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Abstract—In this paper, a methodology for increasing the
displacement of the membrane in nonlinear transducers is
presented. This methodology that relies on pulse shaping is based
on the frequency modulation of the excitation signal which in turn
results in an amplitude modulation of the displacement of the
resonator. The benefits of pulse shaping include the increase of
the displacement of the membrane of the resonator, the ability
to leverage two mechanisms to dynamically tune the resonant
frequency of the device and a relative control of the decay
time of the resonator. These properties have been verified using
simulations and experimental results. The experimental results
are performed using two nonlinear resonators with a frequency of
3.9 kHz and 7.9 kHz. With a constant amplitude of the excitation
voltage, experimental results show that the use of pulse shaping
allows a velocity increase of the membrane of a piezoelectric
MEMS resonator of up to 191% for a softening type resonator,
and 348% for a hardening type resonator. The frequency tuning
mechanism allowed the operation of the softening type resonator
and of the hardening type resonator over a bandwidth of
280 Hz and 115 Hz, respectively, while providing higher velocity
than with the non-optimized excitation signal. The resulting
pulse shaping methodology can be applied to other nonlinear
resonators as shown using simulation and experimental results.
Therefore, this work should lead to an increase of the use of
nonlinear resonators for various applications.

Index Terms—Nonlinearity, Piezo-eletricity, Pulse Shaping,
PMUT, Transducer, Duffing resonator, Softening, Hardening,
Frequency Tuning

I. INTRODUCTION

P IEZOELECTRIC Micromachined Ultrasonic Transducers
(PMUTs) are a major innovation in ultrasound technology

[1–3], as these devices offer better performance in terms of
bandwidth, resolution and penetration than traditional ultra-
sonic transducers at very low cost. These devices allow for
the creation and reception of acoustic signals using micro-
electromechanical systems (MEMS). The operation frequency
of these devices ranges from a few kHz to a few MHz [4], [5].
Applications for these devices include imaging in both medical
and non-medical applications, in addition to ranging and non-
destructive testing [6–10]. In these applications, PMUTs offer
better performance, in terms of bandwidth, and resolution, than
the piezoceramics used in current solutions. It should be noted
that PMUTs are part of a larger family of micromachined
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ultrasonic transducers (MUTs), and that new applications
are enabled thanks to their properties. For example, it has
been shown that PMUTs can act as an active terahertz time
differentiator [11–13], in which case the periodic displacement
of the membrane is of interest to affect the terahertz signal.

Recent work on PMUTs focuses on improving their per-
formance. This includes overcoming the limitations due to
process variation during fabrication [14], providing methods
on how to tune the resonant frequency of the PMUTs [6],
augmenting the acoustic pressure generated by the PMUTs [2],
[15] and creating dual frequency responses [16]. While these
works generally use commercially available MEMS fabrication
processes on silicon wafers [6], [14], [15], [17], others develop
customs fabrication processes to improve the integration of
PMUTs. This includes their fabrication onto flexible substrates
[8], [18]. Most works focus on the fabrication process and the
transducer design to improve the performance of the PMUTs.
This work aims at looking at the impact of the excitation signal
on the performance of PMUTs considered as nonlinear MEMS
resonators by leveraging pulse shaping.

Pulse shaping can be as simple as a frequency modulation
of the excitation signal which in turn results in the amplitude
modulation of the displacement of the resonating device.
This is a direct use of the hysteresis in nonlinear resonators,
which allows the modulation of the frequency content of the
signal to affect the amplitude of the signal. Conversely, the
modulation of the amplitude of the excitation signal allows
in turn to control of the resonant frequency of the resonator.
Accordingly, a modulation in frequency of the excitation signal
results in a modulation in amplitude of the velocity of the
membrane. Thus, the contributions of pulse shaping can be
listed as follows:

(i) enabling the tuning of the resonant frequency of the
resonator using the amplitude of the excitation signal;

(ii) using the resonator at a frequency that doesn’t have to be
its resonant frequency;

(iii) increasing the displacement of the resonator’s membrane;
and

(iv) control of the decay time of the resonator.

The use of nonlinear features in MEMS resonators for pulse
shaping is of great interest as, when compared to macro-
scopic resonators, they are more likely to have a nonlinear
response [19]. Furthermore, these MEMS resonators are gen-
erally driven close to their nonlinear regime to increase their
performance [20]. Finally, the use of nonlinear MUTs seems
to be a trend as more and more MEMS devices are leveraging
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such phenomena: accelerometers, energy harvesters, actuators,
switches, and resonators [21–27]Ṫhe first applications of non-
linear PMUTS for jamming applications has been presented
by [28]. It should be noted that nonetheless other works are
also aiming to reduce the nonlinearity of MEMS resonators
[29–31].

Accordingly, this work explores the use of pulse shaping
using a nonlinear MEMS resonator to enhance performance
and is structured as follows: the necessary background is
presented in Section II. Afterwards, simulations are presented
in Section III to outline the impact of pulse shaping on a
nonlinear resonator. Experimental validation is then presented
in Section IV, covering the design and fabrication of the
devices, the experimental test setup and the experimental
results. Thereafter, Section V discusses the benefits of pulse
shaping and provides a comparison to the literature. Finally,
conclusions are presented in Section VI.

II. BACKGROUND AND THEORY

A. Operating Principle of Micromachined Ultrasonic Trans-
ducers

At the micro scale, capacitive micromachined ultrasonic
transducers (CMUTs) are an alternative to PMUTs. Both
these device types are manufactured using MEMS fabrica-
tion processes, with a key difference being the actuation
mechanism, where CMUTs are actuated using electrostatic
force, while PMUTs leverage a piezoelectric actuation. Due
to the experimental results presented touching on piezoelectric
nonlinear resonators, this paper will mainly focus on PMUTs,
but in theory pulse shaping can be applied to any type of
MUTs as long as their behavior is nonlinear. It should be noted
that nonlinearity can be introduced in MUTs by increasing the
amplitude of the excitation.

MUTs transform an electrical signal into a mechanical
signal through an sinusoidal excitation signal at a defined
amplitude A and frequency ω. In the case of CMUTs, a
bias DC signal also needs to be applied. Two main types of
waveforms are used: pulsed waves and continuous waves. In
the first case, a predefined number of periods are sent, while
in the second case the transducer is continuously excited.
However, the shape of the emitted mechanical signal is a
function of both the applied electrical pulses and the frequency
response of the transducer.

MUTs can be considered as resonators, therefore the effec-
tive frequency at which they can operate is limited by their
resonant frequency, and their dynamic behavior depends on
their quality factor. At resonance, the ultrasonic signal can
be generated most effectively and typically, the greater the
resonant frequency, the greater the temporal resolution, which
can translate to imaging or ranging resolution.

A high quality factor will allow the generation of an
ultrasound wave of greater amplitude which improves the max-
imum operating distance but reduces the spatial resolution of
the transducer due to an increased decay time of the resonator
in pulsed operation. Therefore, to increase the performance of
ultrasonic transducers, it is of interest to design devices able
to generate large acoustic signals that have a short duration

or provide a solution allowing for the reduction of the decay
time without reducing the quality factor.

Finally, both PMUTs and CMUTs are fabricated using
microfabrication processes that result in inherent variations
from device to device, which can cause variations in the
resonant frequency of the resonator. Such variations decrease
the sensitivity it a pitch and catch configuration, and can also
require careful tuning of the excitation signal frequency to
maximize output acoustic power. This warrants the develop-
ment of a resonant frequency tuning mechanism to mitigate
this effect.

Increasing the performance of PMUTs by generating more
displacement, reducing the decay time without reducing the
quality factor and providing resonant frequency tuning is con-
sidered in this work by leveraging the transducer nonlinearity
via shaping of the excitation signal (i.e., pulse shaping).

B. Modeling Nonlinearities in MEMS resonators

It should be noted that for the modelling of MEMS devices,
using the Duffing equation for a MEMS system (instead of
the appropriate micro-beam or micro-plate model) can lead
to inaccurate results. Improving the accuracy of the analytical
modelling of the nonlinear behavior of MEMS devices is still
of interest. Examples of such models have been presented in
[32–36]. However, such models are dependent on the geometry
of the MEMS device considered, and the aim of this paper is
not to provide new or improved modelling methods of nonlin-
ear MEMS devices, but focus on leveraging nonlinear effects
in MEMS devices to affect their resonant behavior in pulsed
excitation. Therefore, it will be considered nonetheless that
the dynamic response of MEMS resonators can be analytically
expressed using the Duffing equation.

In such a system, x, the deflection of one point of the
resonator, can be expressed as a function of the parameters of
the resonators such that the equation of motion can be written
as [37]:

mẍ+ cẋ+ k0x+ k1x
2 + k2x

3 = A ∗ F (t), (1)

where m is the effective mass, c is the effective damping,
and k0, k1, and k2 represent linear, square and cubic stiffness
coefficients, respectively. The deflection is also function of A,
the amplitude of the excitation signal, and F (t), the excitation
signal. In such a system, the undamped fundamental resonant
frequency f0 is given by [37]:

f0 =
1

2π

√
k0
m

. (2)

The quality factor, Q, can be estimated as [37]:

Q =

√
mk0
c

. (3)

This allows the determination of the fundamental resonant
frequency fr as [37]:

fr = f0

√
1− 1

2Q2
. (4)
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Finally κ, the amplitude-frequency coefficient, can be ex-
pressed as [37]:

κ =

(
3k2
8k0

− 5k21
12k20

)
f0. (5)

The value of κ determines the general behavior of the
system. If κ > 0, then an increase of the amplitude leads to
an increase of the resonant frequency. This behavior is called
spring hardening. On the contrary, if κ < 0, an increase of the
amplitude leads to a reduction of the resonant frequency. This
behavior is called spring softening.

Equations 1 to 5 can also be used to describe the behavior of
linear devices, in this case k1 = k2 = 0, which in turns results
in κ = 0 such that in such a system, the resonant frequency
does not vary with the amplitude of the excitation signal.

III. SIMULATION RESULTS

A. Definition of the Nonlinear Resonator

To illustrate the case at hand, and create a theoretical model,
an ideal Duffing resonator has been defined HR. For such a
resonator, unitless parameters, m, c, k0, k1, and k2 have been
determined and are presented in Table I. This set of parameters
results in f0 = 500.01Hz, fr = 500.01Hz, Q = 314.16 and
κ = 1.90. Therefore, HR will have a hardening type behavior.

The behavior of HR has been simulated using MATLAB
(2020B) with the ordinary differential equation solver ode45. It
has then been characterized following the guidelines presented
in [38]. The result of such characterization is presented in
Fig. 1. Fig. 1a presents the behavior of HR between 400Hz and
600Hz using three different excitation signals with a constant
amplitude (A = 20). In the first case, the frequency is contin-
uously increased and this has been named a continuous sweep
forward (CSF) signal. In the second case, the frequency is
continuously decreased and this has been named a continuous
sweep backward (CSB) signal. And in the third case, the
behavior is characterized for each frequency discretely, and
this has been named a pulsed sweep (PS) signal. The impact of
varying the amplitude of the excitation signal on the maximal
amplitude frequency (Fmv) is shown in Fig. 1b. The maximal
amplitude of x(t) is shown in Fig. 1c for different excitation
amplitudes. This behavior was expected as it is in agreement
with the behavior of a hardening type nonlinear resonator as
predicted by κ = 1.90.

The characteristics of HR have been extracted for three
values of A of 10, 15 and 20. In particular, the maximum
amplitude of x(t) and value of Fmv were extracted. These
results are compiled in Table II. While these results have
been extracted using simulation of the theoretical model, work
in [36] has shown that it possible to extract these values
analytically from eq.1. As seen from this table, the amplitude
of the excitation signal can be used as a simple tuning
mechanism of the value of (Fmv).

TABLE I: Characteristics of the simulated resonator
m c k0 k1 k2 f0(Hz) fr(Hz) Q κ

HR 1× 10−4 0.001 987 0 10 500.01 500.01 314.16 1.90
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Fig. 1: (a) Impact of the type of excitation signal with a
constant amplitude on the behavior in frequency, (b) impact on
Fmv of modifying the excitation amplitude, and (c) the impact
on maximal amplitude of x(t) of modifying the excitation
amplitude.

In the case of nonlinear resonators of the hardening type,
increasing the amplitude of the excitation signal can act as a
frequency tuning mechanism. As shown in Fig. 1 and Table II,
increasing the value of A leads to an increase of Fmv . When
HR is excited with a CSF type excitation, the maximum
amplitude of x(t) reached is greater than the one that can
be leveraged using a PS or CSB type excitation, and this is
also true for the variation in Fmv .

It should be noted that while this demonstration has been
made using an ideal nonlinear resonator with a hardening type
response, it is possible to do a similar exercise with an ideal
nonlinear resonator with a softening type response. In such a
case, increasing the amplitude of the excitation signal reduces
the value of Fmv as softening type resonators are characterized
by having κ < 0.

TABLE II: Performance of the simulated resonator

Amplitude of
excitation CSF CSB PS

Maximum
of x(t)

10 2.324 1.417 1.747
15 3.610 1.962 2.052
20 4.877 2.270 2.287

Fmv

(Hz)

10 508.9 503.2 504.6
15 522.6 505.2 506.3
20 541.3 506.8 507.8
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B. Increasing the Maximum Amplitude of x(t)

Nonlinear resonators exhibit a hysteresis phenomenon that
is the cause for which the CSF type excitation can yield a
greater maximum amplitude of x(t) than the PS and CSB
excitations in the case of a hardening type resonator. In the
case of a softening type resonator, the CSB type excitation
will yield a greater maximum amplitude of x(t). Therefore,
to increase the maximum amplitude of x(t) of the resonator,
it is possible to exploit such hysteresis.

As such, a modified excitation signal has been created. This
excitation signal has the following 4 phases:

1) Between t = 0 and t = t1 no excitation is provided.
2) Between t = t1 and t = t2 the frequency of the excitation

is gradually increased from f = F1 to f = F2.
3) Between t = t2 and t = t3 the frequency of the excitation

is kept constant at f = F2.
4) Between t = t3 and t = t4 no excitation is provided.

The amplitude of the excitation signal is kept constant
during phases 2 and 3. The maximum amplitude of x(t)
should be stable and attained during phase 3 at f = F2.
To illustrate the full benefits of this excitation method, five
excitation signal types ((a) to (e)) have been defined, with the
following purposes:

• Signal (a): show the benefits of pulse shaping.
• Signal (b): show the frequency tuning benefits of pulse

shaping.
• Signal (c): show the limits of conventional (single fre-

quency) excitation.
• Signal (d): show the benefits of excitation signal (a).
• Signal (e): show the benefits of excitation signal (b).
Such an excitation signal then needs to be tailored for each

specific nonlinear resonator, and for each excitation amplitude,
as the amplitude of the excitation signal has an impact on the
frequency behavior of the nonlinear resonator. The parameters
t1 = 0.5 s, t2 = 1.5 s and t3 = 3.0 s have been kept constant
for all excitation signals. It should be noted that each phase
has a minimal suitable duration. This minimal duration is a
function of the parameters of the resonators, among them Q-
factor and the resonant frequency. If the minimal duration of
each phase is not respected, then the benefits of the excitation
signal will not be exhibited.

The parameters of each excitation signal type (a) to (e) is
presented in Table III. It should be noted that the implementa-
tion of excitation signals type (a) and (b) should be carefully
created as a discontinuity in time in between phase 2 and
phase 3 in such a signal will be detrimental to the performance.

Table III also summarizes the properties of each excitation
signal type. Excitation signal types (c), (d) and (e) are a
continuous sine waves at a defined frequency as F1 = F2. It
should be noted that the frequency of signal (c) is of 507Hz,
which is greater than the 500.01Hz resonant frequency of
HR; this discrepancy is explained by the fact that HR is a
hardening type nonlinear resonator. Using excitation signal
type (a) allows an increase of the maximum amplitude of
x(t) of 210% compared to the maximum amplitude of x(t)
obtained with excitation signal type (c) and 4075% when

TABLE III: Characteristics of the different simulated
excitation signal types

Signal
type Amplitude F1 F2

Maximum amplitude
of x(t)

(a) 20 480 541 4.810
(b) 20 480 530 4.130
(c) 20 507 507 2.287
(d) 20 541 541 0.118
(e) 20 530 530 0.164
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Fig. 2: Impact of the excitation signal type on the amplitude of
x(t). Each sub-figure ((a) to (e)) corresponds to an excitation
signal defined in Table III.

compared with the maximum amplitude of x(t) obtained with
excitation signal type (d).

The use of such excitation signals also allows the use of
a frequency that is not the resonant frequency while still
displaying a greater maximum amplitude of x(t). This is
illustrated through excitation signal type (b) that allows for an
180% increase of the maximum amplitude of x(t) compared
to that achieved with excitation signal type (c). Moreover, in
comparison to the maximum amplitude of x(t) obtained with
excitation signal type (e), this represents a relative increase of
2518%.

The impact of each of these excitations on HR is illustrated
in Fig. 2, showing the amplitude of x(t) of the resonator versus
time. In this figure, the increase in maximum amplitude of x(t)
is clearly seen when the devices are excited using excitation
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signal types (a) and (b). However, it is also apparent that
excitation signal types (a) and (b) need some time before
reaching the maximum amplitude of x(t). This time is can be
detrimental to the performances of devices such as PMUTs, as
it decreases axial resolution; therefore, efforts should be made
to decrease this time.

C. Reduction of the Excitation Signal Duration

To reduce the time needed before reaching the maximum
amplitude of x(t), it is necessary to reduce the difference
between the frequencies F1 and F2. This reduction is pos-
sible thanks to the unique frequency behavior of nonlinear
resonators. In such behavior, as illustrated in Fig. 3 it is
possible to observe two strong discontinuities. In the case of a
hardening type resonator, these discontinuities can be observed
when the frequency decreases from f = F1 to f = F2, and
when the frequency increases from f = F3 to f = F4. The
first one leads to a strong increase of the amplitude of x(t)
when f = FA, while the second one to a strong decrease of
the amplitude of x(t) of the resonator when f = FB .

Using such information, an optimized excitation signal has
been created. This excitation signal has the following 6 phases:

1) Between t = 0 and t = t1 no excitation is provided,
2) Between t = t1 and t = t2 the frequency of the excitation

is gradually decreased from f = F1 to f = F2,
3) Between t = t2 and t = t3 the frequency of the excitation

is gradually increased from f = F2 to f = F3,
4) Between t = t3 and t = t4 the frequency of the excitation

is kept constant at f = F3,
5) Between t = t4 and t = t5 the frequency of the excitation

is gradually increased from f = F3 to f = F4,
6) Between t = t5 and t = t6 no excitation is provided,
The amplitude of the excitation signal is kept constant

during phases 2 to 5. The maximum amplitude of x(t) should
be stable and provided during phase 4 at f = F3. This
excitation signal is illustrated in Fig. 4. It should be noted
that the implementation of excitation signal types (a) and
(b) should be carefully created as a discontinuity in time

FA

FB

F1F2 F3 F4

Fig. 3: Illustration of the influence of the direction of the sweep
in frequency on the frequency response of a typical hardening
resonator. The frequencies F1 to F4, FA and FB are identified.

F1

F2

F3

F4

FB

FA

(a)

(b)

(c)

t1 t4 t5t2

Phase: 1 2 3 4 5 6

t3

Fig. 4: Simulation of the theoretical behavior of the nonlinear
resonator when excited using pulse shaping, in (a) the exci-
tation signal as well as the different phases are shown, in (b)
the frequency content of the excitation signal is presented with
frequencies F1 to F4, FA and FB identified, and finally in (c)
the expected behavior of the nonlinear resonator is presented.

in between phase 2 and phase 3, in between phase 3 and
phase 4 or in between phase 4 and phase 5 will be detrimental
to performance. Indeed, if such a discontinuity in time is
present, then the nonlinear resonator will be unable to reach
the maximum amplitude.

Fig. 4 shows the expected behavior of the nonlinear res-
onator. The discontinuities in amplitude of x(t) are observed
at t = tA when f = FA and t = tB when f = FB . The use of
the first discontinuity allows a strong increase of the amplitude
of x(t), while the second one allows a strong decrease of the
amplitude of x(t). This second discontinuity will be used to
control the decay of the resonator. This is illustrated in Fig. 4
as well.
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The validation of the impact of such an excitation signal
will be performed experimentally using a nonlinear MEMS
resonators. It should be noted that while this demonstration has
been made using an ideal nonlinear resonator with a hardening
type response, it is possible to do a similar exercise with
nonlinear resonator with a softening type response. In such
a case, the relationship between the excitation frequencies is
slightly different to take advantage of both discontinuities in
the frequency behavior of softening type resonators. In the
case of a hardening type resonator, the relationship between
F1, F2, F3, F4, FA and FB is:

F2 < FA < F1 < F3 < FB < F4 (6)

And in the case of a softening type resonator, this relation-
ship becomes:

F4 < FA < F3 < F1 < FB < F2 (7)

In both cases, the maximum amplitude of x(t) will be stable
and provided during phase 4 at f = F3.

IV. EXPERIMENTAL VALIDATION

A. Design and Fabrication

To experimentally validate the potential of pulse shaping to
improve the performance of nonlinear MEMS resonators, two
devices have been designed and fabricated. These nonlinear
resonators are based on the Squared Daisy structure presented
in [39]. One interesting property of this structure is its ability
leverage both types of nonlinear stiffness (either spring soften-
ing or spring hardening) depending on the anchoring scheme
used, as shown in [38]. This property is especially of interest
in this case as it will allow the demonstration of pulse shaping
for nonlinear MEMS resonators exhibiting either either spring
softening or spring hardening.

The MEMS resonators have been fabricated using the
commercial PiezoMUMPs process from MEMSCAP (Crolles,
France). This process is a piezoelectric-based MEMS process
that has been used in the literature to create MEMS resonators,
energy harvesters, sensors, and ultrasonic transducers [6], [14],
[39–42].

Cross-section

SiliconSilicon Buried oxideBuried oxide

Pad oxidePad oxide Aluminum NitrideAluminum Nitride AluminumAluminum

SubstrateSubstrate

Top

Fig. 5: Top view and cross section of the MEMS softening
type resonator.

500 µm

(a)

500 µm

(b)
Fig. 6: Micrograph of the fabricated (a) softening type res-
onator and (b) hardening type resonator. The measurement
point used for characterisation is outlined.

The anchoring of these nonlinear MEMS resonators has
been chosen so that one of the resonators exhibits a softening
type response and the other one a hardening type response.
Each design occupies an area of 1700 by 1700 µm. Fig. 5
provides both a cross-section and top view of the MEMS
structure, for the softening type device. All of the layers used
in the process are clearly identified. Further details regarding
the fabrication process can be found in [43]. The membrane
of the resonators is made of a 10 µm-thick silicon layer (Si)
in the (001) orientation. This layer also acts as the bottom
electrode, as it has been doped. The piezoelectric material is a
0.5 µm-thick layer of aluminum nitride (AlN). This layer will
allow the generation of the strain to displace the membrane.
The top electrode is made of the combination of a stack of
20 nm-thick chromium (Cr) and 1 µm thick aluminum (Al).
Electrical isolation between the two electrodes is provided
either by the AlN layer or by a 0.2 µm-thick layer of silicon
dioxide (SiO2). Upon reception of the device from the foundry,
no post-processing step was applied to the devices.

Pictures of the realized structures are shown in Fig. 6.
In this figure, the measurement point, in the center of the
proof mass is clearly indicated. This measurement point will
be kept constant for all further experiments. In Fig. 6(a) the
resonator has a softening type response, and in Fig. 6(b) it
has a hardening type response. From this point forward, these
resonators will be referred to as softening type resonator (STR)
and hardening type resonator (HTR), respectively. The mode
shape of the realized structures is presented in the appendix.

B. Description of the Experimental Test Setup

To characterize the behavior of the MEMS resonators under
the different excitation signal types, the following approach
was carried out. Results were obtained by electrically driving
the transducers and measuring their mechanical response using
a vibrometer from Polytec (Irvine, CA, USA). The vibrometer
is used to measure the velocity of the measurement point on
the devices, as outlined previously. The test setup is presented
in Fig. 7. It is comprised of the following components: a
data management system, the vibrometer controller (OFV-
2570) and the laser unit (OFV-534). The electrical excita-
tion is provided by a function generator type 33250A from
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Laser

Function Generator

Vibrometer ControllerData Management UnitData Management Unit

Device Under Test

Fig. 7: Schematic of the vibrometer test setup.

Keysight (Santa Rosa, CA, USA). This function generator is
controlled using MATLAB (2020B) to vary the frequency and
amplitude of the excitation signal.

The sampling frequency of the measurements made with the
vibrometer was set to 2.56MHz. This frequency was chosen
to provide large oversampling of the signal (as the operating
frequency of the device is below 10 kHz), and thus allow
precise observation of the velocity of the measurement point
shown in Fig. 6.

C. Characterization of the Devices

As shown in section III-C, to exploit the full capability of
pulse shaping, proper characterization of the devices needs
to be conducted. Due to the amplitude dependent nonlinear
behavior of the MEMS resonator, the characterization of
the devices is more complex than the characterization of a
linear MEMS resonator. Work in [38] provides further details
regarding the characterization methodology of the devices.
This includes the generation of the excitation waveforms
(PS, CSF and CSB), and their impact on the experimental
characterization of the nonlinear MEMS resonators.

The behavior in frequency of the resonators presented in
section IV-A has been characterized using the test setup
presented in Fig. 7. A pulsed sweep (PS) signal is used
along with continuous sweeps in both the forward (CSF)
and backward (CSB) direction. This characterization has been
made when the excitation signal amplitude is equal to 10V
and 20V. The results are summarized in Table IV. The impact
of the amplitude of the excitation signal on the value of Fmv

is highlighted by the presence of the line named ∆Fmv . This
variation validates the first tuning mechanism used in pulse
shaping: the amplitude of the excitation signal, A, has a direct
impact on the value of Fmv . As explained and simulated in
section III-C, the impact of the signal sweep type used to
extract Fmv for each device, and the impact of the amplitude
of the excitation signal (as explained in section III) can be
observed. Changing the amplitude of the excitation signal
results in a variation of Fmv , such that for the STR, increasing
the amplitude of the excitation signal decreases Fmv as κ < 0.

TABLE IV: Summary of the characteristics of both
resonators types for different excitation signal sweeps

Excitation STR HTR
voltage (V) PS CSF CSB PS CSF CSB

Fmv (Hz) 10 3970 3969 3854 7800 7812 7797
20 3920 3918 3638 7910 8058 7879

∆Fmv (Hz) – -50 -51 -216 110 246 82
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Fig. 8: Visualization of the influence of the direction of the
frequency sweep on the frequency response of: (a) softening
resonator (STR) (b) hardening resonator (HTR). Reprinted
from [38].

On the other hand, Fmv increases for the HTR for an increased
amplitude since κ > 0.

Graphical visualization of these results are shown in Fig. 8a
for the STR and in Fig. 8b for the HTR. These figures
shows the power spectrum density of the velocity of the
device when the device is excited with the three different
signal sweep types used. It should be noted that while the
simulations were performed using the amplitude of x(t), the
experimental results show the velocity (ẋ(t)) as extracted
by the vibrometer controller. Nonetheless the results can be
relied upon to characterize the devices as the velocity it is the
derivative of the displacement. Note that while frequencies FA

and FB have been determined experimentally, it is possible to
determine them analytically as shown in [36].

D. Description of the Excitation Signals

The excitation signals have been devised following the
instructions presented in section III-C. To experimentally illus-
trate the full benefits of this excitation method, five excitation
signals have been defined with the same purposes as those
proposed in section III-B and using the scheme outlined in
section III-C.

Such excitation signals then need to be tailored for each
specific nonlinear resonator, and for each amplitude of exci-
tation, as the amplitude of the excitation signal has an impact
on the frequency behavior of the resonator. The description of
each excitation signal type ((a) to (e)) is presented in Table V.
For these excitation signals, the parameters T1 to T6 have not
been kept constant, but the rate at which the excited frequency
varies has been kept constant. This rate has been defined at
1 kHz s−1.

E. Impact of Pulse Shaping

The impact of each of the excitation signals described in
the previous section on the velocity of the HTR and STR
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Fig. 9: Impact of the type of excitation on the displacement
of the STR. Each sub-figure ((a) to (e)) corresponds to an
excitation signal type as defined in Table V.

is illustrated in Fig. 9 for the STR and in Fig. 10 for the
HTR. The envelope of the displacement of the resonators is in
agreement to the predicted behavior shown in Fig. 4. This is
particularly visible in the case of excitation signal type (b), as
presented in Fig. 9b for the STR and Fig. 10b for the HTR. The
agreement is also seen when the frequency of the excitation
signal stays constant as illustrated in Fig. 9c to Fig. 9e and
Fig. 10c to Fig. 10e, comparing well to the behavior shown
in Fig. 2c to Fig. 2e.

The velocity in steady state for both resonator types has
been extracted for each excitation signal, and is presented in
Table V. Notably, due to the pulse shaping, excitation signal
type (a) allows for a velocity that is 191% higher for the STR

TABLE V: Characteristics and velocity performance of the
different experimental excitation signals

Signal
type F1 (Hz) F2 (Hz) F3 (Hz) F4 (Hz)

Maximal
velocity (ms−1)

STR

(a) 3910 3920 3640 3630 0.2712
(b) 3910 3920 3800 3630 0.1954
(c) 3920 3920 3920 3920 0.1417
(d) 3640 3640 3640 3640 0.0299
(e) 3800 3800 3800 3800 0.0489

HTR

(a) 7850 7845 8015 8035 0.3313
(b) 7850 7845 7950 8035 0.3093
(c) 7910 7910 7910 7910 0.0950
(d) 8015 8015 8015 8015 0.0698
(e) 7950 7950 7950 7950 0.0880
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Fig. 10: Impact of the type of excitation on the displacement
of the HTR. Each sub-figure ((a) to (e)) corresponds to an
excitation signal type as defined in Table V.

and 348% higher for the HTR, as compared to what is obtained
with signal type (c). When compared to the results achieved
using signal type (d), this represents an increase of 907% and
474% for the STR and HTR, respectively. This outlines the
advantage of the proposed pulse shaping.

The ability to use nonlinear resonators outside of their
resonant frequency is also clearly highlighted. This can be
seen with excitation signal type (b) that allows for a velocity
that is 138% higher for the STR and 325% higher for the HTR
compared to the displacement obtained with signal type (c).
When comparing to signal type (e) a velocity increase of 400%
for the STR and 351% for the HTR is observed.

Accordingly, the experimental behavior is in agreement with
the predictions formulated in section III-C. Therefore, the
use of pulse shaping enables a higher velocity than what is
possible when operating the device without pulse shaping at
the resonant frequency. It also enables the operation of the
nonlinear MEMS resonator over a wider range of frequencies.

Another benefit of pulse shaping is the ability to control the
decay time of the resonator. This can be done by leveraging the
sharp discontinuities in the frequency response of the nonlinear
devices during phase 5 described in section III-C. The effect
is shown in Fig. 11. However, the duration of this phase needs
to be carefully selected. If the duration of phase 5 is too long,
rebounds will appear in the displacement of the device during
the decay. This behavior has been measured experimentally as
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Fig. 11: Visualisation of the impact of the excitation method
on the decay of the device: (a) measurement, (b) simulation,
and (c) simulation of the effect of varying the duration of
phase 5 on Tcd.

shown in Fig. 11a and simulated using HR. It should be noted
that experimentally a rebound-free decay is hard to obtain,
this is mostly due to the current limit of the experimental test
setup.

Simulations using HR have been performed to grasp the
impact of the duration of phase 5 on the decay time of the
resonator. The time of constant decay Tcd has been defined as
the time needed to reduce the amplitude of the displacement
by 50%. Under no phase 5 excitation, Tcd has been simulated
at 148.8ms. However, simulations have shown that if the
duration of phase 5 is equal to 20ms then Tcd is reduced
to 123.5ms, which represents a 17% reduction of Tcd. This
case is illustrated in Fig. 11b. In this figure, it is clear that
the controlled decay is faster than the normal decay of the
resonator.

The effect of the variation of the duration of phase 5 on
the value of Tcd is clearly shown in Fig. 11c. This highlights
the benefits of pulse shaping as a way to control the value of
Tcd, as the use of the phase 5 allows a reduction of Tcd. The
value of Tcd under normal decay occurs when the duration
of phase 5 is equal to 0ms and is greater than all the other
values obtained when varying the duration of phase 5.

It should be noted that the duration of phase 5 should be
carefully controlled to exhibit optimal decay as if the duration
of this phase is greater than the normal decay, then the value
of Tcd is constant and in the case of HR is equal to 140.7ms,
which represents a reduction of Tcd of 5.4%. A longer duration
for phase 5 is not recommended as then rebounds will happen
as shown experimentally in Fig. 11a. It should be noted that
the optimal duration for each phase of the excitation signal is

dependant of the intrinsic parameters of each resonator.

V. DISCUSSION

In this section, a discussion of the experimental results
presented in section IV-E is presented. As stated previously,
this excitation method is to the best knowledge of the authors
a first for MEMS resonators. It is expected that the main
application of pulse shaping as described here will be to
increase the performance of MUTs.

The results presented in Fig. 9 and Fig. 10 are not yet
comparable to typical pulsed wave excitation as the duration
of the pulse is too long (i.e. about 8 s). However, it is possible
to compress these signals in the time domain by increasing
the rate at which the frequency varies in phase 2 and phase 5
of the excitation signal. It should be noted there is a limit to
the compression of these signals in the time domain as each
phase has a minimal duration. Currently no analytical method
is available to determine the minimal excitation duration. It
is thus is determined qualitatively by setting it to a relatively
large value and then gradually reducing it until the response
of the resonator does not exhibit the benefits of the pulse
shaping. This minimal duration is a function of the parameters
of the resonators among them Q and the resonant frequency
of the resonator and of the excitation signal (amplitude, and
frequency content). If the minimal duration of each phase is
not respected, then the benefits of the excitation signal will
not be exhibited. However, the results obtained using the pulse
shaping methodology are comparable to the continuous wave
excitation while providing enhanced displacement and thus
increased acoustic power in the context of MUTs, as once
the maximum displacement is reached, this state is stable.
This paves the way to the use of nonlinear resonators for the
emission of ultrasonic signals at higher relative output power.

Several techniques have been developed to improve the
performances of MUTs. As such, [6] and [14] have presented
methods on how to limit the effects of process variation on
the resonant frequency of MUTs, and as a result a passive
frequency tuning method is proposed. Work in [4] presents the
use of a biasing signal to exploits two resonant modes with
closely spaced natural frequencies near 175 kHz, which also
allows a relative control of the decay time of their resonator.
Work in [44] takes advantage of a DC bias voltage in the
piezoelectric layer to produce a controllable stress, which
in turn allows relative control of the resonant frequency of
their ultrasonic transducer. Other works such as [15] and [45]
present layout methods on how to improve the displacement
of the membrane of the UTs. Work in [46], presents the
use of an actuator to reduce and control the decay time
of the resonator by using electrostatically activated dampers.
Work in [47] and [48] focus on reducing the decay time of
PMUTs, where [47] presents the benefits of phase shifting the
excitation signal, while [48] presents the benefits of a transfer
function-based ring-down suppression system. Both succeed in
significantly reducing the decay time of PMUTs. Finally [49]
and [50] present the application of direct modulation which is
traditionally used in RF systems to PMUTs. While they do not
report an increase of the displacement of the membrane of the
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TABLE VI: Comparison of the proposed method with the literature

Mechanism
employed

Tuning of the
operating frequency

Increase of the
maximal velocity

Control of
the decay time

Non-linear use
of the resonator

[4] DC bias Yes (active) No Yes (82%)* No
[6] Post-processing Yes (passive) No No No
[14] Layout Yes (passive) No No No
[15] Layout No Yes (203%) No No
[44] DC bias Yes (active) No No No
[45] Layout No Yes (300%)* No No
[46] Actuator Yes (active) No Yes (75%)* No
[47] Phase shift No No Yes (85%)* No
[48] Transfer function No No Yes (93%) No
[49], [50] Direct modulation No Yes (300%)* No No
This work Pulse shaping Yes (active) Yes (up to 348%) Yes (5.4%) Yes
*estimation

PMUTs, they report an increase of the signal-to-noise ratio
level and communication range of about 300% each. These
results are compiled and compared with this work in table VI.

It should be noted that the strategies presented in [4], [47],
[48] and this work focus on reducing the decay time of the
transmitter and in a pulse-echo scenario, and that the resolution
can be impacted by the Q-factor of the receiver. It should be
noted that the issue of having a rebound-free decay was also
encountered in the work presented by [47] and [48], and to
the best knowledge of the authors, no strategies to produce a
rebound-free decay have been presented yet in the literature.

While it should be possible to combine the results from
these works into a single working device, to the best knowl-
edge of the authors, no such device has been proposed in the
literature. While, on the other hand, pulse shaping allows the
use any existing resonator in a nonlinear regime to increase
the amplitude of the displacement and reduce the decay
time of such a resonator. Furthermore, it should be noted
that the pulse shaping proposed here enables the operation
of nonlinear resonators over a wider range of frequencies,
while still attaining larger displacement (and velocity) than
the traditional excitation methods that rely on linear behavior.
These properties have been validated using both a simulated
theoretical model and experimental data of fabricated devices.

It should be noted that while in this work a function
generator has been used, a voltage-controlled oscillator (VCO)
or a digital-to-analog Converter (DAC) can be used to generate
excitation signals described in Fig. 4 in a more compact
fashion. A dedicated driving integrated circuit could also
be proposed in order to leverage the increased integration
potential with the resonator.

Future work will focus on achieving amplitude modulation
in the generation of the signal. This should allow an im-
provement of the control of the turn-on and decay time of
the devices. However, this will increase the complexity of the
generation of the excitation signal, as changing the excitation
amplitude changes the frequency behavior of the nonlinear
device, as explained in section III. Efforts will also focus on
the experimental implementation of such a method on CMUTs
and PMUTs arrays with much higher operating frequencies.

This will allow for further validation of the method, and the
use a higher resonant frequency device will allow for shorter
pulses in the time domain. The devices studied in this work
operate at frequencies below 10 kHz and the use of a CMUTs
or PMUTs device operating in the MHz range will allow for
much shorter excitation duration.

VI. CONCLUSION

In this paper, a nonlinear pulse shaping methodology which
allows an increased displacement and velocity of nonlinear
resonators has been presented and validated using simulation
and experimental results using nonlinear MEMS piezoelec-
tric resonators. The proposed pulse shaping is based on
the frequency modulation of the excitation signal, leveraging
the nonlinear frequency behavior. This in turn results in an
amplitude modulation of the displacement of the resonator.
Pulse shaping can thus be applied to improve the performance
of resonators by using them in their nonlinear regime. The
benefits of nonlinear pulse shaping were shown to increase the
displacement and therefore velocity of the device (i.e., up to
348% here). Nonlinear pulse shaping also allows the operation
of the resonator at a wider range of frequencies (i.e., here in
a range of a few hundred Hz) while still providing improved
results compared to the traditional excitation methods. Finally,
pulse shaping allows a relative control of decay time of the
resonator.

Accordingly, this works paves the way toward the nonlin-
ear excitation of MEMS resonant devices to enhance their
properties by specific engineering of the excitation signal,
potentially enabling improved metrics such as increased range
of ultrasonic transducers and increased axial resolution in
ultrasonic imaging applications.

APPENDIX

The vibrometer test setup presented in Fig. 7 has been used
to experimentally characterize the mode shape of each studied
resonator variant. To this end, a 50 x 50 points grid has been
carefully defined using a positioning controller type Corvus
Evo from Physik Instrumente (PI) (Karlsruhe, Germany) and
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2 positioners type VT-80 Linear Stage from PI. Thereafter,
using this data, the amplitude of the velocity at each point
was used to reconstruct the mode shape of the device. The
experimentally measured mode shapes of the STR and the
HTR are presented in Fig. 12 and Fig. 13, respectively,
outlining the motion of the center mass and free and clamped
supports as a function of the phase.

(a) 0° (b) 45°

(c) 90° (d) 135°

(e) 180°
Fig. 12: Visualisation of the mode shape of the STR as a
function of the phase (between 0° and 180°).

(a) 0° (b) 45°

(c) 90° (d) 135°

(e) 180°
Fig. 13: Visualisation of the mode shape of the HTR as a
function of the phase (between 0° and 180°).
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supérieure, Monntreal, QC, Canada, in 2015 and
2020 respectively. He has held scholarship from the
Natural Sciences and Engineering Research Coun-
cil of Canada (NSERC) and the Quebec Fund for
Research in Nature and Technology (FQRNT). His

research interests include MEMS design and fabrication, electronic design,
and ultrasound imaging.

In 2019, he joined the ”Université du Québec à Chicoutimi” (UQAC),
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