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Abstract—The phase-field method has become a widely adopted
technique in fracture propagation simulations because it can naturally
handle complex crack path. However, it is computationally expensive,
which hinders its application in three-dimensional (3D) problems. To
overcome this challenge, we adopt the parallel computing paradigm
based on the Message Passing Interface (MPI) and the adaptive mesh
refinement technique. Specifically, we employ the MPI to parallelize
the phase-field monolithic scheme based on the limited-memory
BFGS (L-BFGS) method, which reduces the memory requirement
by storing a series of vectors instead of a fully dense matrix.
Additionally, the MPI enables efficient communications between
processors across multiple computing nodes in a distributed system,
making it ideal for large-scale simulations. A fully distributed mesh
is selected so that only a non-overlapping grid is stored on each
processor, which accelerates the computational process by solving
multiple smaller tasks simultaneously. Furthermore, the adaptive
refinement technique is also applied such that only elements near
the cracked region are refined, which could reduce the size of the
discretized problem. We present both 2D and 3D crack propagation
problems to evaluate the effectiveness of the parallelization and
adaptive mesh refinement technique in reducing the computational
cost. We also perform comprehensive scaling analyses using the high-
performance computing (HPC) resources provided by the Digital
Research Alliance of Canada.

Keywords-component—phase-field; L-BFGS scheme; adaptive
mesh refinement; crack propagation; MPI; HPC

I. INTRODUCTION

The phase-field method is widely adopted to simulate crack
propagation without relying on any heuristic crack tracking
strategy or remeshing to accommodate crack growth. This
method regularizes the crack using the phase-field in a diffu-
sive manner. A diffusive band, represented by the phase-field,
separates the crack from the undamaged parts of the material,
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avoiding difficulties caused by the discontinuity due to the
cracks [1]. However, the expensive computational cost, due to
the extremely fine mesh that is used to resolve the typically
small length-scale for regularizing the crack surface [14], hin-
ders the application in 3D problems [2]. Three approaches to
alleviate the computational cost have been developed: adaptive
mesh refinement technique to reduce the number of degrees
of freedom (DoFs) by only refining the mesh near the crack
region, more efficient solvers for faster convergence, and the
parallelization technique to speed up the simulations via a fully
distributed grid strategy.

For large-scale phase-field problems, parallelization is a
useful tool to ensure that simulations can be finished within
a reasonable period of time [3]. Some parallelized phase-
field models in various forms have been developed. Liu et
al. applied a thread-parallel execution with a shared memory
via a commerical finite element software Abaqus to compare
the quasi-static and dynamic fracture results computed by
the XFEM method and the phase-field method based on
both monolithic and staggered schemes and achieved a good
agreement [4]. Ishii et al. utilized a thread-parallelized tech-
nique using a multi-color ordering method to solve a phase-
field model for crack propagation with the conjugate gradient
method and the incomplete Cholesky preconditioner [9]. Heis-
ter and Wick implemented a fully-parallelized open-source
framework called pfm-cracks for phase-field fracture problems
based on a quasi-monolithic formation solved by the semi-
smooth Newton algorithm [5]. Ziaei-Rad and Shen employed
graphics processing units (GPUs) to accelerate the phase-field
formation to solve for the fracture on the brittle materials
[6]. Hao and Shen proposed an explicit-implicit scheme for
the phase-field model based on the non-overlapping domain
decomposition method to solve dynamic fracture problems in



a parallel manner [7]. Badri et al. applied a parallelized mono-
lithic phase-field model to compare different preconditioners
to improve convergence for large-scale fracture simulations on
brittle materials [3]. Wheeler et al. designed an adaptive and
parallel phase-field framework, based on the finite element
open-source library deal.II [18] with the quasi-monolithic
semi-smooth Newton solver for fracture propagation problems
in porous media [8]. Rudshaug et al. proposed a staggered and
parallel phase-field model on the commercial finite element
solver, LS-DYNA, to predict complex and dynamic crack
propagation by using a new crack driving force [10]. Wang
et al. applied MPI to develop a parallel phase-field model
combined with the Mohr-Coulomb failure criterion to simulate
the dynamic and quasi-static fracture in 3D rock-like materials
under compressive load [11]. Samaniego at al. implemented a
phase-field model for shear band formation within Alya, a
parallel programming environment, to study the behavior of
brittle and ductile fractures [12].

In this paper, we adopt a fully distributed grid strategy
through MPI to parallelize our previous algorithm, built up
by Threading Building Blocks (TBB) [13], which was based
on the limited-memory BFGS (L-BFGS) algorithm [17] to
solve for 2D or 3D crack simulations. By the distributed
mesh strategy, the domain is fully divided into non-overlapping
subdomains and stored independently on different CPUs so
that a series of smaller sub-tasks are solved at the same time.
This not only saves the computational time, but also reduces
the memory requirement. Once each CPU finishes its own task,
the results will be synchronized via MPI to obtain the result of
the entire task. This program is implemented and parallelized
within an open-source finite element library deal.II [18] using
C++. The paper is organized as follows. In Section II, we
review the phase-field formulation for crack propagation in
brittle materials, including the governing equations, the weak
form, and the finite element formulation. In Section III, we
summarize the L-BFGS method to minimize the non-convex
energy functional. In Section IV, we provide scaling analyses
for 2D and 3D tests as well as report the speed-up ratio and
efficiency for running the tests on a multi-core computer and
the Digital Research Alliance of Canada’s high-performance
cluster.

II. REVISITING OF PHASE-FIELD CRACK FORMULATION

We briefly review the phase-field formulation used in this
paper for crack propagation problems [14], including the
governing equations, the weak form, and the corresponding
finite element formation.

A. Governing Equations

The energy functional Π(u, d) of the fractured solid system
is expressed in terms of a vector-valued displacement u(x)
and a scalar phase-field d(x) ∈ [0, 1] for the crack regulariza-
tion by the states between the cracked region (d = 1) and the
intact material (d = 0), and can be split into three components
as

Π(u, d) = Πε
(
ε(u), d

)
+ Πc(d)−Πext(u), (1)

where Πε(ε, d) is the strain energy stored in the material,
Πc(d) is the surface energy for crack surface generation, and
Πext(u) is the work done by the external forces. The primary
unknowns, u(x) and d(x) can be computed by minimizing
the total energy functional in Eq. (1), under the irreversibility
constraints for the damage. Additionally, we assume the linear
elastic material response and the relationship between the
linear strain tensor and the small displacement field, defined
as ε(u) = ∇̃u := 1

2 (∇u + ∇uT ). The strain energy is the
integral of the strain energy density function ψ over the volume
Πε
(
ε(u), d

)
=
∫

Ω
ψ
(
ε(u, d)

)
dΩ. The strain energy density

can be decomposed into the positive ψ+ and negative ψ−

portions and only the positive part will be degraded by the
damage,

ψ
(
ε, d
)

=
[
ζ(d) + k

]
ψ+(ε) + ψ−(ε), (2)

where we use a degradation function as ζ(d) = (1−d)2, and a
small k > 0 is introduced to improve numerical convergence.
By the spectral decomposition [15], the strain tensor can be
decomposed into ε± =

∑
i 〈εi〉± ni ⊗ ni, in which 〈x〉± :=

(x ± |x|)/2. The positive part ε+ is associated with tensile
strain, while the negative part ε− represents the compressive
strain. Therefore, the strain energy density for the isotropic
elastic material becomes

ψ±(ε) =
λ

2
〈trε〉2± + µε± : ε±, (3)

where tr(ε) is the trace of the strain tensor, and λ and µ are
the Lamé parameters. Correspondingly, the stress components
are defined as

σ± =
∂ψ±(ε, d)

∂ε
= λ 〈trε〉± I + 2µ

3∑
i=1

〈εi〉±ni ⊗ ni. (4)

The main characteristic of the phase-field method is to use
a regularized diffusive crack band, instead of a sharp one,
to circumvent the discontinuity of the fracture. The surface
energy, Πc(d) in Eq. (1), is the energy required to form the
corresponding crack surface, and its value is proportional to
the crack area Γc, expressed as Πc(d) = gcΓc, in which gc > 0
is the critical energy release rate. The crack area is derived [14]
using a length-scale parameter ` and the phase-field d as

Γc =

∫
Ω

1

2`

(
d2 + `2∇d · ∇d

)
dΩ. (5)

Lastly, the work done by the external forces is given by

Πext(u) =

∫
Ω

b · u dΩ +

∫
∂Ω

t · u dΓ, (6)

where b is the body force, and t is the traction applied on the
boundaries.

B. Weak Form
Performing the directional derivative of the energy func-

tional in Eq. (1) using the variations of the displacement field
δu and phase-field δd yields the following weak form,(

∇̃δu, σ
)
−
(
δu, b

)
−
(
δu, t

)
Γt

= 0 (7)(
δd,

gc
`
d
)

+
(
δd, ζ

′
ψ+
)

+
(
∇δd, gc`∇d

)
= 0, (8)



in which the binary form is defined as (a, b) :=
∫

Ω
a·b dΩ and

(a, b)Γt :=
∫

Γt
a · b dΓ. We replace the positive strain energy

ψ+ in Eq. (8) by a historical variable H of its maximum to
prevent the crack from healing,

H(x, t) = max
s∈[0,t]

ψ+
(
ε(x, s)

)
. (9)

In addition, a viscosity regularization term (ηḋ, δd) can be
introduced into Eq. (8) to stabilize the numerical treatment
approximated by a pseudo-time increment ∆t = tn+1 − tn as(

δd, η
dn+1 − dn

∆t
+ ζ

′
H+

gc
`

)
+
(
∇δd, gc`∇d

)
= 0

. (10)

To solve the non-linear equations (7) and (10), the equations
are linearized with respect to the increments of vector-valued
displacement u and the scalar phase-field d at the i-th iteration,{
Duru(u[i], d[i]) +Ddru(u[i], d[i]) = −ru(u[i], d[i])

Durd(u
[i], d[i]) +Ddrd(u[i], d[i]) = −rd(u

[i], d[i])
(11)

where ru(u, d) and rd(u, d) represent the residuals.

C. Finite Element Formulation

The vector-valued displacement u(x) and the scalar phase-
field d(x) can be approximated by the shape functions
{ϕ(x), φ(x)},

u(x) ≈
n∑
α=1

ϕα(x)uα, d(x) ≈
n∑
α=1

φα(x)dα,

where uα and dα denote the displacement and the phase-field
values at the α-th node. After taking the Galerkin formulation,
Eq. (11) can be approximated and expressed by a blocked
linear system for the monolithic increments:[

K
(i)
uu K

(i)
ud

K
(i)
du K

(i)
dd

] [
u(i)

d(i)

]
=

[
−r(i)

u

−r(i)
d

]
. (12)

Specifically, the entries of the stiffness matrix and the residual
in Eq. (12) are expressed as

Kab
uu =

(
∇̃ϕa,

∂σ

∂ε
: ∇̃ϕb

)
, Kab

ud =

(
∇̃ϕa,

∂σ

∂d
φb

)
,

Kab
du =

(
φa, ζ

′ ∂H
∂ε

: ∇̃ϕb
)
,

Kab
dd =

(
φa,
[gc
`

+
η

∆t
+ ζ

′′
H
]
φb

)
+ (∇φa, gc`∇φb) ,

rau =
(
∇̃ϕa,σ

)
− (ϕa,b)− (ϕi, t)Γt

,

rad =

(
φa,

gc
`
d+ η

d− dn
∆t

+ ζ
′
H
)

+ (∇φa, gc`∇d) .

The material tangent modulus is defined as

∂σ

∂ε
= [ζ + k]

∂σ+

∂ε
+
∂σ−

∂ε
, (13)

where
∂σ±

∂ε
= λH(±trε)I⊗ I + 2µP±, (14)

with H(x) = 1 if x ≥ 0 and H(x) = 0 if x < 0. The two
fourth-order projection tensors are defined as

P± =
∑
i

H(±εi)ni⊗ni⊗ni⊗ni+
1

2

∑
i

∑
j 6=i

ϑ±ij
Gij + Gji

2
,

where ϑ±ij =
〈εi〉±−〈εj〉±

εi−εj if εi 6= εj and ϑ±ij = [H(±εi) +

H(±εj)]/2 if εi = εj , and

Gij = ni ⊗ nj ⊗ ni ⊗ nj + ni ⊗ nj ⊗ nj ⊗ ni.

Lastly, the linearized terms can be computed as

∂σ

∂d
= ζ ′σ+,

∂H
∂ε

=

{
σ+(u(i)) , ψ+

(
ε(ui)

)
> Hn

0 , ψ+
(
ε(ui)

)
≤ Hn

.

III. LIMITED-MEMORY BFGS SCHEME

It is well-known that the total energy functional in Eq. (1)
is non-convex, for instance, see [22] and [23]. In this work,
we use the limited-memory version of the BFGS scheme
to overcome the convergence difficulties. As a quasi-Newton
method for non-linear optimization problems, the L-BFGS
scheme follows an iterative pattern

xk+1 = xk + αkB
−1
k ∇f(xk) = xk + αkpk (15)

to find the solution, where αk is the step length and pk is the
search direction in the k-th iteration defined as

Bkpk = −rk = −∇f(xk).

A. Conventional BFGS Scheme

In the conventional BFGS algorithm, two vectors sk and
yk are defined by the solution vector x = {u, d}T and the
residual vector r = {ru, rd}T as sk = xk+1 − xk, yk =
rk+1 − rk. And then, we can define a scalar variable ρk and
a matrix Vk as

ρk = 1/yTk sk, Vk = I− ρkyksTk .

The inverse of the Hessian Hk = B−1
k can be approximated

by a recursive expression,

Hk = VT
k−1Hk−1Vk−1 + ρk−1sk−1s

T
k−1.

By defining an operator for the matrix multiplication, Vba =
VaVa+1 . . .Vb−1Vb, a < b, the inverse of the Hessian Hk

can be expanded by m (m ≤ k) steps as,

Hk = (Vk−1
k−m)THk−m(Vk−1

k−m)

+

k−2∑
i=k−m

ρi(Vk−1
i+1 )Tsis

T
i (Vk−1

i+1 ) + ρk−1sk−1s
T
k−1.

(16)

B. Limited-memory BFGS Scheme

Since the conventional BFGS method has to store a fully
dense inverse of the Hessian matrix Hk−m for the recursive
computation shown in Eq. (16), it is not suitable for large
scale finite element problems. In order to avoid the stringent
memory requirement, we can employ a sparse matrix H

(0)
k as



the initial guess instead of a fully dense matrix Hk−m needed
in Eq. (16). The initial sparse matrix is defined as:

H
(0)
k = K̂−1 =

[
K−1
uu 0
0T K−1

dd

]
.

Therefore, only the above sparse matrices H
(0)
k and the most

recent m vector pairs, {si,yi}, i = k − m, . . . , k − 1 need
to be stored in the memory to evaluate the inverse of the
approximated Hessian Hk.

Additionally, the search direction pk can be obtained by the
two series of vector-vector multiplications in addition to the
initial guess H(0)

k and the vector productions sisTi in Eq. (16).
A two-loop recursive method, owing to the associative law,
such as (abT )r = a(bT r), is adopted rather than using
explicit matrix-matrix multiplications, such as ViVj . This can
further save CPU time as the scale of the problem increases.
This is because the computational complexity is reduced from
O(n3) to O(2n). For the detailed L-BFGS algorithm, see [13].

IV. SCALING ANALYSES

This section presents the scaling analyses for a 2D shear-
loading test and a 3D inclusion tension test. We use a fully
distributed mesh approach with the MPI to exchange data.
The computational domain is divided into multiple smaller
non-overlapping subdomains that are assigned to different
CPUs. Each CPU only stores data for its assigned subdomain
and performs local computing tasks, such as evaluating local
stiffness matrix. Ideally, doubling the number of CPUs will
halve the problem size for each CPU and reduce the total
wall-clock time by half. However, in most parallel computing,
there is overhead due to data exchange for global calculations,
such as assembling the global stiffness matrix. Each CPU must
complete its local task and then exchange results with others,
which can cause delays by idling. As more CPUs are used,
the data exchange overhead increases, and the workload per
CPU decreases. If the problem scale or the number of DoFs
per CPU is too small, the data exchange overhead becomes a
significant factor, negatively impacting the speedup and even
potentially making the computation slower compared with the
counterpart using fewer CPUs.

For the adaptive mesh refinement technique, we apply the
two-stage refinement strategy that is discussed in our previous
paper [13]. Only elements with a phase-field value above a
threshold will be refined, and their mesh sizes are controlled
by the ratio between the diagonal length of the element h and
the length-scale `. Due to the adaptive refinement technique,
only the elements in the cracked region will be refined. This
process naturally causes an uneven increment in DoFs across
the entire computational domain, resulting in an unbalanced
workload among multiple CPUs, even if an equal partition
is performed during the initial problem setup. To avoid this,
the re-partitioning and re-allocation are essential after the
adaptive refinement to ensure each CPU has a sub-problem
of similar size. This re-partitioning will reduce the speed-
up of the parallelization due to the communication cost, but

Figure. 1. The schematic (left) of the 2D plate (unit: mm) with a preexisting
crack undergoing the displacement-controlled shear load on the top edge. The
phase-field distribution (right) is displayed on the adaptively refined mesh
when ux = 0.0015 mm.

the reduction in problem size through the adaptive mesh
refinement improves the overall computational efficiency.

The speed-up ratio S(NCPUs), and efficiency E(NCPUs) by
the increasing numbers of CPUs are defined as follows:

S(NCPUs) = T (Nmin)/T (NCPUs), (17)
E(NCPUs) = S(NCPUs)/(NCPUs/Nmin), (18)

in which T (·) is the total time spent on the simulation, NCPUs

is the number of CPUs used in the simulation, and Nmin is
the simulation time needed by using the fewest CPUs. The
larger the speedup the program obtains, the more efficiently
the parallelization preforms. An ideal parallel problem has
S(NCPUs) = NCPUs/Nmin and E(NCPUs) = 100%. The 2D
shear test runs on a MacBook Pro with Apple M2 Max chips
(8 performance cores @3.49 GHz, 4 efficiency cores @2.42
GHz) using Trilinos [20], while the 3D test is performed on
the cluster Cedar provided by the Digital Research Alliance
of Canada using PETSc [21].

A. 2D Shear-Loading Test

We use the proposed method for crack simulation in the 2D
shear loading test involving 1, 2, 4, and 8 CPUs, respectively.
The computational domain is a 2D unit plate with a preexisting
crack, shown in Fig. 1. The top edge is prescribed with a
horizontal displacement ux = 15.0 × 10−3 mm with the
increment ∆ux = 10−4 mm, and the bottom edge is fully
fixed. The material parameters include the Lamé parameters
λ = 121.15 kN/mm2 and µ = 80.77 kN/mm2, the critical
energy release rate gc = 2.7× 10−3 kN/mm, and the length-
scale parameter ` = 0.0075 mm. The refinement parameters
are set as threshold dT = 0.4 and the ratio h/` < 0.5.
The crack grows gradually until the last loading step ux =
0.0015 mm, as shown in Fig. 1.

The computational domain is divided into 8 non-overlapping
subdomains allocated to 8 CPUs correspondingly as shown
in Fig. 2. As the crack grows, the re-partition is performed
after the adaptive mesh refinement to ensure an even DoFs
distribution among all the CPUs. The time consumption with
different numbers of CPUs and the corresponding speed-
up ratios and efficiencies calculated according to Eqs. (17)



Figure. 2. The domain is divided into 8 non-overlapping subdomains, and
each is assigned to a CPU. In the beginning (left), only the region around
the preexisting crack tip is refined (2, 883 DoFs). As the crack grows, the
mesh is refined when ux = 0.0012 mm (middle, 8, 997 DoFs) and ux =
0.0015 mm (right, 14, 337 DoFs), the subdomains are re-assigned to the
CPUs to re-balance the workload.

Figure. 3. The wall-clock time (left) using 1, 2, 4, and 8 CPUs to compute
the shear-loading test and the corresponding speed-up ratios and efficiencies
(right) versus the number of the CPUs.

and (18) are reported in Fig. 3. The computational time
consistently decreases, while the speedup drops as more CPUs
are used. This drop is caused by a higher overhead due to the
data exchange and re-partitioning costs. Since this problem
only has 14, 337 DoFs (about 1, 792 per CPU in the 8-CPU
test), the size of the sub-problem assigned to each CPU is
small, which also impacts the speed-up.

B. 3D Inclusion-Tension Test

We apply the proposed method for the crack propagation
in a 3D inclusion problem using 2N (N = 3, . . . , 8) CPUs in
the cluster Cedar provided by the Digital Research Alliance
of Canada. The sample consists of two components: a softer
matrix (λ = 12.0 kN/mm2 and µ = 8.0 kN/mm2) and a
rigid 1/8 spherical inclusion (λ = 12.0 × 105 kN/mm2 and
µ = 8.0× 105 kN/mm2), the geometry of which is shown in
Fig. 4. The rest of the material parameters include the critical
energy release rate gc = 5.0 × 10−4 kN/mm, the viscosity
parameter η = 10−6 kN · s/mm2, the length-scale parameter
` = 0.01 mm, and the small positive parameter k = 0.0 in
Eq. (2). The sample is subjected to a displacement-controlled
tension along the z-direction at the surface (z = 1 mm) with
the incremental displacement ∆uz = 1.0×10−3 mm for uz ≤
1.1×10−2 mm and ∆uz = 2.0×10−4 mm up to uz = 1.3×
10−2 mm. Constraints are applied at the surface x = 0 mm
with ux = 0, the surface y = 0 mm with uy = 0, and the
surface z = 0 mm with uz = 0, respectively. The threshold
dT = 0.8 and the ratio h/` < 0.8 are set for the adaptive

mesh refinement. The phase-field distribution is reported in
Fig. 4 when the crack grows rapidly across the sample when
uz = 0.0122 mm.

Figure. 4. The schematic (left) of a 3D unit cube (unit: mm) with a 1/8
spherical inclusion subjected to the displacement-controlled load uz applied
on the top surface. The gray object represents the rigid spherical inclusion.
The phase-field value (d > 0.8) is distributed inside the cube when uz =
0.0122 mm (right).

Figure. 5. The domain is divided into 256 non-overlapping subdomains,
each of which is assigned to a CPU. In the beginning (51, 132 DoFs, left),
the region above the inclusion is refined with the partition unchanged until
the crack is initiated. As the crack propagates through the sample (right), the
mesh is adaptively refined (638, 060 DoFs, about 2, 492 per CPU), and the
domain partitions are re-assigned to CPUs to re-balance the workload.

Figure. 6. The number of nodes and the total time (left) used on 8, 16, 32,
64, 128, and 256 CPUs to complete the 3D inclusion composite under tension
loading test and the corresponding speed-up ratios defined by Eq. (17) and
the efficiencies defined by Eq. (18) versus the number of the CPUs (right).

Figure 5 shows the reallocation of the subdomains to the
used 256 CPUs before and after the adaptive mesh refinement,
which balances the workload across all the CPUs. The number



of DoFs increases more than 12 times of the initial value,
highlighting the importance of the adaptive refinement for 3D
problems. The wall-clock time of the simulation, shown in
Fig. 6, decreases consistently as more CPUs are involved.
The MPI is a higher-layer communication protocol that relies
on point-to-point connections, such as sockets and TCP/IP
[19]. Unlike simulation on a single multi-processor machine,
the communication structures on a cluster are more complex
due to many computers located in various nodes separated in
several islands and shared by different users via the virtual
machine technique. The number of nodes strongly impacts
the scaling efficiency. As shown in Fig. 6, the parallelization
scales well from 8 to 128 CPUs. The efficiency improves at
128 CPUs because of the fewer nodes are involved. When
NCPUs ≥ 128, fewer DoFs are assigned to each CPU (about
4, 984 on 128 CPUs and 2, 492 on 256 CPUs), which increases
the proportion of the communication costs and therefore
reduces the overall efficiency.

CONCLUSION

In this paper, we propose an MPI-based parallel monolithic
scheme using the limited-memory BFGS method for both 2D
and 3D phase-field crack simulations. During parallelization,
we employ a fully distributed mesh via the MPI using different
numbers of CPUs to speed up the computation for large-
scale problems. The adaptive mesh refinement technique is
further introduced to reduce the total computational cost. The
detailed scaling analyses are reported for a 2D problem and
a 3D problem. We also introduce a re-partition technique
to balance the workload among multiple CPUs due to the
imbalance caused by the adaptive mesh refinement. Due to
these techniques, we are able to model more realistic 3D crack
propagation problems within a reasonable wall-clock time.
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