are needed. One solution to this problem

is the use of acoustic metamaterials. Acoustic metamaterials

are structured arrangements of elementary, generally peri-

odic, structures (e.g., arrays of acoustic or elastic resonators

or phononic crystals) whose characteristic size is very small

compared to the acoustic wavelength.1 The metamaterial

makes it possible to control or manipulate the propagation

of the acoustic wave by a careful combination of these ele-

mentary structures in order to make its equivalent density

and compressibility negative.1–5

Dengke et al.2 used tubes of different depths in parallel

to improve the low frequency sound absorption. Wang

et al.6,7 investigated the coupling effect of the parallel–

arranged micro-perforated panels with different air cavities

and concluded that multi-resonant systems have the poten-

tial to improve the bandwidth of the sound absorption.

Aur�egan et al.8,9 presented a thin subwavelength metamate-

rial embedded in an airflow channel. The material used was

made of a series of thin rectangular tubes mounted in paral-

lel on the inner surface of the airflow channel. They showed

that this optimized material gives a significant attenuation at

low frequencies. This material has proven to be a possible

solution for air flow channels when space constraints and

low frequency noise render quarter wave resonators unus-

able. Based on the works of Bradley,10 Leclaire et al.11 stud-

ied a structured perforated material containing periodically

spaced dead-end pores (such as quarter wavelength or

Helmholtz resonators). In Ref. 11, it was proposed to model

the resonant material with periodically spaced dead-end cav-

ities by a transfer matrix method (TMM) with a low fre-

quency asymptotic approach. It has been shown that the

presence of the dead-end pore network at low frequencies
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results in an increased effective compressibility of the mate-

rial without modifying its effective dynamic density. In turn,

this induces a decrease in the effective sound speed in the

material, which is responsible for the decrease in the acous-

tic resonance frequencies. Based on the work of Leclaire,

Dupont et al.12 proposed a new microstructure for the design

of low frequency resonant acoustic absorbers. A perforated

material was studied in which the main perforations were

connected to a collection of periodically spaced very thin

annular dead-end pores with respect to the lateral size. This

solution consisted in connecting dead-end pores, i.e., thin

cavity resonators, on a main tubular pore to create dead-end

porosity materials. One of the advantages of this metamate-

rial design was to shift the absorption peaks toward the low

frequencies. This can be explained by an increase in the

effective compressibility of the material, thanks to both the

effective compressibility and the volume of the area added

in the cavities. These two parameters are responsible for

reducing the effective speed and, therefore, the acoustic nat-

ural frequencies of the material.12

Although these studies have demonstrated the growing

potential of metamaterials, most of them have used analyti-

cal methods, such as a lumped approach with the TMM, or

the finite element method (FEM) to solve the acoustic

Helmholtz equation in the fluid phase of the metamaterials.

The equivalent fluid model, such as the Johnson-Champoux-

Allard (JCA) model,13 was used to account for thermovis-

cous losses in the metamaterials by calculating an effective

dynamic density and bulk modulus (compressibility) for the

air in the metamaterials. These methods have shown good

agreement with experiments for simple geometries for

which the analytical calculation of the effective properties is

possible. However, even for materials with relatively simple

geometries, such as perforated multipancake cavities, the

approaches reached their limits beyond the first absorption

peak.12 For example, for the metamaterials presented by

Dupont et al.,12 the predictions using the JCA model are

only precise for the first resonance peak (about 400 Hz for a

cylinder 31 mm in length and 44.44 mm in diameter) but not

entirely satisfactory at higher frequency resonance peaks

(1100 Hz for the second peak) regardless of the methods

used (analytical and numerical). In fact, the JCA model

evaluates the effective properties of the air in the metamate-

rials with the geometric parameters of the cylindrical and/or

slit pores. It does not make it possible to correctly evaluate

the effective properties of the air in complex shaped meta-

materials.12–14 In addition, the absorption properties of these

metamaterials are not yet satisfactory for aeronautical appli-

cations for which the available volume for the implementa-

tion of the acoustic absorber could be very small (e.g., gas

turbine combustion chamber, aircraft engine, and aircraft

panel).

This article (i) explores a more complex geometric vari-

ant of the metamaterial proposed by Dupont et al.12 to

reduce its resonant frequencies, (ii) proposes a hybrid

numerical-analytical modeling method to consider more

precisely the thermoviscous losses in metamaterials, and

(iii) experimentally validates the variant of the metamaterial

and modeling method on the prototypes. To accurately cal-

culate the effective properties of the air in metamaterials, it

is proposed to use the numerical thermoviscous-acoustic

(TVA) simulations instead of the JCA analytical model as

was performed in previous works. As such simulations take

time, it is proposed to solve the TVA problem only on a

periodic unit cell (PUC) of the metamaterial to deduce its

transfer matrix (TM). Then, to construct the complete TM

of the metamaterial, it is proposed to use the TM of the unit

cell in the analytical TMM. We believe that such a hybrid

approach is more suited to the study of a very large number

of metamaterial configurations. This is because a PUC TM

database can be developed using the TVA method, and then

a large number of cell combinations can be quickly calcu-

lated by the TMM.

The article is structured as follows. Section II gives a

description of the two metamaterials studied. Section III

describes the equations of the TVA problem to be solved

and presents the hybrid thermoviscous-acoustic and transfer

matrix (TVA-TM) method to derive the TM of the metama-

terials from the solution of the TVA problem on a PUC rep-

resentation of the metamaterials. Section IV compares the

sound absorption coefficients at normal incidence obtained

by the hybrid TVA-TM method with measurements

obtained with an impedance tube on prototypes of the

metamaterials.

II. MATERIALS

One of the main objectives of this study is to develop

metamaterials with complex geometries capable to effec-

tively attenuate the acoustic waves at low frequencies

within a limited available physical integration volume. Two

metamaterial geometries are studied: centered neck meta-

material, also referred to as simple geometry, and off-

centered neck metamaterial, also referred to as complex

geometry. The computer-aided design (CAD) models of

both the simple and complex geometries are shown in

Fig. 1. Each metamaterial was studied in normal-incidence

sound absorption with a rigid wall backing condition.

The necks are all cylindrical and of the same diameter

d ¼ 3.51 mm and thickness ‘ ¼ 3:59 mm. The cavities are

also all cylindrical and of the same diameter D ¼ 42.40 mm

and thickness L ¼ 3.83 mm.

A. Centered neck metamaterial

The centered neck metamaterial is similar to the meta-

material proposed by Dupont et al.12 and was simulated ana-

lytically, using the TMM and numerically, using the FEM.

In their study, the thermoviscous losses were modeled using

the equivalent fluid approach described by the JCA model.

In the method proposed in this article, these losses are

obtained directly by solving the Navier-Stokes equations of

the TVA problem described in Sec. III. This metamaterial

may best be described as a series network of Helmholtz res-

onators, i.e., concentric necks and cavities on the same axis
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of revolution [Figs. 1(a) and 1(b)]. The number of neck-

cavity successions defines the metamaterial. The centered

neck metamaterial geometry is axisymmetric and allows a

two-dimensional (2D) axisymmetric numerical modeling

with the FEMs.

B. Off-centered neck metamaterial

The off-centered neck metamaterial is similar to the

first one, but the necks are off-centered and diametrically

opposed [Figs. 1(c) and 1(d)]. Here, all of the cavities have

the same axis of revolution. However, the axes of the necks

are at a radial distance ðD� dÞ=2� e (with e ¼ 1 mm) from

the axis of revolution of the cavities. This off-centered con-

figuration makes it possible to increase the thermoviscous

losses and length of the wave propagation path. It is, thus,

hoped to reduce the resonance frequencies compared to the

centered case. This geometry is not axisymmetric and, there-

fore, does not allow an axisymmetric 2D numerical model-

ing. However, it has a symmetry plan, which allows for the

numerical modeling of only half of the three-dimensional

(3D) geometry.

C. Prototype manufacturing

Figure 2 shows pictures of the manufactured metama-

terial prototypes. The manufacturing was performed by com-

puter numerical control (CNC) machining with a standard

tolerance of 60.125 mm on all dimensions and a surface fin-

ish International Organization for Standardization (ISO) grade

N8 (Ra ¼ 3.2 lm). The material used is aluminum 6061-T6.

A preliminary numerical calculation on a plate (44.40-mm

diameter and 3.59-mm thick), clamped on its circumference,

showed that the first elastic resonance (18.9 kHz) of the proto-

types is greater than the measured frequency range of interest

in this investigation. Consequently, the elastic resonance of

each prototype did not interfere with its meta-acoustical

behaviour as was the case in the study by Dupont et al..12

The prototype metamaterial consisted of one to six

subassemblies. Each subset consisted of a single neck and a

single cavity. The assembly ended with a rigid end plate

containing a single neck. In addition, the outside diameter of

the metamaterial is designed to fit into an impedance tube of

diameter DT ¼ 44:44 mm. Finally, to facilitate the assembly

(alignment and avoid leaks between parts), the design

FIG. 1. (Color online) The CAD models of the centered neck (top) and off-centered neck (bottom) metamaterials. The full geometry view (left) and half

geometry cut view (right) are shown.
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includes a chamber (1 mm� 45 deg). Figure 2 shows assem-

blies for the centered and off-centered neck configurations

in the case of 5 subassemblies terminated by a rigid end

plate containing a single neck.

III. METHODS

The use of the equivalent fluid model (JCA) as imple-

mented in the work by Dupont et al.12 does not correctly

predict the acoustic properties of the metamaterials with

complex geometries. A new hybrid approach to calculate

the acoustic absorption coefficient at normal incidence is

proposed. This hybrid approach is based on the coupling of

the solution of the Navier-Stokes equations (TVA) and TM

method. Here, the approach proposed is referred to as the

hybrid TVA-TM.

A. TVA approach

The TVA wave propagation is part of the problem of fluid

dynamics. Under the continuum assumption, it can be mod-

eled by the Navier-Stokes equations. The governing equations

for TVA in the frequency domain (with time convention eixt)

are comprised of the continuity equation, momentum equa-

tions, energy conservation equation, and linearized equation

of state.15 They are, respectively, given by

ixqþr � q0uð Þ ¼ 0; (1)

ixq0u ¼ r �
�
�pI þ l ruþ ruð ÞT

� �

� 2

3
l� lB

� �
r � uð ÞI

�
; (2)

ix q0CpT � T0a0pð Þ ¼ �r � krTð Þ þ Q; (3)

q ¼ q0 bTp� a0Tð Þ; (4)

where x is the angular frequency of the harmonic excitation,

r and r� are the gradient and divergent operators, respec-

tively, and q, T, p, and u are the instantaneous density, tem-

perature, pressure, and velocity field of the fluid,

respectively. The properties of the quiescent fluid (also

referred to as the background properties) at temperature T0

and pressure p0 are the density q0, dynamic viscosity l, bulk

viscosity lB, heat capacity at constant pressure Cp, thermal

conductivity k, coefficient of thermal expansion (isobaric)

a0 ¼ �ð1=q0Þ½@q0=@T0�p0
, and the isothermal compressibi-

litity bT ¼ ð1=q0Þ½@q0=@p�T0
. Q is a possible heat source.

No heat source is considered in this study.

Equations (1)–(4) were solved using the TVA module

of COMSOL Multiphysics software. In Secs. III B–V, the

TVA module implemented in COMSOL15 is used to deter-

mine the TM of a PUC of the metamaterials. The approach

brings together the TVA module and acoustic pressure (PA)

module of COMSOL.15 The PA module solves the classical

Helmholtz equation for acoustic problems. For clarity, the

different stages of the implemented approach methodology

will be illustrated through an application.

B. Hybrid TVA-TM approach

The proposed hybrid approach (TVA-TM) couples the

PA method (acoustic Helmholtz equation), TVA method,

and TM method. The objective is to rapidly predict the

normal-incidence sound absorption coefficient of a complex

metamaterial. Because the necks and cavities are small com-

pared to the thermal and viscous skin depths and their geom-

etry and the fluid path geometry may be complex, the

analytical calculation of the effective properties of the fluid

in the metamaterial may not be sufficiently accurate. For the

centered neck metamaterial, Dupont et al.12 showed that it

is possible for this simple geometry to correctly calculate

the effective properties using the JCA model. However, for

arbitrary geometries, notably the off-centered neck metama-

terial, it may be complicated or impossible. Consequently,

the TVA method was used to account for thermoviscous

losses on the wave propagation in complex metamaterials.

Because numerical TVA requires fine meshing to con-

verge, notably in the vicinity of the walls, the computation

time may rapidly become important as the metamaterial

becomes more complex. In our study, to limit the computa-

tion time, the numerical calculations were performed only

for a single PUC. The PUCs for centered and off-centered

metamaterials are shown in the sectional views of the CAD

model in Figs. 1(b) and 1(d) and detailed in Fig. 3. For the

centered geometry, a 2D axisymmetrical model of the PUC

is used. For the off-centered geometry, a 3D half-

symmetrical model of the PUC is used.

The objective of the numerical calculations is to calcu-

late the TM T of the PUC, then to raise it to the power of N
(subassembly number) to obtain the TM TG of the metama-

terial, and finally deduce the sound absorption coefficient of

the metamaterial. To retrieve the TM of the PUC, the TVA

FIG. 2. (Color online) Photos of the manufactured parts and assemblies of

the prototypes, showing the metamaterials with a centered neck (top) and

off-centered neck (bottom).
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problem is coupled to the PA problem as shown in Fig. 3.

The PUC is modeled with the TVA (blue zone), and it is

sandwiched between the acoustic inlet and outlet regions.

Because these regions are not subject to thermoviscous

losses of the metamaterial, they are modeled with PA (gray

zones), having properties of quiescent air. These regions,

where only the Helmholtz equation is solved, are necessary

to ensure the reconstruction of plane waves far from the

TVA–PA interfaces to be compatible with the underlying

hypothesis of the TMM. This hypothesis is verified when

the length of these regions is at least twice the diameter of

the neck.14

To obtain the TM of the PUC of the metamaterial in the

TVA region (cavity and the two half-length adjacent neck

segments), the calculation is made in two steps using two

different inlet and outlet boundary conditions. In a first step,

the inlet pressure and outlet axial acoustic velocity were

specified, whereas in the second step, the inlet axial velocity

and outlet pressure were specified. For each step, the

thermoviscous-acoustic–acoustic pressure (TVA-PA) prob-

lem was solved to obtain the averages of the acoustic pres-

sures and axial velocities at the PA–TVA and TVA–PA

interfaces shown in Fig. 3. These averaged inlet (�pi; �ui) and

outlet (�po; �uo) acoustic fields are linked by the TM of the

PUC by

�pi

�ui

� �
¼ T

�po

�uo

� �
; (5)

where T ¼ ½T11; T12; T21; T22�. This TM is a 2� 2 matrix

with four coefficients. With the two-step calculations

and eight averaged pressures and velocities, Eq. (5)

yields four equations to determine the four matrix coeffi-

cients as follows:

T11 ¼
�pistep1

�uostep2
� �pistep2

�uostep1

�postep1
�uostep2

� �postep2
�uostep1

; (6a)

T12 ¼
�pistep2

�postep1
� �pistep1

�postep2

�postep1
�uostep2

� �postep2
�uostep1

; (6b)

T21 ¼
�uistep1

�uostep2
� �uistep2

�uostep1

�postep1
�uostep2

� �postep2
�uostep1

; (6c)

T22 ¼
�postep1

�uistep2
� �postep2

�uistep1

�postep1
�uostep2

� �postep2
�uostep1

: (6d)

Now, knowing the TM of the PUC, the global TM of the

metamaterial constituted of N cells, stacked in series, is

deduced from the classical TMM14 given by

TG ¼ TN: (7)

To consider a total length at the inlet and outlet of the

assembled metamaterial, it is necessary to pre-multiply and

post-multiply the TM TG by the TM of a half neck TC. Here,

this matrix TC is computed analytically according to the

equivalent fluid approach with

TC ¼
cos ðke‘=2Þ jZe sin ðke‘=2Þ

j

Ze
sin ðke‘=2Þ cos ðke‘=2Þ

0
B@

1
CA; (8)

where ke and Ze are the effective complex wave number and

characteristic impedance of the fluid in the half neck. They

are calculed with the JCA model13 and corresponding neck

parameters given in Table I. Thus, the global TM TG of the

metamaterial becomes

TG ¼ TCTNTC: (9)

To take into account the change of the cross section

between the upstream medium (for example, impedance

tube) and the first neck of the metamaterial, and eventually

between a downstream medium (for example, transmission

FIG. 3. (Color online) The PUCs of the metamaterials studied, showing the (a) 2D axisymmetrical PUC model for the centered neck metamaterial and (b)

3D half-symmetrical PUC model for the off-centered neck metamaterial.
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tube) and the end neck of the metamaterial, the global

matrix is modified as

TG ¼ ToTCTNTCT�1
o ; (10)

where To ¼ ½1; 0; 0; r�, and r is the surface ratio between the

neck and the surrounding medium. Here, it is assumed that

the upstream and downstream media have similar surface

areas. For instance, if the metamaterial is tested in a circular

impedance tube of diameter DT, then r ¼ ðd=DTÞ2.

For the rigidly backed sample configuration (sound

absorption configuration), the main pore is open at one side

and closed at the other side. At the closed end termination of

main pore, r tends to infinity and then the global matrix for

this configuration is given by

TG ¼ ToTCTNTCT1; (11)

where T1 ¼ ½1; 0; 0; 0�, indicating the transmission matrix

for the closed boundary.

Finally, by defining the global matrix as

TG ¼ ½TG11
; TG12

; TG21
; TG22

�, the normal-incidence sound

absorption coefficient is given by

a ¼ 1�
���� TG11

� TG21
Zo

TG11
þ TG21

Zo

����
2

; (12)

where Zo is the acoustic impedance of the quiescent fluid

(here, it is air).

IV. RESULTS

A. Model setup

The PUC models described in Sec. III were used in the

numerical simulations. For the centered metamaterial, an

axisymmetrical boundary condition was used on the revolu-

tion axis of its 2D PUC model shown in Fig. 3(a). For the

off-centered metamaterial, a symmetry condition was used

on the symmetry plan of its 3D PUC model shown in Fig.

3(b). Excluding the inlet and outlet faces, the no-slip and

isothermal boundary conditions were used on all of the other

faces. The arbitrary values of the imposed acoustic pressures

and axial velocities at the inlet and outlet for the two-step

calculation are presented in Table II. Finally, parabolic tri-

angular elements were used to mesh the acoustic domain.

The mesh includes boundary layer meshes in the metamate-

rial PUC zone. The convergence of the numerical simulation

results was verified in the frequency range of interest by the

mesh refinements. At most, 16 h of computation were neces-

sary to deduce the TM of a PUC cell by the TVA approach

instead of N � 16 h for a metamaterial of N cells. Here, the

TM was calculated at frequencies ranging from 10 to

2000 Hz.

B. Experimental setup

To validate the numerical simulation results, the mea-

surements were conducted with a Mecanum’s impedance

tube. The diameter of the impedance tube is 44.44 mm. The

two-microphone method16 was used. The valid frequency

range for the setup was between 115 and 4300 Hz (upstream

microphone spacing is 30 mm). The sound pressure excita-

tion was a random noise with a global sound pressure level

of 90 dB at the microphones. The manufactured parts shown

in Fig. 2 were assembled in the tube to form the metamate-

rial. The metamaterial was backed by the rigid end of the

tube. Each metamaterial was tested three times following a

disassembly and reassembly procedure of the different parts.

This made it possible to obtain a measurement dispersion

envelope that is defined by the minimum and maximum val-

ues at each frequency. Four centered neck and one off-

centered neck metamaterial configurations were tested. Each

tested configuration consisted in a serial assembly of identi-

cal periodic cells, where the number N of cells varied

(N ¼ 3; 4; 5, and 6).

C. Results

The measured and numerically simulated predictions of

the normal-incidence sound absorption coefficient [Eq. (12)]

for each metamaterial are presented in Fig. 4, for centered

neck metamaterials and in Fig. 5 for the off-centered neck

metamaterials. In Figs. 4 and 5, the gray envelopes corre-

spond to the impedance tube measurements, whereas the red

solid lines correspond to the hybrid TVA-TM method pro-

posed in Sec. III. In addition, a third comparison was con-

sidered, represented by the dashed blue lines and

corresponding to a finite element calculation on the whole

geometry (not only on a PUC as for the TVA-TM method),

where only the Helmholtz PA equation is solved. In this

case, the fluids in the necks and cavities are described by

equivalent fluids to account for the thermoviscous losses.

Here, the JCA equivalent fluid model is used. It results in

equivalent fluid properties for circular pores in the necks

TABLE I. The JCA parameters of the half neck with g as the dynamic viscosity of air.

Viscous characteristic Thermal characteristic Tortuosity Static airflow resistivity Open porosity

length K (mm) length K0(mm) a1 r (Pa s=m2) U (%)

d=2 d=2 1 32g=d2U 100

TABLE II. The values of acoustic fields imposed at the inlet and outlet for

the two-step calculation.

Step 1 2

Boundary Inlet Outlet Inlet Outlet

Pressure (Pa) 1 0

Axial velocity ðm=sÞ — 0 1 —
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and parallel slits in the cavities. This pressure acoustic–

Johnson-Champoux-Allard (PA-JCA) FEM approach is

described in Sec. 4.1.2 of Ref. 12. It is presented here to

show the limitation of such an approach to account for ther-

moviscous losses when the geometry is more complex.

V. DISCUSSION

In Figs. 4 and 5, one can note that for all of the cases

above 1650 Hz, the normal-incidence sound absorption

coefficient drops to zero. This is related to the start of the

so-called first stop band, which is related to the first quarter

wavelength resonance of the annular cavities of the metama-

terial.12,17 For the design under study, this resonant fre-

quency is 2694 Hz, and the start of the stop band appears

just after the Nth resonance of the metamaterials.

In addition, it has been shown in Refs. 11 and 12 that

this metamaterial can be modeled as a homogeneous equiva-

lent fluid characterized by equivalent properties (such as

speed of sound, density, compressibility, and wave number).

This equivalent modeling is valid until the start of the stop

band. Thus, just as for an equivalent fluid (or a typical

porous material), absorption peaks appear at odd multiples n
of the quarter wave resonance4,11,12,18 given by

fpeak;n ¼ n
Reðceq;nÞ

4Lt
; (13)

where n ¼ ð1; 3; 5;…Þ, Lt is the total thickness of the meta-

material, and ceq;n is the equivalent sound speed. It can be

noted that ceq;n depends on n (this means that it depends on

the frequency). As an indication, the surface distributions of

the acoustic pressure for the first four quarter wave resonan-

ces are illustrated in Fig. 6 for the case of the metamaterial

with N ¼ 6 PUCs. On the right in Fig. 6, the distribution of

the pressure along the axisymmetric axis is shown. Note that

the pressure on the incident side (bottom) is close to 0 Pa

while the pressure derivative with respect to the axis is zero

at the closed end. These pressure distributions were obtained

with the PA-JCA FEM approach that was discussed earlier.

A. Centered neck metamaterial

Regardless of the number N of cells of the metamate-

rial, the agreement between the hybrid TVA-TM approach

and the experimental results are good, mainly for the first

absorption peaks. For the last absorption peaks, the peaks

predicted by the model are slightly shifted upward in the fre-

quency, and their amplitudes are slightly underestimated.

The results clearly show the effects of the number of peri-

odic cells. By increasing the number of cells, the ith peak

move toward low frequencies. This is due to the increase in

the total volume of the metamaterial and, in particular, the

volume of the cavities. Also, it is worth mentioning that the

number of peaks up to the stop band is given by the number

N of cells. In addition, the central frequency at which the

stop band arises is not related to the number of cells nor to

the total thickness of the metamaterial. Indeed, the stop

band depends on the cavity resonance frequency (here, close

to 2694 Hz) and periodic spacing between cavities.17 For

each tested sample, the geometries of the cavities and spac-

ing between the cavities remain the same. Consequently, the

same stop band is observed for all of the samples.

FIG. 4. (Color online) The normal-incidence sound absorption coefficient of the centered neck metamaterial, as well as the comparisons between the mea-

surements and predictions for different numbers N of cells are shown.
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In the dips of the curves, mainly at higher frequencies,

the hybrid model slightly underestimates the sound absorp-

tion coefficient compared to the measurements. The authors

believe that this may be caused by the roughness of the sur-

face sample and Knudsen scattering.

In general, the proposed hybrid approach gives better

results than the PA-JCA approach regardless of the metama-

terial. This is due to the fact that thermoviscous losses are

explicitly calculated with the TVA for the real geometry and

not approximated by circular and slit pore geometries as in

the JCA equivalent fluid approach. Therefore, even for this

relatively simple geometry, the TVA-TM approach is pref-

erable to the PA-JCA approach.

B. Off-centered neck metamaterial

Like the centered neck metamaterial, the off-centered

neck metamaterial is tested with cells N ¼ 3, 4, 5, and 6

as shown in Fig. 5. Again, the TVA-TM hybrid approach

compares well to the impedance tube measurements.

FIG. 5. (Color online) The normal-incidence sound absorption coefficient of the off-centered neck metamaterials, as well as the comparisons between the

testing and numerical prediction results for different numbers N of cells are shown.

FIG. 6. (Color online) The sound pressure distribution of the axisymmetrical metamaterial with six PUCs for the first four resonant frequencies. From left to

right, the first resonance at k=4, second resonance at 3k=4, third resonance at 5k=4, and fourth resonance at 7k=4, and on the right, the distribution of the

sound pressure along the axis of the metamaterial at the corresponding resonances are shown.
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The comparison is better for the first peaks than for the last

peaks. In the measurements, we observe more dispersion

between different measurements of the same sample in the

last peaks at higher frequencies. This dispersion comes from

unmounting and mounting the samples between the tests.

Unlike the centered neck case, the eccentric neck case adds

additional complexity when assembling the parts to ensure

that two successive necks are diametrically opposed. Again,

at higher frequencies, the absorption coefficients predicted

at the troughs are underestimated. For the same reason given

above, we think this is due to the Knudsen diffusion occur-

ring experimentally on the surfaces of the samples. This

time, this diffusion is more important than in the case of the

centered neck because the actual length of the acoustic path

is greater due to the eccentricity of the necks.

Similar to the centered neck case, the same conclusions

apply for the off-centered case: (1) the number of periodic

cells defines the number of absorption peaks, and (2) the

dimensions of the periodic cell (not its number) defines

the beginning of the stop band. Because the dimensions of

the necks and cavities are the same between the centered

and off-centered cases, the same stop band is observed. It

seems that the eccentricity of the necks, increasing the

equivalent tortuosity of the medium, does not affect the stop

band. This eccentricity mainly affects the position of the

sound absorption coefficient peaks.

Finally, even if the PA-JCA approach gives relatively

good predictions, it diverges more when compared to the

measurements than in the hybrid TVA-TM approach.

Surprisingly, it seems that even with the eccentricity of the

necks, the effective JCA properties of the air in the necks

and cavities are relatively well reproduced with the pore and

slit models as proposed by Dupont et al.12 for the centered

neck case. This leads to almost the same accuracy of the

PA-JCA predictions for centered and off-centered neck

metamaterials. Even with an eccentricity, the configuration

of the metamaterials is relatively simple and the PA-JCA

gives acceptable predictions. However, the TVA-TM

approach is more precise for finely capturing the thermovis-

cous losses. It can be expected that with a more complex

geometry, the PA-JCA predictions will start to diverge more

as compared to the measurements, whereas the accuracy of

the TVA-TM predictions will not be affected.

C. Comparison between centered and off-centered
neck metamaterials

Figure 7 compares the calculated normal-incidence

sound absorption coefficients of the centered neck metama-

terial with the off-centered neck metamaterial for N ¼ 3, 4,

5, and 6. For a given number of cells N, both of the metama-

terials have the same volume of air and the same total sam-

ple thickness. It can be observed that the eccentricity of the

necks causes a displacement of the absorption peaks toward

the low frequencies. This can be viewed as an increase in

the acoustic path in the medium and, hence, by an increase

in its equivalent tortuosity. The displacement toward the

low frequencies is more important for the intermediary

peaks. Typically, the reduction in frequency at the second

peak is about 50% greater than the reduction in frequency at

the first peak. Although the eccentricity moves the absorp-

tion peaks down in frequency, it only slightly affects the

peak amplitudes of the sound absorption coefficient. Indeed,

the amplitudes of the first peaks remain almost unchanged,

FIG. 7. (Color online) The normal-incidence sound absorption coefficient and the comparisons between the centered neck and off-centered neck metamateri-

als for different numbers N of periodic cells are shown. The results are obtained with the proposed hybrid TVA-TM approach.
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and they are improved at the last peaks by the eccentricity.

In addition, for the two metamaterials, it seems that the

amplitude of the absorption coefficient at the peaks

decreases, almost linearly, with the frequency.

VI. CONCLUSION

This article has proposed a hybrid approach to predict

the sound absorption coefficient of a metamaterial made of a

periodic succession of necks and cavities. The hybrid

approach combines a numerical TVA problem applied to a

PUC of a periodic metamaterial with the TM method. The

metamaterial is a variation of the periodic centered neck-

cavity metamaterial proposed by Dupont et al.,12 consisting

of adding eccentricity in the position of the necks. Whereas

the TVA is solved to accurately take into account thermovis-

cous losses of the acoustic waves in the metamaterial and

deduce the TM of the PUC, the TM method is used to build

the full metamaterial with at most six periodic cells. The

predictions obtained by the proposed method have been

compared to the impedance tube measurements on proto-

types of the metamaterial and a numerical simulation based

on the equivalent fluid approach.

Compared to the equivalent fluid approach, the results

have shown that the proposed hybrid TVA-TM approach

better predicts the complex thermoviscous losses in the

metamaterial. Its predictions are in very good agreement

with the sound absorption coefficients measured using an

impedance tube method. Moreover, the results have shown

that the eccentricity added to the neck position allows for

reducing the frequencies of all of the absorption peaks com-

pared with the case without eccentricity and does not reduce

the amplitude of the absorption peaks. In addition, the

eccentricity of the neck position does not affect the begin-

ning of the stop band effect on the absorption coefficient.

Compared to other numerical methods, the proposed

approach optimally applies to the periodic metamaterial of a

complex shape without making strong approximations on

the thermoviscous losses. The fact that only the PUC is

modeled allows the assembly of multiple PUC transfer

matrices with a reduced computation time and rapidly cre-

ates metamaterials of different kinds and simulates their

sound absorption performance using the TMM. The reduc-

tion in the computation time, compared to a full numerical

analysis, makes the proposed hybrid method well suited for

implementation in an optimisation procedure.

Finally, it should be mentioned that the authors believe

that the additional absorption observed experimentally, com-

pared to the predictions, can occur due to the roughness of the

surface by the Knudsen diffusion. In addition, a certain disper-

sion was observed between successive measurements of the

impedance tubes after the dismantling and reassembling of the

samples, mainly at higher frequencies. This dispersion would

be linked to the manufacturing and assembly tolerance of the

metamaterial. Additional research on surface roughness and

fabrication tolerance is needed to better understand this type

of metamaterial.
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