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Abstract—This paper describes a new method for the least-squares
reconstruction of a hypersurface from measured 3D gradient data,
for example, the potential function of a measured velocity field. The
novel aspect of the proposed algorithm is that the solution relies on
representing 3D data with hypermatrices, and obtaining the least-
squares solution to the problem as the solution of a hypermatrix
equation, i.e., a set of linear equations that equates hypermatrices.
The new approach enables the solution of the reconstruction problem
over an l ×m × n hypersurface in O

(
n4

)
time (with l ∼ m ∼ n),

whereas a straightforward approach of solving the problem with a
standard least-squares approach (vectorization) would yield an order
O
(
n9

)
algorithm. The new algorithm is therefore five orders of

magnitude faster than the state-of-the-art. The new algorithm is tested
with synthetic data with synthetic noise. The method is, however,
applicable to the problem of reconstructing a potential from velocity
data measured, for example, via particle image velocimetry.

Keywords-component—potential function ; reconstruction from
gradients ; Sylvester equation ; hypermatrix equation ; least-
squares

I. INTRODUCTION

The integration of a function of several variables from its
gradient is an important inverse problem in physics, finding
applications in the mechanics, imaging, microscopy, as well
as in mathematics in the solution of differential equations. In
engineering, many types of measurement function by mea-
suring the gradient of a quantity of interest, for example,
photometric stereo is a method of recovering surface structure
by measuring the surface gradient from images of a surface
under different lighting conditions [28]. Similar principles are
used to measure gradients with scanning electron and scanning
helium microscopes [22]. In fluid mechanics, the technique of
particle image velocimetry is for estimating velocity fields in
fluids which can then be integrated to obtain the local pressure
potential [13]. Hence, the efficient and accurate reconstruction
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of a hypersurface from 3D gradient data has countless possible
uses in engineering and physics. In the analytic case, a function
of several variables, f(x, y, z), can be obtained from its
gradient by integration, provided that the gradient satisfies the
integrability conditions [1],

∂2f

∂x∂y
=

∂2f

∂y∂x

∂2f

∂x∂z
=

∂2f

∂z∂x

∂2f

∂y∂z
=

∂2f

∂z∂y
.

(1)
In the discrete case, numerical integration of the gradient
field proceeds sequentially, and even with exact data, the
approximate formulas will yield an increasing error in the
direction of integration (e.g., [29]). However, when noise
is present in the data, the integrability conditions will no
longer hold, and some form of approximation is therefore
essential [10].

An early solution of the gradient reconstruction problem
in 2D is the method proposed in [12]. At the time, it was
too computationally expensive to solve the linear system of
equations, so that an iterative scheme was proposed. Un-
fortunately, the proposed method has no fixed point, so a
heuristic stopping point must be set. A method based on
the FFT was subsequently proposed [4], however, it and
similar methods [15] require the unrealistic assumption that
the surface to be reconstructed is periodic. Further solutions
are based on the “vectorization” of the surface, i.e., the
representation of an m× n array as an mn-vector [14], [18],
[24], where the coefficient matrix has a sum of Kronecker
products structure. While there is an effort into developing
efficient numerical solutions for Kronecker product structures
in least-squares problems [7], [27], and algorithms exist for
large sparse least-squares problems [19], these algorithms
are all fundamentally of order O

(
n6

)
for the 2D m × n

reconstruction problem with m ∼ n. Recent articles indicate
there is still a tendency towards these vectorized solutions with
low accuracy numerical approximation formulas [20], [21],



[30].
In [8], it was shown that the 2D reconstruction problem

could be solved with higher accuracy with an order O
(
n3

)
algorithm, which showed that the normal equations of the
least-squares problem were a Sylvester matrix equation. Fur-
ther developments showed that given the inverse nature of the
problem, several types of regularization could be introduced
in the same framework without compromising the three orders
of magnitude improvement in computation time [10]. The
premise of the present paper is that a three dimensional
hypersurface or potential function can be discretized as a 3D
hypermatrix, i.e., the function,

Φ = f (x, y, z) , (2)

can be discretized as the hypermatrix,

Φ = [f (xj , yi, zk)]
l,m,n
i,j,k=1 . (3)

The least-squares cost function of the reconstruction problem
is formulated in terms of a hypermatrix Frobenius norm, and
the corresponding normal equations are shown to be what we
term a hypermatrix equation. An algorithm is developed to
solve this hypermatrix equation with the asymptotic complex-
ity of O

(
n4

)
for an l ×m× n discretization of the potential

function where l ∼ m ∼ n. For comparison, the hypermatrix
equation represents lmn ∼ n3 equations, which using typical
matrix methods is solved in order O

(
n9

)
time. The new

reconstruction algorithm is therefore five orders of magnitude
faster than the state-of-the-art.

The computational advantage of the proposed algorithm is
rooted in the Sylvester matrix equation [26], and its efficient
numerical solution [2], [6], which solves the 2D reconstruction
problem. Problems in 3D (and 4D, should the case arise) can
be solved by the notion of the Sylvester hypermatrix equation,
first introduced and solved in [11]. The present algorithm
is an extension of the method that is implemented in the
Matlab toolbox [9], which has been used in many real-world
applications [5]. The contributions of this paper are:

1) A new O
(
n4

)
algorithm is proposed for the recon-

struction of a 3D potential from its measured gradi-
ent/velocity field1.

2) The Sylvester equation is extended to the Sylvester
hypermatrix equation for solving 3D least-squares prob-
lems for the first time (Appendix A).

3) Introduction of a computational framework that opens
the door to variations of the solution, such as regular-
ization methods.

The proposed algorithm is verified using synthetic data
with added synthetic noise to demonstrate that the recon-
struction algorithm produces accurate reconstructions even
when real-world measurement data is used. Variations of the
2D algorithm include reconstruction over conformal domain
shapes [23], constrained reconstruction, spectral regulariza-
tion, and Tikhonov regularization; the present algorithm can
be extended to these variations in the same manner.

1MATLAB Code for the algorithm will made available at :
mathworks.com/matlabcentral/profile/authors/4201723

II. PRELIMINARIES

The proposed algorithm makes use of numerical differenti-
ation matrices, which appear to have first been used in [16]
specifically for problems that required boundary conditions.
The general case of such matrices that did not require bound-
ary conditions and use higher order numerical differentiation
formulas were developed in [8]. The general principle is that
numerical differentiation formulas (e.g., from [3]) over the
abscissae x = a, a + h1, a + h1 + h2 can be collected and
put into matrix form, such as, f ′(a)

f ′(a+ h1)
f ′(a+ h1 + h2)

 ≈ (4)


−2h1−h2

h1(h1+h2)
h1+h2

h1h2
− h1

(h1+h2)h2

− h2

h1(h1+h2)
h2−h1

h1h2

h1

(h1+h2)h2
h2

h1(h1+h2)
−h1−h2

h1h2

2h2+h1

(h1+h2)h2


 f(a)

f(a+ h1)
f(a+ h1 + h2)


By using local numerical differentiation formulas for n points,
we obtain a general form of the discretized derivative of a
function in the form,

f ′ ≈ Df . (5)

With such a definition, the proposed algorithm does not require
that the data be at evenly spaced intervals. An important
property of a numerical differentiation matrix is that we have,

De = 0 , (6)

where e is a vector of ones, i.e., the property that the numerical
derivative of a constant function is zero, and further that the
matrix is rank one deficient.

The numerical differentiation operators can be applied to
hypermatrices in analogy to partial derivatives of a function
of several variables. An l × m × n hypermatrix is defined
as [17],

X = [xijk]
l,m,n
i,j,k=1 . (7)

The Frobenius norm of a hypermatrix, i.e., square root of the
sum of squares of all entries, is defined here as,

∥X∥F =

√√√√ l∑
i=1

m∑
j=1

n∑
k=1

x2
ijk . (8)

Given the p× l matrix A, the q ×m matrix B, and the r × n
matrix C, the multiplication along the three dimensions of the
hypermatrix yields the hypermatrix X′ such that,

x′
αβγ =

l∑
i=1

m∑
j=1

n∑
k=1

aαibβjcγkxi,j,k . (9)

For conciseness, this operation will be denoted [17],

X′ = (A,B,C) · X , (10)

whereby the result, X′, is a p × q × r hypermatrix. In two
dimensions, this notation is equivalent to the operation,

(A,B) · X = AXBT . (11)



III. RECONSTRUCTION FROM GRADIENTS

In principle, the reconstruction problem involves finding
a discretized hypersurface F such that its measured gradient
with hypermatrix components F̂y , F̂x, and F̂z , is approximately
equal its numerical gradient, i.e.,

F̂y ≈ (Dy, Im, In) · F
F̂x ≈ (Il,Dx, In) · F
F̂z ≈ (Il, Im,Dz) · F , (12)

where the derivatives are ordered in such a manner as to
have a right handed coordinate system that aligns with the
hypermatrix indexing. The solution that ensures that this is
true in the least-squares sense is therefore the hypermatrix F
that minimizes the corresponding cost-function,

ϵ (F) =
∥∥∥(Dy, Im, In) · F− F̂y

∥∥∥2
F
+
∥∥∥(Il,Dx, In) · F− F̂x

∥∥∥2
F

+
∥∥∥(Il, Im,Dz) · F− F̂z

∥∥∥2
F
. (13)

In order to find the minimum, we require the gradient of the
cost-function with respect to the unknown hypermatrix. This
gradient is derived in Appendix A, with the formula given
in Equation (48), from which we obtain the corresponding
gradient hypermatrix, i.e.,

∂ϵ (F)

∂F
=
(
DT

y, Im, In
)
·
(
(Dy, Im, In) · F− F̂y

)
+
(
Il,D

T
x, In

)
·
(
(Il,Dx, In) · F− F̂x

)
+
(
Il, Im,DT

z

)
·
(
(Il, Im,Dz) · F− F̂z

)
. (14)

Equating the gradient to zero and expanding, we obtain,(
DT

yDy, Im, In
)
· F+

(
Il,D

T
xDx, In

)
· F+

(
Il, Im,DT

zDz

)
· F

=
(
DT

y, Im, In
)
· F̂y +

(
Il,D

T
x, In

)
· F̂x +

(
Il, Im,DT

z

)
· F̂z .

(15)

This equation, which equates hypermatrices, can be referred
to as a hypermatrix Sylvester equation, which was proposed
and solved in [11]. This hypermatrix equation represents a
system of lmn linear equations in lmn unknowns, however,
because of its particular structure can be solved in a much
more efficient manner than the equivalent linear system. In
this case, it is also of note that the set of equations is rank one
deficient. This is due to the fact that the coefficient matrices
are numerical differentiation matrices, which as noted must
satisfy the identities,

Dye = 0 , Dxe = 0 , and Dze = 0 , (16)

that is, that the derivatives of constant functions must be zero.
Thus, a constant potential function, which we may denote as,

Fc = (e,e, e) · c , (17)

is a solution to the normal equations regardless of the value
of c, which aligns with the well-known fact that a function
can be reconstructed from its gradient only up to a constant of

integration. Some care must be therefore be taken in obtaining
the solution of the normal equations, which in this case
effectively have a one dimensional null-space. The solution
to the 2D problem obtained in [10] can be generalized to
the 3D problem in order to reduce the set of equations to
an (l−1)× (m−1)× (n−1) hypermatrix equation with three
auxiliary Sylvester equations (2D), and three simple linear
systems of equations. To accomplish this, we define the three
Householder reflections [7],

Py = Il−2
uuT

uTu
Px = Im−2

vvT

vTv
Pz = In−2

wwT

wTw
,

(18)
with the vectors u, v, and w, respectively of lengths l, m,
and n, are given in terms of e and coordinate vectors, e1, as,

u = e+
√
le1 , v = e+

√
me1 , w = e+

√
ne1 ,

(19)
which will effectively transform the null-space to a more
convenient basis. We thereby define the transformation of the
solution of the equation as,

F = (Py,Px,Pz) · G , (20)

in terms of an unknown hypermatrix G and substitute it into
the normal equations to obtain,(

DT
yDyPy,Px,Pz

)
· G+

(
Py,D

T
xDxPx,Pz

)
· G

+
(
Py,Px,D

T
zDzPz

)
· G =

(
DT

y, Im, In
)
· F̂y

+
(
Il,D

T
x, In

)
· F̂x +

(
Il, Im,DT

z

)
· F̂z . (21)

We subsequently multiply the hypermatrix equation by the
matrix triple

(
PT
y,P

T
x,P

T
z

)
to obtain,(

PT
yD

T
yDyPy, Im, In

)
· G+

(
Il,P

T
xD

T
xDxPx, In

)
· G

+
(
Il, Im,PT

zD
T
zDzPz

)
· G =

(
PT
yD

T
y,P

T
x,P

T
z

)
· F̂y

+
(
PT
y,P

T
xD

T
x,P

T
z

)
· F̂x +

(
PT
y,P

T
x,P

T
zD

T
z

)
· F̂z . (22)

Noting that Householder reflections are orthonormal transfor-
mations, i.e.,

PT
yPy = Il , PT

xPx = Im , PT
zPz = In , (23)

the application of orthogonal transformations in this manner
does not change the solution to the equation, whereby, the
reflections have been constructed such that,

Â = DyPy =
[
0 D̂y

]
B̂ = DxPx =

[
0 D̂x

]
Ĉ = DzPz =

[
0 D̂z

]
, (24)

and the null vectors of the modified differentiation matrices
are the coordinate vectors, e1. Further, we have,

ÂTÂ = PT
yD

T
yDyPy =

[
0 0T

0 D̂T
yD̂y

]
. (25)

If we then let,

F̃y =
(
Il,P

T
x,P

T
z

)
· F̂y

F̃x =
(
PT
y, Im,PT

z

)
· F̂x

F̃z =
(
PT
y,P

T
x, In

)
· F̂z , (26)



then the hypermatrix equation can be written as,(
ÂTÂ, Im, In

)
· G+

(
Il, B̂

TB̂, In
)
· G+

(
Il, Im, ĈTĈ

)
· G

=
(
ÂT, Im, ITn

)
· F̃y +

(
Il, B̂

T, In
)
· F̃x +

(
Il, Im, ĈT

)
· F̃z ,

(27)

where the new coefficient matrices have strategically placed
zero structures. In order to solve this hypermatrix equation,
we introduce the 2× 2× 2 block hypermatrix partitioning of
G by means of the following permutation matrices,

Ql =

[
0T

Il−1

]
, Qm =

[
0T

Im−1

]
, Qn =

[
0T

In−1

]
, (28)

such that we have the sub-hypermatrices,

G000 =
(
eT
1, e

T
1, e

T
1

)
· G G001 =

(
eT
1, e

T
1,Q

T
n

)
· G

G100 =
(
QT

l , e
T
1, e

T
1

)
· G G101 =

(
QT

l , e
T
1,Q

T
n

)
· G

G010 =
(
eT
1,Q

T
m, eT

1

)
· G G011 =

(
eT
1,Q

T
m,QT

n

)
· G

G110 =
(
QT

l ,Q
T
m, eT

1

)
· G G111 =

(
QT

l ,Q
T
m,QT

n

)
· G . (29)

which is, in fact, a scalar, three vectors (1D), three matrices
(2D) and one hypermatrix (3D). Multiplying the hypermatrix
equation by each of the coefficient triplets in the above, we
obtain the scalar equation,

(0, 0, 0) · G000 = 0 , (30)

the three vector equations,(
QT

l Â
TÂQl, 1, 1

)
· G100 =

(
QT

l Â
T, eT

1, e
T
1

)
· F̃y(

1,QT
mB̂TB̂Qm, 1

)
· G010 =

(
eT
1,Q

T
mB̂T, eT

1

)
· F̃x(

1, 1,QT
nĈ

TĈQn

)
· G001 =

(
eT
1, e

T
1,Q

T
nĈ

T
)
· F̃z . (31)

the three Sylvester matrix equations,(
QT

l Â
TÂQl, Im−1, 1

)
· G110 +

(
Il−1,Q

T
mB̂TB̂Ql, 1

)
· G110

=
(
QT

l Â
T,QT

m, eT
1

)
· F̃y +

(
QT

l ,Q
T
mB̂T, eT

1

)
· F̃x (32)(

QT
l Â

TÂQl, 1, In−1

)
· G101 +

(
Il−1, 1,Q

T
nĈ

TĈQn

)
· G101

=
(
QT

l Â
T, eT

1,Q
T
n

)
· F̃y +

(
QT

l , e
T
1,Q

T
nĈ

T
)
· F̃z (33)(

Il−1,Q
T
mB̂TB̂Ql, 1

)
· G011 +

(
Il−1, 1,Q

T
nĈ

TĈQn

)
· G011

=
(
eT
1,Q

T
mB̂T,QT

n

)
· F̃x +

(
eT
1,Q

T
mQT

nĈ
T
)
· F̃z , (34)

and finally the (l−1)×(m−1)×(n−1) hypermatrix equation,(
QT

l Â
TÂQl, Im−1, In−1

)
· G111

+
(
Il−1,Q

T
mB̂TB̂Qm, In−1

)
· G111

+
(
Il−1, Im−1,Q

T
nĈ

TĈQn

)
· G111

=
(
QT

l Â
T,QT

m,QT
n

)
· F̃y +

(
QT

l ,Q
T
mB̂T,QT

n

)
· F̃x

+
(
QT

l ,Q
T
m,QT

nĈ
T
)
· F̃z . (35)

Clearly the element G000 can take on any value and represents
the constant of integration. The linear equations are solved
in order O

(
n2

)
time by any standard solver. The Sylvester

equations can be solved by means of the Bartels-Stewart
algorithm [2] in order O

(
n3

)
time. The numerical solution

of the three term hypermatrix equation in O
(
n4

)
time was

developed in [11], and is effectively and extension of the
Bartels-Stewart algorithm. The hypermatrix in its reduced
form, i.e., (l − 1) × (m − 1) × (n − 1), is full rank and
thereby has a unique solution. The numerical solutions to the
Equations (30) through (35) therefore provide the elements
of the solution G∗ of the hypermatrix Equation (21). Finally,
the reconstructed surface, FLS, is obtained by substituting the
solution into the transformation in Equation (20), i.e.,

FLS = (Py,Px,Pz) · G∗ , (36)

which is the solution of the normal equations in Equation (15),
up to a constant of integration.

IV. NUMERICAL TESTING

In order to test the proposed algorithm, we have generated
synthetic data from a transcendental function in three dimen-
sions of the form,

F (x) = F0(x) +

q∑
k=1

Ak exp
(
− (x− xk)

T M−1
k (x− xk)

)
,

(37)
that is, Gaussian peaks are added for local structure, and the
function,

F0(x) =
1

3

(
x− 3

2

)2

+
x

4
sin (4y) +

z

5
, (38)

gives the surface global structure (Figure 1). This type of
surface mimics variations in pressure, temperature, or density
and is transcendental in nature, meaning that polynomial
interpolation functions will not be able to model it exactly.
Synthetic noise with a standard deviation of 5% of the am-
plitude of the function has been added to the exact gradient
of the function to simulate a measurement situation where
the gradient is not integrable (Figure 2). The reconstruction
error of the algorithm is given as the difference between the
reconstructed hypersurface and the original hypersurface, i.e.,

R = F− FLS , (39)

and is shown in Figure 3. The histogram of the residual errors
is shown in Figure 4, which shows that the reconstruction
errors are Gaussian when the error in the gradient field is
Gaussian. This result indicates that the proposed algorithm is
an unbiased least-squares estimator of the potential function
when the measurement error is Gaussian. As indicated,
the proposed algorithm is of O

(
n4

)
asymptotic complexity,

whereas it does not appear that there exists any other algorithm
that is faster than order O

(
n9

)
. Rough computation times for

the algorithm on a modern laptop are about 0.015 seconds for
a 21× 28× 36 hypersurface (roughly 20K grid points), about
1.4 seconds for a 130× 110× 140 hypersurface (roughly 2M



Figure. 1. The synthetic potential function defined by Equation (37) from
which the synthetic velocity data is computed. The 130× 110× 140 grid of
data is visualised as “slices” of the volume.

grid points), and about 345 seconds (about 5.7 minutes) for a
521× 512× 563 hypersurface (roughly 150M grid points). It
is, however, of note that a portion of the computation can be
done offline, if the user’s aim is fast repeated reconstruction
from measured velocity fields.

V. OUTLOOK

We have shown that a commonly used algorithm for the
reconstruction of a surface from a 2D gradient field can be
extended to 3D gradient fields. The newly proposed 3D recon-
struction algorithm can also support regularization methods
such as Tikhonov regularization, constrained regularization,
and spectral regularization, following [10].
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APPENDIX

The Frobenius norm of a hypermatrix is defined as the
square root of sum of the squared values of its entries, as
in Equation (8). In this paper, we require the derivative of the
Frobenius norm of a hypermatrix (a scalar) with respect to
a hypermatrix. The basic notions of the differentiation of a
scalar valued function with respect to a matrix can be found
in [25]. The basic cost function (13) is composed of terms of
the form,

ϵ (X) = ∥R (X)∥2F , (40)



Figure. 2. The x, y, and z components of the synthetic velocity field with added synthetic Gaussian noise with a standard deviation of 5% of the amplitude
of the potential function.

Figure. 3. Residual error hypermatrix, Equation (39).

Figure. 4. Histogram of the residual error hypermatrix.

where the residual hypermatrix is the linear relation,

R (X) = (A,B,C) · X− F . (41)

Writing the cost function in the form,

ϵ (X) =
l∑

i=1

m∑
j=1

n∑
k=1

rijk (X)
2
, (42)

and differentiating with respect to the p-q-r entry of the
hypermatrix X, we obtain,

∂ϵ (X)

∂xpqr
= 2

l∑
i=1

m∑
j=1

n∑
k=1

rijk (X)
∂rijk (X)

∂xpqr
. (43)

From Equation (41), the i-j-k entry of the residual hypermatrix
is,

rijk (X) =
(
eT
i , e

T
j , e

T
k

)
· ((A,B,C) · X− F)

=
(
eT
iA, e

T
jB, e

T
kC

)
· X− fijk . (44)

Differentiation with respect to xpqr yields,

∂rijk (X)

∂xpqr
=

(
eT
iA, e

T
jB, e

T
kC

)
· ((ep, eq, er) · 1)

=
(
eT
iAep, e

T
jBeq, e

T
kCer

)
· 1

= aipbjqckr . (45)

Substituting this result into the gradient of the cost function,
we have,

∂ϵ (X)

∂xpqr
= 2

l∑
i=1

m∑
j=1

n∑
k=1

aipbjqckr rijk (X) . (46)

By the definition of matrix-hypermatrix multiplication in
Equations (9) and (10), we obtain the gradient of the cost
function with respect to the hypermatrix X as,

∂ϵ (X)

∂X
= 2

(
AT,BT,CT) · R (X)

= 2
(
AT,BT,CT) · ((A,B,C) · X− F) . (47)

Expanding, we have equivalently,

∂ϵ (X)

∂X
= 2

(
ATA,BTB,CTC

)
· X− 2

(
AT,BT,CT) · F . (48)


