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Abstract

Robotic machining provides a flexible and cost-effective alternative to conventional machine
tools. However, robots have relatively poor rigidity and accuracy. Performance enhancement in
robotic machining typically relies on machining parameter optimization, robot calibration,
offline or online path error compensation, and process refinement. This study focuses on offline
measurement and compensation of circular path errors using a telescoping ballbar system. To
address the inherent limitations of traditional ballbar setups, particularly their restriction to a
few fixed measurement radii, a novel out-of-plane ballbar measurement method is introduced
along with a custom data processing framework. This configuration enabled error measurements
across general circular trajectories with varying radii. A geometric projection model was
developed to quantify the measurement distortion induced by the out-of-plane angle and a
small-radius adaptor was designed to extend the applicability of the ballbar system. The
proposed method was experimentally validated on a robotic machining platform using a laser
tracker. The results show that at out-of-plane angles below 30°, the system achieves over 61%
compensation accuracy, which is comparable to the 75% achieved using the laser tracker, while
requiring less than 20% hardware cost. These findings demonstrate that the proposed approach
offers a practical, scalable, and economical solution for circular-path error compensation in
robotic machining.

Keywords: circular path error, error compensation, hexapod machining cell, telescoping ballbar,
laser tracker

* Author to whom any correspondence should be addressed.

Original content from this work may be used under the
5Y terms of the Creative Commons Attribution 4.0 licence. Any
further distribution of this work must maintain attribution to the author(s) and

the title of the work, journal citation and DOI.

1 © 2025 The Author(s). Published by IOP Publishing Ltd


https://doi.org/10.1088/1361-6501/ae0e3d
https://orcid.org/0000-0002-7827-5819
https://orcid.org/0000-0002-9663-2496
https://orcid.org/0000-0003-4486-6204
https://orcid.org/0000-0002-8088-7136
mailto:zhaoheng.liu@etsmtl.ca
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6501/ae0e3d&domain=pdf&date_stamp=2025-10-14
https://creativecommons.org/licenses/by/4.0/

Meas. Sci. Technol. 36 (2025) 106005

K Xing et al

Nomenclature

AF Amplification factor

SMR Spherically mounted retroreflector
TCP Tool center position

PAM Procrustes analysis method

ADM Absolute distance meter

P2P Point-to-point method

CD Circular deviation

CCW Counter-clockwise

Cw Clockwise

DPM Dynamic path modification

1. Introduction

Industrial robots have become increasingly attractive for man-
ufacturing applications owing to their flexibility and cost effi-
ciency. However, their relatively poor accuracy significantly
affects the performance of certain manufacturing applications
[1]. Positioning errors primarily arise from geometric factors,
such as machining accuracy, assembly deviations, and wear, as
well as from non-geometric factors, including ambient temper-
ature fluctuations, control system stability, and vibration [2].
To address this problem, path error compensation techniques
are essential.

General path-error compensation strategies for indus-
trial robots are classified into two categories: offline and
online compensation methods [3]. Offline error compensation
primarily involves calibrating the robot’s parameters using
tools such as laser trackers, coordinate measuring machines
[4-7] and touch trigger probes [8]. While effective at cor-
recting static structural errors, offline strategies are inher-
ently limited by their inability to capture dynamic path devi-
ations caused by operational loads, vibrations, or temperat-
ure fluctuations [9]. In contrast, online strategies account for
dynamic path errors, thereby addressing the limitations of off-
line methods. Consequently, online compensation is typically
implemented in conjunction with an offline calibration. Based
on measurement data sources and compensation principles,
online error compensation strategies can be categorized into
semi-closed-loop compensation, which relies on joint feed-
back, and fully closed-loop compensation, which utilizes end-
point feedback. Typical tools for online closed-loop path error
compensation include grating rulers [10], laser trackers [3, 11]
and photogrammetry devices [1, 12-16]. By applying real-
time pose-correction algorithms, these systems have demon-
strated sub-100 pwm accuracy levels on various industrial robot
platforms. For instance, a Fanuc M20-iA robot achieved an
absolute positioning accuracy of +50 um [12], whereas a
KUKA KR6 R700 robot reduced single-point errors to 58 pm
[3]. However, such systems are often expensive and difficult
to deploy in shop-floor environments or in flexible robotic
machining cells. In addition, the accuracy of laser trackers and
photogrammetry devices is inherently limited by their meas-
urement range and setup conditions. For example, the FARO
laser tracker typically offers an accuracy of approximately
30 pm, whereas C-Track 780 provides a volumetric accuracy

of approximately 65 um. In contrast, the ballbar system has
a resolution of 0.1 um and measurement accuracy of approx-
imately + (0.7 + 0.3%L) um (e.g. Renishaw QC20-W, where
L denotes the measured displacement in millimeters between
the two ballbar pivot points during motion, typically corres-
ponding to the radius of the circular trajectory under test) and
is easy to use, portable, and affordable. These characteristics
make it an attractive alternative for on-site circular path veri-
fication, particularly in specific environments where deploying
high-end tracking systems is impractical.

Previous studies have demonstrated the feasibility of
employing a telescoping ballbar for robot calibration and
accuracy evaluation. A novel 6D measurement system using
a single telescoping ballbar with magnetic cups was proposed
for absolute calibration of a six-axis robot [17]. This approach
achieved sub-millimeter positioning accuracy (0.479 mm)
over 72 discrete poses without relying on high-end metro-
logy tools. However, its effectiveness is limited to fixed mag-
netic configurations, which lack flexibility for arbitrary path
shapes or angular tool installation. Another study [18] exten-
ded the ballbar methodology to a helical path configuration
and employed the Taguchi method to optimize the measure-
ment parameters, including the feed speed, ballbar radius, and
pitch. This study emphasizes the sensitivity of error measure-
ment to configuration variables and introduces a regression-
based predictive model for estimating compensation outcomes
under various machining conditions.

Although both studies confirmed the potential of ball-
bar systems for high-resolution error characterization, prac-
tical challenges, such as variable-radius paths, angular ball-
bar arrangements, and flexible fixture setups required in
dynamic shop-floor environments, have not been addressed.
Furthermore, commercial systems such as Renishaw RCS L-
90 offer integrated solutions for industrial robot calibration by
utilizing a fixture-mounted ballbar in conjunction with propri-
etary software routines. Although these systems support the
automated setup of the TCP and part frames, they rely heavily
on standardized test procedures and rigid mechanical struc-
tures. The central pillar and hollow ball fixture configurations
were designed for fixed-radius linear or circular motion paths
with limited adaptability to small-radius or non-planar tra-
jectories. Furthermore, Renishaw RCS software operates in a
closed environment, preventing user access to raw measure-
ment data or algorithm customization. These factors restrict
the application of RCS L-90 to static, high-throughput pro-
duction settings, making it unsuitable for flexible or research-
driven robotic machining scenarios in which path geometries
and orientations vary dynamically.

Although ballbar systems provide high resolution and prac-
tical advantages, their application has traditionally been lim-
ited to a discrete set of circular path radii (e.g. 50 mm,
100 mm, 150 mm, and 300 mm), thereby limiting their flex-
ibility in robotic applications. Furthermore, the effectiveness
of circular path error compensation is determined not only
by the resolution of the measurement system, but also by the
sampling rate, selected compensation algorithm, and adapt-
ability of the hardware to varying trajectory configurations.
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Although these factors significantly influence performance, a
unified framework that systematically incorporates them, par-
ticularly in the context of small- or variable-radius trajectories,
has not yet been established. In addition, current ballbar sys-
tems lack methodological guidelines for generalized deploy-
ment in flexible robotic machining environments, particularly
in cases involving out-of-plane mounting or noncircular path
geometries.

To bridge this gap, a more adaptable and cost-effective
strategy is required, one that can accommodate variable-radius
circular trajectories, offer high measurement resolution, and
support integration with flexible robotic setups.

In response to these challenges, this study proposes an out-
of-plane ballbar circular path error measurement and com-
pensation method that incorporates an out-of-plane angular
installation setup to enable flexible alignment with different
trajectory planes, a custom-designed small-radius adaptor to
extend the effective range of the ballbar, and a geometric pro-
jection model that quantifies installation-angle-induced distor-
tion and guides practical configuration. The proposed method
was experimentally validated on a robotic hexapod platform
and compared with a laser tracker. The results demonstrate
that when installed at optimized angles (e.g. less than 30°), the
ballbar system achieves a compensation rate exceeding 61%,
comparable to the 75% achieved by the laser tracker, while
operating at less than 20% of the hardware cost.

The remainder of this paper is structured as follows: the
next section outlines the circular path error measurement and
compensation methods; section 3 details the experimental
platform and validation setups; sections 4 and 5 present the
results and discussion, respectively; and section 6 concludes
with a summary and directions for future work.

2. Circular path error measurement and
compensation method

Industrial robots inherently exhibit space motion errors, which
originate from geometric deviations, thermal effects, servo
control limitations, and structural compliance under load [2,
7]. These errors manifest along different directions of the end-
effector trajectory. In the case of circular motions, the most
representative component is the radial error, defined as the
deviation between the actual and nominal circular paths in the
radial direction. In other words, the radial error can be regarded
as the projection of the robot’s space motion errors onto the
radial direction of the circular trajectory [4, 9, 17]. This study
therefore focuses on measuring and compensating such radial
errors using an out-of-plane ballbar setup and a dedicated com-
pensation framework.

2.1. Circular path measurement using ballbar at multiple radii

Circular path errors can be measured using online or offline
tools such as a ballbar, laser tracker, laser ballbar, C-track,
or VXtrack system. These tools differ in their measurement

Out-of-plane
ballbar

measurement

Ballbar
(R=100 mm)

Nc;minal
path
™ Actual path

ballbar
measurement

(b)

Center pivot assembly (a)

Figure 1. (a) Ballbar setup for circular path error measurement-
in-plane and out-of-plane measurement methods; (b) path error
measured by ballbar.

range, precision, sampling rate, and cost. Ballbars, including
laser ballbar, offer a smaller measurement range, but higher
precision. In contrast, laser trackers provide the largest meas-
urement range with a precision of approximately 10-50 pm. In
addition, the ballbar primarily operates in a 2D plane, whereas
the laser tracker, laser ballbar, C-Track [13], and VXtrack sys-
tems measure the 3D positions of the measurement targets.
Given the commonality of these measurement tools, the ball-
bar and laser tracker were selected as representative instru-
ments for circular path error measurements in this study.

The general ballbar test was conducted within the 2D
plane of the machine’s coordinate system (in-plane measure-
ment), following a circular path at a specified feeding speed
and given testing radius (e.g. 50, 100, 150, and 300), as
shown in figure 1(a). In this setup, the ballbar serves as a
linear displacement sensor to measure the path error (PE,),
which is defined by the difference between the actual circu-
lar path and nominal circular path, as shown in figure 1(b)
and equation (1). Commercial ballbar software is specifically
designed for machine tool error measurements and cannot be
directly applied to circular path error measurements. However,
raw data can be accurately captured at a constant sampling
rate of 1000 Hz by utilizing an application programming inter-
face (API) provided with ballbar software [19, 20]. Under this
sampling rate, a sufficient circular path error can be acquired
for compensation. In this study, the term ‘out-of-plane ballbar
measurement’ refers to the configuration in which the robot
follows a circular trajectory with a radius smaller than the
length of the ballbar, resulting in the ballbar sweeping a con-
ical surface rather than remaining confined to a single meas-
urement plane.

Commercial ballbar systems are limited to measurements
performed at several fixed radii. However, holes or tubes of
varying dimensions are often encountered or required in prac-
tical applications. To broaden its application range, a novel
ballbar measurement method and data processing approach
are proposed in this study (figure 2). By installing the ball-
bar at a specific out-of-plane angle with respect to the plane of
the circular path, it was possible to measure the radial path
errors (PE,,) at smaller radii, as illustrated in figure 2. In
this study, this configuration is abbreviated as an out-of-plane
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Figure 2. (a) Ballbar installation for other radius error measurement
(example, R = 100 mm); (b) path error measured by a ballbar with a
radius of 100 mm at a specific out-of-plane angle; (c) installation
and measurement range for a ballbar with a radius of 150 mm; (d)
installation and measurement range of a ballbar with a radius of

50 mm.

ballbar measurement. The proposed measurement can be con-
figured with an out-of-plane angle « in either negative or posit-
ive direction. A positive inclination helps avoid most interfer-
ences between the ballbar and the pivot assembly. In contrast, a
negative inclination may cause interference, particularly when
using a ballbar in the 50 mm setup, as shown in figure 2(d).
However, a positive inclination allows the spindle to be much
closer to the actual cutting plane because the pivot assembly
has a considerable height that already offsets the measurement
plane too much.

By applying this principle, the measurement span of the
ballbar could be widened to encompass a larger range of radii.
For instance, a ballbar with a nominal radius of 100 mm can be
adapted to measure smaller radii of down to 50 mm when using
positive inclination, or down to approximately 87 mm when
using negative inclination, as shown in figure 2(a). Similarly,
a ballbar with a nominal radius of 150 mm can measure smal-
ler radii of down to 100 mm using positive inclination or down
to approximately 140 mm when using negative inclination, as
shown in figure 2(c).

In the case of Renishaw’s ballbar with a small-circle
adaptor for measuring with a radius of 50 mm, the measure-
ment radius can only be decreased to approximately 47 mm
with both positive and negative inclinations, as shown in
figure 2(d). To allow for the measurement of smaller radii,
an improved small-circle adaptor was designed and machined,
as shown in figure 3(a). With this new adaptor, circular paths

= Custom made part
= Aluminium
" W: 12 (vs. 31 g)

Extension bar

(a) (b)

Figure 3. (a) The new, improved small-circle adaptor; (b)
installation and measurement range of ballbar with the new
small-circle adaptor.

with radii as small as 25 mm can be measured, as shown
in figure 3(b). The adaptor was machined from aluminum
6061 and subsequently anodized to increase surface hardness,
wear resistance, and corrosion resistance. The design adopts
a one-piece structure, and the ball cup is fixed by screws
to ensure stable attachment during repeated installations and
robot motions.

Unlike the standard ballbar setup, which operates within a
single measurement plane and provides results that are directly
applicable to path-error compensation (equations (1) and (2)),
Rgea stands for the true measured radial error and Ryominal
stands for the nominal radial error). The out-of-plane ballbar
measurement requires additional calculations to determine the
radial error at a specific radius. The hypothesis is that there is
no or negligible minor axial movement along the vertical dir-
ection within the plane of the circular path. Assuming that the
out-of-plane angle between the ballbar and the plane of the
path is «, the circular path error PE,, and the compensation
value for each circular path COMPE,, can be calculated using
equations (3) and (4). When a = 0°, the ballbar functions as
in the standard ballbar measurement, resulting in PE,, = PE,,

PE, = RReal — RNominal (H
COMPE, = —PE, 2)

PE,, = cos a * (Rreal — RNominal) 3)
COMPE,, = —PE,,. “4)

2.2. Theoretical analysis of out-of-plane ballbar
measurement and error projection

The process of measuring radial errors using a ballbar meas-
ured at an out-of-plane angle can be understood as a geomet-
ric projection of the true radial error vector onto the meas-
urement axis of the ballbar. This setup inherently introduces
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projection-induced measurement distortion, particularly as the  of equation (6))
out-of-plane angle increases.

Let the true radial error vector lie in the YZ circular path Am =~ PE,, - cos a+ Ax-sin a +¢. 7

plane and let the ballbar be inclined at an out-of-plane angle «
relative to that plane. The ballbar only measures the compon-
ent of the true error along its own axis, resulting in the pro-
jection relationship shown in equation (3), to describe the dis-
tortion effect quantitatively, a parameter of the AF is defined
as
AF = 1/cos(a). Q)

The AF shows the extent to which the actual error was
underestimated during the measurement process. As the angle
increases: when o = 10-20°, AF = 1.0, indicating minimal
distortion; when o = 30°, AF =~ 1.155, corresponding to
~15.5% amplification; when o = 45°, AF = 1.414, indicating
over 40% amplification; o > 30°, the distortion grows rapidly,
with AF being more than 2. Such distortion can significantly
degrade the accuracy and reliability of radial error measure-
ments, especially in high-precision robotic machining tasks.

In addition to radial error projection distortion, the pro-
posed method introduces another form of error propaga-
tion, namely, axial disturbances (along the X-axis, defined
by our testing platform) that can corrupt the radial measure-
ment. When PE, is the true radial error, AX is an uninten-
ded axial disturbance. Subsequently, the composite-measured
error becomes

CME,, = \/(PE, xcos ()’ + (AX xsin(a))®.  (6)

This equation reveals a two-fold interaction: the true radial
component is attenuated by the projection factor, whereas
the axial disturbance is amplified by sin(«) and superim-
posed onto the radial projection, thereby distorting the meas-
ured result. From this relationship, it can be inferred that at
small installation angles (e.g. o < 10°), the influence of AX
is negligible. Under such conditions, the measurement pre-
dominantly reflects the true radial error, resulting in a high
accuracy and low noise. In contrast, at moderate to large
angles (e.g. a > 45°), the value of sin(a) increases sub-
stantially, allowing even minor axial disturbances to be pro-
jected onto the measurement axis. This leads to amplified
noise and a decreased reliability of the radial error signal.
At extreme angles (e.g.c« = 90°), the contribution from the
radial projection becomes minimal, whereas the axial projec-
tion becomes dominant. Consequently, the measured signal is
almost entirely governed by the cross-axis noise.

Building on the above projection analysis and the AF, we
derive a first-order linearized model that makes the angle-
dependent error terms explicit. Let the nominal circular path
lie on the YZ-plane with unit vectors e,, e, e, (radial, tan-
gential, and out-of-plane). When the ballbar is tilted by an
out-of-plane angle «, its unit direction is u, =cos a - e, +
sin « - e,. Denote the small in-plane radial deviation by PE,,,
the out-of-plane deviation by AX, and measurement/timing
noise by ¢. A first-order linearization around the nominal pose
yields the measured ballbar increment, Am, (equals to CME

Following the geometric projection used in this work, the
radial component is reconstructed by dividing by Cos «

Am
cos o

—

PE,, =

®)

The resulting reconstruction error along the radial direction
(A,) is therefore

A, = PE,, — PE,, ~ Ax-tana + ——. 9)
cos o

The equations (7)—(9) expose two angle-dependent chan-
nels behind the rapid distortion growth- Ax-tana (cross-
axis contamination) and £/cos « (projection amplification)-
which explain the observed degradation at large angles
(see section 4.2). A complete derivation is provided in
appendix Al.

To ensure reliable and consistent measurement outcomes, it
is recommended that the ballbar out-of-plane angle should be
maintained below 30°. If larger angles are unavoidable, addi-
tional vibration isolation should be applied or compensation
for axial disturbances should be implemented.

2.3. Circular path error compensation strategy

Circular path error compensation methods can be classified
into two types: online and offline path error compensation
methods. Their selection is related to circular path genera-
tion methods. Robot motion planning typically employs two
types of motion control: P2P (figure 4(a)) and continuous-
path methods [21, 22]. The P2P, which is the most com-
monly used method, guides the robot through specified points,
thereby allowing it to infer the resulting trajectory. The con-
trol points were interconnected by multiple small linear seg-
ments. By contrast, continuous-path control estimates the end-
effector’s velocity and position at each point along the tra-
jectory, enabling smoother motion. There are two command-
circle arc motions and circular motions for FANUC robots
(figures 4(b) and (c)). Circular arc motion commands offer
more control for applications requiring precision and custom-
ization of arcs, whereas circular motion commands provide
a simpler way to define circular trajectories based on geo-
metric points (a minimum of three points). Motion planning
can be selected based on several criteria: runtime, energy con-
sumption, and smoothness of the motion path [23, 24]. The
primary issue with P2P motion is the feed rate fluctuation
at junction points, which can produce sharp trajectories and
lead to unwanted vibrations [25]. This effect can be minim-
ized by implementing trapezoidal or bell-shaped velocity pro-
files (using cubic, quartic, or quintic polynomials) [26] or by
employing a novel control strategy that accounts for joint vari-
ables and velocity vectors [21].

Effective path error compensation requires the measured
path errors to be accurately incorporated into the precise con-
trol points of a circular trajectory. Depending on the method
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Figure 4. (a) Point-to-point strategy for circular path generation,
the number of the used points is n; (b) circle arc motion command
based continuous-path strategy for circular path generation, this
example is with four controlling points; (c) circular motion
command for generating of continuous circular path.

used for circular path generation, the approaches differ; for the
circular motion method, only five control points are minimally
required to generate the circular path. However, this limited
number of control points does not allow comprehensive com-
pensation to achieve a perfect circle. Thus, this method is suit-
able for online path-error compensation. In contrast, P2P and
circular arc motion methods require a significantly larger num-
ber of control points to generate a highly accurate circular path.
Consequently, these methods are better suited for offline path-
error compensation, where precise adjustments can be applied
to each control point. Once circular path errors are measured,
they can be incorporated as compensation values into the target
position for error correction. Compensation can be performed
using either online or offline methods. In this study, only the
offline circular-path error compensation method is implemen-
ted. The online path error compensation method, integrating
the DPM function of the FANUC robot, will be proposed in
future work.

For the measured radial error PE; (i = 1...N), the offline
path error generation method employs N; control points for
the circular path generation in the YZ plane. Given that the
sampling rates of the ballbar and laser tracker are 1000 Hz
and 500 Hz, respectively, the size of the radial error data-
set typically exceeds the number of control points (N1)
that define the circular path. Consequently, the compensa-
tion value for each control point and the new coordinates of
the controlling positions were calculated using the following
equations (10)—(14).

Put it in detail, raw ballbar measurements were continu-
ously recorded at 1000 Hz while the robot executed the com-
manded circular trajectory. Consistent with equations (10)—
(14), the circle was partitioned into N1 equal angular inter-
vals with step a.. All high-rate ballbar samples were mapped
to these angular intervals; for interval j, the mean radial devi-
ation was computed from the samples falling in that sector.
This angular resampling establishes a one-to-one association
between each compensation value and a commanded control
point, avoiding issues related to clock-level time drift between
the measurement stream and the robot controller. Given that
the 1000 Hz ballbar stream may contain outliers caused by
sporadic vibration, communication jitter, or axial disturbances

under out-of-plane conditions, taking a simple mean can bias
the interval error and reduce the stability and reproducibility
of the compensation. Therefore, before computing the interval
average used in equation (9), we apply a simple within-interval
three-sigma filter. For each angular interval, first compute the
preliminary average and standard deviation from all ballbar
samples falling in that interval. Discard any samples whose
absolute deviation from the preliminary average exceeds three
times the standard deviation. Recompute the average from the
remaining samples and use this value as the interval error for
equation (9).

Notably, the laser tracker can capture the 3D coordinates
of each control position. For an equitable comparison with the
ballbar, the same compensation strategy was applied, incor-
porating the compensation values along the Y- and Z-axes. The
newly calculated positions were imputed into the FANUC pro-
gram for the next measurement for the path error compensa-
tion tests:

A =round (N/N) (10)

o =360°/N, (1)

PE¢, = mean (PECHA(Nlﬂ) : PECA+A(N171)) (12)
JE [17N1]

Z; = (R+PE,) cos (a *) (13)

Y; = (R+PEc,) sin (a *). (14)

2.4. Key factors influencing compensation performance

The effectiveness of compensating for circular path errors
depends on factors such as the error measurement method,
path generation approach, radius of the circular path, and the
sampling rate of the measurement devices. As discussed in the
abstract, various tools can be employed for path error measure-
ment, each differing in sampling rate, resolution, and ability
to measure in a 2D plane or 3D space. In this study, a ballbar
and laser tracker with sampling rates of 1000 Hz and 500 Hz,
respectively, were utilized. For circular path generation in
industrial robots, three methods were examined: P2P, circu-
lar motion, and circular arc motion. These methods require a
varying number of control points, with circular motion requir-
ing a minimum of five control points, whereas the other two
methods demand more. Ideally, a smaller circular radius res-
ults in reduced path errors, thereby facilitating more effective
path compensation.

In addition, the sampling rate, feed speed, controlling point
number, and circular path radius can influence each other.
Understanding these relationships is crucial for an effective
offline path error compensation. When employing the offline
circular path error compensation method, smaller line seg-
ments or arcs are preferred to generate a precise circular path.
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Assuming that the number of control points for the circular
path is N,, the feed speed is F (mm min—"), and the circular
path radius is R (mm), the minimum required sampling rate
fs (Hz) can be expressed as:

N>F
~=T0nk

5)

In the out-of-plane ballbar setup, variations in the ballbar
radius influenced the possible out-of-plane angle. The meas-
ured radial error component of the ballbar also changed when
projected onto the axial and radial error directions. These
changes may impact the accuracy of the radial error measure-
ments and potentially affect the circular path error compensa-
tion. These factors were examined through subsequent exper-
imental results and theoretical analyzes.

3. Experimental platform and validation setup

3.1. Ballbar-based measurement implementation

Tests for circular path error compensation were conducted
on a hexapod-machining cell comprising two Fanuc F200i
hexapods (figure 5(a)). During these measurements, the hexa-
pod mounted on the wall remained stationary, whereas that
installed on the floor performed the required circular motion.
Circular path error measurements were performed using a
Renishaw Q20-W ballbar and a Faro ION laser tracker
(figures 5(a) and (b)). The ballbar with a radius of 100 mm has
a measurement range of =1 mm, a resolution of 0.1 wm, and
a sampling rate of 1000 Hz. Notably, an API-based, custom-
developed program enabled the ballbar to achieve a maximum
sampling rate of 1000 Hz. The actual sampling rate can be
modified using the resampling operation. For the Faro laser
tracker, operating in ADM mode, the resolution and accuracy
were 0.5 pm and 8.8 pm, respectively, within a measurement
range of 2 m. To synchronize data acquisition between the ball-
bar and laser tracker in one measurement process, a specialized
fixture connecting two center cups was developed. The SMR
of the laser tracker was mounted on the central cup, whereas
the ballbar center ball was positioned on the end-side cup. The
motor rotation lock was secured to the underside of the spindle
to compensate for the absence of an anti-rotation component
on the spindle (figures 5(c) and (d)). Before the measurement,
a pre-heating operation of 1 h free movement of the hexapod
floor was conducted. In addition, ballbar measurements were
conducted in CCW and CW directions.

A series of experiments was conducted to investigate the
relationship between various factors and circular path error
compensation. To compare circular path error compensation
methods, a ballbar with radii of 50 mm and 100 mm, as well
as a laser tracker, were employed under a consistent robotic
setup. Two repeated measurements were performed for each
test.

The influence of factors, including sampling rate, feed
speed, number of control points for the circular path, and cir-
cular path radius, on error compensation was examined. Based
on the theoretical relationships among these factors, sampling

Hexapod (wall)

(@) (b)
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Figure 5. (a) Circular path error measurement using ballbar and
laser tracker; (b) fixture for the synchronization of data acquisition
of ballbar and laser tracker in one measurement process; (¢)
improved small circle adaptor; (d) installation of ballbar with the
existing/improved small circle adaptor for circular path error
measurement.

rates of 30, 50, 100, 250, 500, and 1000 Hz were used to
assess their effects on the ballbar measurements. Furthermore,
for a ballbar with a radius of 50 mm, tests were conducted at
feed speeds of 1200, 1800, 2400, and 3000 mm min~—!, with
sampling rates of 50, 100, and 1000 Hz. To explore the possib-
ility of setting up a ballbar with varying radii (non-reference
radius) for path error measurement and compensation, for a
given ballbar with a radius of 100 mm, testing radii of 50, 60,
70, 80, and 90 were performed using the Arc-based circular
path generation method.

3.2. Reference measurement using laser tracker

A laser tracker is a portable, large-scale measurement instru-
ment that uses a laser beam to perform precise measurements
of reflective targets installed in a 3D space [27]. It directs
the laser beam toward a reflector, which consists of mirrors,
and determines the distance and horizontal and vertical angles
formed between the laser tracker and the reflector by analyz-
ing the light pulses. The exact position of the reflector can be
calculated using one distance and two angles. Herein, a laser
tracker was used for coordinate alignment (figure 6).

The measurement of the circular path error, as well as the
comparative analysis of the ballbar and laser tracker systems,
requires the precise determination of the offset of the SMR
relative to the TCP. TCP is defined as the tool cup used for a
ballbar connection. Accurate measurement of this offset is crit-
ical because it significantly influences the overall accuracy of
the robot. Potential methods for determining these parameters
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Figure 6. Setup of laser tracker for robot frame and laser tracker
frame alignment.

include manual adjustment, offline calibration processes, auto-
matic resolution as unknowns alongside the kinematic para-
meters of the robot, and performing three-axis rotations of all
coordinate planes [9]. In this study, the proposed method [9]
was employed (figure 7). The first step was to measure the
positions of the SMR during the rotation of the hexapod plat-
form about the X-, Y-, and Z axis. The measured SMR posi-
tion data are shown in figure 8. We can work around to find
the center C; of the circle fitting data I';, with i = x,y,z. using
a three-dimensional least-squares fitting method, as described
in figure 4(b). The location of the hexapod flange was then
obtained using each of the following equations:

‘F’PCZ + d]nz; or
FiPc +dyny; or
]:lPC» + d3ny

Fipy = (16)

where f‘PCi is the position of the center of circle I'; with
respect to the laser tracker frame Fi, and.

d = [[(G,C.) -l (a7
dy = [(GC) - o (18)
d3 = [[(C:Cy) - my |- (19)

Are the x, y, and z components of the offset vector between the
hexapod flange and SMR positions, as shown in figure 7(b).
This offset can be expressed with respect to the laser tracker
frame as

Fipy=FiP —FiP;=Tirpp. (20)
The symbol e refers to the measured data.

Utilizing the calculated flange center coordinates, along
with the positions of SMR and TCP, the rotation matrix from

200
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« ROT. *
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Figure 7. (a) Rotation of hexapod platform about x, y, and z and
measured SMR data, (b) calculation of hexapod flange location and
vector between flange frame and tool center position frame.

SMR to TCP was computed. This approach enables the trans-
lation of laser-tracker measurements into equivalent ballbar
measurements. A common coordinate frame of reference is
an essential requirement for real-time position compensa-
tion. Although any reference frame can be used for this pur-
pose, there are some complications and considerations in its
choice.

Robot programming for a circular path is typically based
on the assumption of a perfect kinematic model, with pos-
itions referenced to the robot’s root frame. For the circu-
lar path error compensation, the measured compensation val-
ues must be applied within the root frame of the robot. This
ensures that the process of creating a compensated robot path
remains consistent with the standard uncompensated process.
Consequently, measurements obtained from the laser tracker
must be transformed into the root frame of the robot. In this
study, the PAM method [28] was employed. This statistically
based technique is commonly used to analyze the distribution
of a set of shapes and to determine the optimal rotation and/or
reflection (i.e. the optimal orthogonal linear transformation)
of one object relative to another. Some successful examples
of Procrustes Analysis in coordinate-system translation can
be found in [29, 30]. The following algorithm summarizes
the steps for applying the PA method in the current study
(table 1).

To obtain the rotation and translation matrices from the
laser tracker frame to the hexapod base frame, the hexapod
flange was guided through a grid-point trajectory within par-
allel YZ planes comprising 238 equally spaced positions over
a range of [300, 300, and 200] mm along each axis. The grid
points were defined relative to the hexapod base frame, with
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Table 1. Algorithm 1 for procrustes analysis.

Algorithm 1. Procrustes Analysis applied to Laser tracker and Hexapod frames.

Require:

}-"pf € RV*3 p nominal flange positions in base frame

%s € RY*3 p measured SMR positions in LT frame
}-’psf € R"3 » offset between flange and SMR

Ensure:

;bR € R3%3 p rotation matrix from LT to base frame

;;’T € R3*3 p translation matrix from LT to base frame

» Get measured flange positions

L Fop e Tip, —Tipy

» Get centroid of flanges nominal & measured position

2: Jf”pf « mean (T'p;) € R
Fips < mean (Ffpf> e R

» Get centered flange nominal and measured positions

Fi
pr

Fi F
Fipp7pr—"py
» Get their covariance matrix

4: Z]:”pf’::;f <+ Cov (]:”pf7 ﬁ;;/c)

3 Tipye Tip—

» Get corresponding Singular Value Decomposition (SVD)

5: [U— V]« SVD (L7 )

» Get optimal rotation matrix between two frames

6: TR+ V-U

» Check if the matrix is a proper rotation

7 det(FR) =1

» Correct the reflection issue if required

8 Ifdet (QR) < Othen
9: Vi, end] = —V]:,end|
10: 7R« V-U

» Get optimal translation matrix between two frames

—~\T —~\T
11: ]]:_-;’T(* (]:/pf) 7_'77__57R. (fbpf)

the YZ planes chosen owing to the circular motion of the ball-
bar occurring in the YZ plane without individual axis rotations.
The nominal flange position was recorded for each reachable
grid point, and the SMR measurement relative to the laser-
tracker frame was captured. With knowledge of the offset
between the hexapod flange and SMR, the measured flange
position was estimated. These nominal and measured values
are then used to compute the rotation and translation matrices
using algorithm 1.

The following steps were applied to compute the circu-
lar path error (figure 8). First, the desired nominal circu-
lar path points Pf are generated by the hexapod control-
ler in the hexapod reference frame Fb. For consistency, the
circular-path error was evaluated in the ZX plane. Given the
known offset vector u between the hexapod flange and TCP,
the corresponding nominal TCP circular path points Pt are
computed.

A 3D least-squares fitting technique was then employed to
determine the optimized circular path I't along with its center
and constant radial distance rz. Simultaneously, a laser tracker
measured the circular path positions of the SMR, denoted
as Ps. Using the known offset vector v between SMR and
TCP, the corresponding measured TCP circular path points,
Pt. The previously derived rotation and translation matrices

Ballbar
zy-plane

ballbar

Robot SMR 1

Y7
plane
I

7

1
1
I
a

Circular path

in zy plane
1
, SMR
',53 R zy-plane
: Laser
tracker

Figure 8. Circular path error calculation process using laser tracker.

between the laser tracker and the hexapod frames were then
applied to express the measured TCP positions in the hexapod
base frame. Another 3D least-squares fitting was performed
to determine the optimized measured circular path ¢ along
with its center and radial distance 7 t. The circular path error
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was then computed as the difference between the nominal and
measured radial distances.

4. Results and analysis

4.1. Effect of compensation factors on path error correction

Successful circular path error compensation necessitates
appropriate selection of the sampling rate of the measurement
tool, feed speed of the hexapod machining cell, number of
control points for the circular path, and circular path radius.
When using an offline compensation method, a higher num-
ber of control points for a circular path is generally preferred.
However, an excessive number of control points can complic-
ate arc motion generation owing to the insufficient time for
the robot to accelerate its speed. To address this issue, a series
of control points ranging from 180, 360, 720, and 1440-was
introduced. For example, 1440 control points correspond to
four control points per one-degree arc. Using equation (15) and
the corresponding results were calculated (figure 9). A higher
sampling rate was required when higher feed rates and greater
numbers of control points were selected (figure 9(a)). For a
ballbar radius of 50 mm, when 720 control points are required
and the feed rate is 1200 mm min—!, the minimum required
sampling rate exceeds 45 Hz (figure 9(b)). Under these con-
ditions, the standard ballbar configurations can satisfy these
requirements.

To validate the above theoretical results, for the given ball-
bar with radius of 50 mm, tests were conducted at feed speeds
of 1200, 1800, 2400, and 3000 mm min—!, with sampling
rates of 50, 100, and 1000 Hz. Figure 10 shows the ballbar
results (CDs) before and after circular path error compensa-
tion for different setups. Similar compensation results were
achieved with sampling rates of 50 and 100 Hz, demonstrat-
ing the effectiveness of equation (8). The proposed equation
serves as an effective guide for selecting the appropriate
sampling rate, feeding speed, and control points for circular-
path measurements.

For circular path generation, three methods are available:
the P2P, the circular arc motion method, and the circle motion
method. Figure 11 reveals the ballbar measurement results
generated using the three measurement methods. The gener-
ation of a circular path was defined using 720 control points.
The ballbar raw data, measured using the three methods,
along with the corresponding CDs, are available and similar.
Additionally, similar radial error patterns were observed for
the measurements obtained in both the CCW and CW direc-
tions. Therefore, it can be concluded that circular path gener-
ation methods have a minimal effect on path error measure-
ment in the non-machining state. However, this may differ in
the machining state, as the dynamics of the robot or accelera-
tion/deceleration vary with machining conditions.

Because the circle-motion-based method uses a minimum
of four control points, it is more suitable for online path error
compensation and not applicable to offline path error com-
pensation. Therefore, the compensated circular path error of
the circular path generated by the circular motion method and
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Figure 9. Relationship between the scaling parameter, target
function and circular deviations (CDs), and the blue dot of figure (a)
stands for the optimal scaling parameter and the light blue plane
stands (b) for the control limit (decided by equation (14)) for CD.
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Figure 10. Ballbar results measured before and after compensation
at different feeding speeds: (a) 1200 mm min~"; (b)
1800 mm min~"; (¢) 2400 mm min~"; (d) 3000 mm min~".

P2P were compared in this work. For this comparison, dif-
ferent control points for circular path generation were also
introduced.

The ballbar raw data obtained before and after path error
compensation under varying circular path generation meth-
ods are presented in figure 12. Minimal differences were
observed between arc numbers of 45 and 90 when employing
the arc method. In contrast, significant variances were detec-
ted using the P2P method at arc numbers of 45 and 90. When
the arc number exceeds 180, fewer differences are observed.
However, with the P2P method, only minor variations in each
path are detected. For both methods, significant changes in the
CDs prior to compensation were observed when the control
points were fewer than 180 (figure 13). Similarly, notable dif-
ferences in the CDs after compensation were evident under the
same conditions.

These findings indicate that the arc method exhibits super-
ior performance compared to the P2P method for circular path
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Figure 11. (a) Ballbar raw data measured with three different
circular path generation methods; (b) CDs of the circular path
generated with three different methods; (c) radial errors of circular
path measured with CCW direction; (d) Radial errors of circular
path measured with CW direction.
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Figure 12. (a) Ballbar raw data measured with the path generated
with Arc method before compensation; (b) Ballbar raw data
measured with the path generated with P2P method before
compensation; (c) ballbar raw data measured with the path generated
with Arc method after compensation; (d) ballbar raw data measured
with the path generated with P2P method after compensation. Due
to the significant path error observed in the circular path generated
with 45 points, compensation for this path was excluded.

generation. However, the P2P method achieves a performance
comparable to that of the arc method when a larger number
of control points is utilized. Consequently, a higher number of
control points is recommended for both Arc and P2P methods.

4.2. Effectiveness of ballbar in error measurement and
compensation for circular paths with varying radius

A ballbar with a radius of 100 mm, installed at various angles,
was employed to measure true radii of 50, 60, 70, 80, 90,
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Figure 13. (a) CDs measured at the circular path generated with
Arc and P2P methods before compensation; (b) CDs measured at
the circular path generated with Arc and P2P methods after
compensation.

and 100 mm. Each measurement was repeated three times
to ensure consistency. Figure 14 presents the raw ballbar
data before and after path error compensation across differ-
ent measurement setups. When compared with the raw data
obtained at the standard ballbar radius of 100 mm, distinct res-
ults were observed for the radius of 50, 60, 70, 80, and 90 mm
both before and after error compensation (figure 15). These
differences are clearly visible in the path error patterns and
the ranges of error values. With respect to radial errors, a pro-
nounced scaling mismatch was identified for the ballbar meas-
ured at the standard radius of 100 mm. As the ballbar radius
decreased, the radial error shape underwent notable changes,
with increasing path errors observed at the points of directional
axis changes.

Following path error compensation, no consistent error pat-
terns were detected; instead, numerous small variations in
errors were observed along the circular path.

As for the CDs (figure 16), their measured values decreased
with the reduction in the ballbar measurement radius prior to
path error compensation, with the minimum CD observed at
a measurement radius of 50 mm. Following path-error com-
pensation, the CDs further decreased, with the minimum CD
value identified at a ballbar radius of 100 mm. This observation
indicates that the effectiveness of the compensation diminishes
as the measurement radius decreases.

To quantitatively assess the compensation effect, the com-
pensation rate was calculated. The compensation rate is
defined as the ratio of the difference between the CDs before
and after path error compensation to the CD BC (figure 16).
The lowest compensation rate (16.7%) was observed at
a radius of 50 mm, corresponding to a swinging angle
of 60 °. This phenomenon is attributed to the errors projected
onto the x-axis of the hexapod. Specifically, when the out-of-
plane angle exceeded 45°, the errors projected onto the test-
ing plane became smaller than those projected onto the x-axis.
Consequently, more path error components were retained on
the testing plane, indicating that smaller out-of-plane angles
are preferable. Based on this finding, the minimum compens-
ation rate was 44%. Additionally, parameters 35 and 59, indic-
ated in figure 21 were obtained from the laser tracker dis-
cussed in the subsequent section. These values represent the
minimum CDs BC and maximum CDs after compensation,
respectively. Comparable results between the ballbar and laser
tracker measurements were obtained when the testing radius
was 70 mm. Therefore, the compensation effect of the pro-
posed ballbar measurement was influenced by the out-of-plane
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Figure 14. Circular path raw data measured with ballbar at the
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100 mm before (a), (c) and after (b), (d) path error compensation.
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Figure 15. (a) Radial error measured at the CCW direction before
path error compensation; (b) radial error measured at the CCW

direction after path error compensation.

angle. Optimal compensation can be achieved when the out-
of-plane angle is less than 30 ©, with the highest level of com-
pensation occurring at smaller out-of-plane angles.

The radial errors measured under different radii and out-
of-plane angles exhibit several consistent characteristics. First,

from robot geometry and stiffness rather than motion direction
(figure 14). Third, the magnitude of deviations increases when
the circular radius decreases or when the out-of-plane angle
becomes larger. This trend is clearly visible in the raw data of
figure 14 and the CD values in figure 16, and is also consist-
ent with the theoretical projection model in section 2.2, where
the AF predicts larger distortions at higher out-of-plane angles.
Together, these results provide a clearer description of the typ-
ical characteristics of radial errors in circular path motion.

To expand the verification range of the proposed ballbar
out-of-plane measurement, an improved small circular adaptor
was employed for circular path measurements with radius of
35, 40, 45, 48, 49 and 50 mm. The following (figure 17) reveal
the CDs and compensation rate of the ballbar under different
radii before and after path error compensation. This measured
radius is located in the range of the proposed ballbar out-of-
plane angles (less than 30°), and a good compensation result
can be found after path error compensation, and a reliable com-
pensation rate can also be found. In addition, similar changes
in the ballbar raw data and radial error data as ballbars with a
radius of 100 mm were also found.

4.3. Comparison of ballbar and laser tracker on circular path
error compensation

During the ballbar measurement process, a laser tracker was
concurrently employed to assess the path error of the circular
trajectories with radii ranging from 50 to100 mm. The reflect-
ive markers were placed at position P2 for these measure-
ments. As P2 was located at a distance from P1, which was
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Figure 17. (a) CDs of ballbar before and after path error
compensation. The green rectangle stands for the extended
measurement range for ballbar with a radius of 50 mm; (b)
compensation rate of ballbar and the theoritical analysis of AF
parameters under different out-of-plane angles while the yellow
rectangle box stands for the recommended range for angular ballbar
setup.

connected to one end of the ballbar, discrepancies in the meas-
urement results between the two positions were anticipated.
Accordingly, after each test, a laser tracker was used to repeat
the measurements at P1 for comparison (figure 18). Similar
raw radius data were obtained for the CCW and CW direc-
tions at both P1 and P2 positions. Therefore, for the subsequent
measurements, the reflective marker was positioned at P2.
When compared with the radius raw data obtained from ball-
bar measurements, the raw data measured by the laser tracker
exhibited magnitudes that were approximately 25% smaller.
After compensation, a further reduction in the radius of the
raw data is observed. In addition, the results from the laser
tracker reveal a consistent error pattern. This discrepancy is
likely attributed to differences in the data processing method-
ologies, as the ballbar employs 2D measurements, whereas the
laser tracker utilizes 3D measurements.

In the analysis of the radial error distribution, a noticeable
scaling mismatch was observed at each measurement radius
prior to path error compensation (figure 19). Following com-
pensation, the radial error pattern measured at a radius of
100 mm differed from those observed at other radii. Under
identical measurement conditions, the ballbar and laser tracker
yielded distinct results, particularly for radii ranging from
50 mm to 90 mm. This discrepancy can be attributed to dif-
ferences in the raw radius data recorded by the ballbar and
the laser tracker. For the ballbar, the initial values for each
measurement varied between —0.05 mm and 0.1 mm, whereas
the laser tracker exhibited more consistent results, with vari-
ations of approximately 0.02 mm. These differences influence
the radial error representation when plotted using the Matlab
polarplot function.

With respect to the CDs values, a decreasing trend was
observed with an increasing ballbar radius (figure 20). The
largest and smallest CDs were recorded at radii of 100 mm
and 50 mm, respectively. After path-error compensation, the
CDs were reduced to a maximum of 35 pum. In terms of the
compensation rate, the laser tracker achieved superior res-
ults, with a minimum value of 43% compared to the ballbar
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Figure 18. (a) Radial raw data measured with laser tracker at
position 1 at different radius before path error compensation; (b)
radial raw data measured with laser tracker at position 2 at different
radius before path error compensation.
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Figure 19. (a) Radial error measured at the CCW direction before
path error compensation using laser tracker; (b) radial error
measured at the CW direction after path error compensation using
laser tracker.

method. Consequently, the laser tracker demonstrated a more
effective compensation performance for the CDs than a ballbar
equipped with an out-of-plane angle setup.
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Figure 20. (a) CDs of ballbar before and after path error compensation; the 59 and 35 stands for the references of the laser tracker which
are the minimal value of CDs before compensation and maximum value of CDs after compensation; (b) compensation rate (mean value) of

laser tracker under different setups.
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Figure 21. (a) CDs of laser tracker before and after path error compensation. The green rectangle stands for the extended measurement
range for laser tracker with a radius of 50 mm; (b) compensation rate (mean value) of laser tracker under different setups while the yellow
rectangle box stands for the recommended range for angular ballbar measurement.

The path error measurement and compensation were per-
formed using a ballbar with a radius of 50 mm in conjunction
with a laser tracker. By employing the proposed laser tracker
data processing method, the changes in CDs and compensa-
tion rates before and after path error compensation were calcu-
lated, as illustrated in figure 21. Following the compensation,
the CDs were significantly reduced. A relatively stable com-
pensation rate was achieved, and better compensation could be
found by the laser tracker at the general measurement radius
when compared with the ballbar.

To facilitate a more comprehensive comparison between
the ballbar and laser tracker, the results are summarized in
the following table (table 2). The comparison focuses on key
areas, including the range of raw data variation before and
after compensation, radial error curve patterns, CDs and com-
pensation rates, testing complexity, and cost of testing equip-
ment. Firstly, the ballbar measurement was performed on the
2D plane using a 2D least-squares fitting method. By contrast,
the laser tracker measures the 3D coordinates of the reflective
target and calculates the radial error using a 3D least-squares
fitting method. The inclusion of the x-axis, as defined by the
research platform, aids in accurately determining the radial
error for the circular path. Second, the radial raw data from the
ballbar, both before and after path error compensation, tend to
be larger than that from the laser tracker. In addition, the range

of change in the CDs before path error compensation generally
follows this pattern. However, after compensation, the CDs
measured by the laser tracker are smaller than those meas-
ured by the ballbar. Ultimately, these differences manifest in
the compensation rate, where the laser tracker shows a more
effective compensation (>>57%) than the ballbar (>44%).
Thirdly, the radial error pattern serves as a crucial indicator
for identifying the specific machine error parameters. Before
path error compensation, the ballbar detects a significant scal-
ing mismatch at a radius of 100 mm, unlike the laser tracker,
which exhibits different errors at different radii. After com-
pensation, both the ballbar and laser tracker at 100 mm dis-
played similar error patterns. However, at other radii, the laser
tracker maintained a consistent error pattern, whereas the ball-
bar did not. This inconsistency is primarily due to the out-
of-plane angles of the ballbar, which affect the initial raw
data and the method used for calculating path errors. Finally,
implementing the ballbar and laser tracker involves differ-
ent testing procedures for measuring path errors. Compared
with the laser tracker, the ballbar requires fewer complex
setups. In contrast, the laser tracker requires alignment with
the robot using grid point measurements (approximately 238
positions in this study) and additional data processing through
Procrustes analysis. This alignment process can take up to
30 min. Moreover, maintaining the stationary position of the
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Table 2. Comparison of ballbar and laser tracker in different items using ballbar with the radius of 100 mm.

No. Items Ballbar Laser tracker
1 Fitting method 2D least square fitting (LSF) 3DLST
2 Change range of raw data before/after compensation —0.06-0.23 mm/0-0.19 mm —0.05-0.05 mm/—0.02-0.02 mm
3 Change range of CDs before/after compensation 71-98 um/24-59 pm 59-116 pm/23-35 um
4 Change range of compensation rate 16%-71% 45%—-85%
5 Change range of compensation rate when >61% >75%
out-of-plane angle is bigger than 30°
6 Radial error curve patterns before compensation Not clear, scaling mismatch Not clear, scaling mismatch
7 Radial error curve patterns after compensation Clear, scaling mismatch Clear, scaling mismatch
8 Testing complexity Simple Complex
9 Total measurement time Circular path measurement (CPM) CPM + coordinate alignment
10 Cost of testing device 0.1-0.2 of P P

laser tracker throughout the measurement process is crucial
for avoiding unexpected errors. Given the complexity and pre-
cision required in the measurement process, operators with
high technical skill levels are preferred. Additionally, the laser
tracker is significantly more expensive than the ballbar, cost-
ing approximately five to ten times more.

The proposed ballbar with an out-of-plane angle measure-
ment demonstrated a performance comparable to that of a
laser tracker when the out-of-plane angle was less than 30°.
Compared to the standard ballbar configuration, the out-of-
plane ballbar measurement extends the application range of
ballbars with radii of 50, 100, and 150 mm to other ran-
domly selected radii ranging from 50 to 150 mm. Furthermore,
with a relatively simple setup, a compensation rate differ-
ence of approximately 10% relative to the laser tracker was
achieved. Moreover, compared to the laser tracker, the lower
hardware investment required for the ballbar makes it more
suitable for shop floor applications in small- and medium-
sized enterprises.

5. Discussion and practical implications

In this study, the measurement and compensation of path
errors in robotic machining were investigated using a ball-
bar and a laser tracker. Conventional ball bars are limited to
fixed-radius measurements for positioning error assessments
or machine tool calibration. To address this limitation, a novel
out-of-plane ballbar measurement method, along with a cor-
responding data processing approach, is proposed. Theoretical
analysis and experimental validation of the proposed method
were conducted, demonstrating its applicability to variable
radius measurements.

To comprehensively present the proposed technology,
factors influencing circular path generation, such as sampling
rate, feed speed, number of control points, and circular path
radius, were analyzed on a hexapod machining cell (FANUC)
research platform. The theoretical relationships between these
factors were established and validated. The circle motion-
based method was found to be more suitable for online
path error compensation, but not for offline compensation.

Comparative analysis revealed that the arc method outper-
formed the P2P method in circular path generation. However,
the P2P method achieved a performance comparable to that of
the arc method when a higher number of control points was
employed. Consequently, a higher density of control points
is recommended for both methods. The Arc method is more
suitable for machining tasks because of its ability to elimin-
ate vibrations during transitions between the control points. In
contrast, the P2P method is better suited for applications that
require movement along a specific sequence of discrete points,
such as pick-and-place operations or inspections involving
predefined locations.

The observed characteristics of radial errors can be fur-
ther interpreted in the context of robot space motion errors.
As discussed in section 2.2, space motion errors of indus-
trial robots originate from multiple sources, including geomet-
ric deviations, thermal effects, servo control limitations, and
structural compliance. The radial errors identified in this study
represent the projection of these space motion errors onto the
radial direction of circular trajectories. Their periodicity along
the path reflects the repetitive influence of joint and link devi-
ations, while the symmetry between CW and CCW motions
indicates that the dominant errors are structural rather than
direction-dependent. Furthermore, the increase in radial error
magnitude at smaller radii and larger out-of-plane angles can
be directly explained by the projection model, where distor-
tion grows with the AF (equation (5)). These findings confirm
that radial errors not only capture the dominant manifestation
of robot space motion errors during circular motion, but also
provide a practical target for measurement and compensation
using the proposed out-of-plane ballbar method.

After establishing a clear understanding of the relation-
ships among the aforementioned factors, the ballbar and laser
tracker were applied for path error measurement and compens-
ation at various radii. Experiments were performed using ball-
bars with lengths of 100 mm and 50 mm under different out-
of-plane angles. A novel small circular adaptor was developed
to enable the use of a ballbar with a radius of 50 mm for various
radius measurements. This innovation extends the maximum
out-of-plane angle of a conventional Renishaw ballbar with
a radius of 50 mm from 20°to 45°. Using the proposed data
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processing method for the ballbar under various out-of-plane
angles, measurements at different radii were calculated and
compared in terms of the circular path raw data, radial error
patterns, CD, and compensation rates. For a standard meas-
urement radius of 100 mm, the ballbar and laser tracker pro-
duced similar results for these metrics. However, under out-
of-plane angle conditions, discrepancies between the ballbar
and laser tracker results were observed, and these differences
increased as the out-of-plane angle increased (corresponding
to a decrease in the measurement radius). Although the laser
tracker has a lower resolution than the ballbar, it achieves a
higher compensation rate (45%—-85% vs. 16%—71%). The pos-
sible reasons for this are as follows: (1) the ballbar operates in
a 2D plane and captures only radial information, whereas the
laser tracker performs 3D measurements, allowing it to detect
unexpected movements along the vertical direction of the ball-
bar testing plane. The absence of vertical movement data in
ballbar measurements introduces a theoretical limitation in
circular path measurement and error compensation. (2) The
out-of-plane angle of the ballbar for various radius meas-
urements has limitations in radial error measurement and
compensation. For a given measurement position, the true
radial error, defined as the difference between the true and
nominal radii, can correspond to three possible offset posi-
tions. Relying on a single radial error measurement makes
it challenging to precisely determine the offset values for
the X- and Y-axes, representing an inherent limitation of
the proposed method. In this study, position 1 was used
as the reference point to calculate the compensation value.
However, this limitation can be mitigated by increasing the
number of control points and sampling rate. (3) The cal-
culated radial error projected onto the ballbar measurement
plane was used for path-error compensation. The relation-
ship between the radial error components projected onto the
ballbar measurement plane and the vertical direction of the
plane was influenced by the out-of-plane angles of the ball-
bar. Ideally, minimizing radial errors in the vertical direc-
tion of the ballbar measurement plane is preferred. When
the error in the vertical direction becomes significantly lar-
ger than that in the measurement plane (e.g. when the out-
of-plane angle exceeds 45°), unexpected movements in the
measurement may occur. A model-based qualitative decom-
position (appendix A2 (table Al)) indicates that the dominant
contributors to the gap are the 3D-to-2D projection and axial
leakage at non-zero out-of-plane angles, whereas control-
point discretization and sampling effects play secondary roles
and can be mitigated by increasing N1 and complying with
equation (12).

To improve the traceability of measurement errors, we
have decomposed the error sources into several categor-
ies, including projection distortion, sampling and synchron-
ization effects, adaptor-related errors, robot-induced disturb-
ances, and instrument limitations. While projection distortion
becomes dominant at larger out-of-plane angles (a0 > 30°),
robot-induced disturbances such as vibration and compli-
ance are closely related to the periodic fluctuations observed

in radial error curves. Sampling and synchronization effects
primarily influence high feed-rate tests, where insufficient data
rates may distort the error profile (see figure 10). Adaptor-
related errors are more critical in small-radius experiments
due to increased mechanical sensitivity. Instrument limitations
define the baseline uncertainty, explaining part of the differ-
ence in compensation rates between the ballbar and the laser
tracker. A detailed summary of these error sources and their
potential influence is provided in appendix A3 (table A2).

Therefore, it is recommended to use the proposed ballbar
measurement method with a smaller out-of-plane angle (see
appendix A4 (table A3) for a consolidated view of sources,
scaling, and mitigation). Although the aforementioned limita-
tion exists, path error compensation achieves a compensation
rate exceeding 40% when the out-of-plane angle is less than
30°. In addition, the ballbar accounts for only 10%-20% of
the total hardware cost of a laser tracker and requires a simple
setup and data processing, making it an effective tool for cir-
cular path error compensation.

Although all primary experiments in this study were
conducted on a FANUC hexapod machining cell, the pro-
posed compensation framework is essentially kinematics-
independent because it relies only on commanded circular tra-
jectories and radial errors measured by the ballbar. To fur-
ther validate this transferability, we carried out a supplemental
experiment on a six-degree-of-freedom FANUC serial indus-
trial robot (LR Mate 200iR) under the same conditions as
the hexapod tests The results revealed 60%—70% compens-
ation range on the serial robot, with compensation rate dif-
ferences within approximately 10%-15% compared to the
hexapod (appendix AS). This outcome can be explained by
the fact that the compensation procedure operates in the task
plane and does not depend on the specific forward/inverse
kinematics of the platform. The main factor affecting cross-
platform performance is the dynamic compliance in the out-of-
plane direction: while serial robots typically have lower rigid-
ity than hexapods, the influence of axial disturbances remains
small when the out-of-plane angle is kept below about 30°.
Therefore, under recommended setup conditions, the proposed
method can be expected to yield comparable compensation
rates across both hexapod and serial robot platforms.

To implement the proposed out-of-plane ballbar measure-
ment method, two distinct setups can be used to measure a
specific radius, as illustrated in figure 2. The ballbar tip con-
nected to the spindle side represents the cutter, whereas the
tip attached to the magnetic assembly serves as the rotation
center for the circular path to be machined. To ensure that
the measured circular path closely corresponds to the circu-
lar path of the tool movement, the out-of-plane angle can
be optimized or selected based on the requirements of circu-
lar part machining in practical applications. Furthermore, an
alternative technical approach for improved path error com-
pensation can be achieved through the structural optimization
of the ballbar and its calibration pad. An adjustable ballbar
length can be implemented using a telescopic-locking mech-
anism, allowing length adjustments at defined intervals. By
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optimizing the ballbar battery, the minimum ballbar length
could be set to 70 mm (using the Renishaw ballbar as an
example). In addition, a fixed-length calibration structure can
be integrated into a plate, enabling the optimized calibra-
tion pad to support six predefined fixed distances. With this
optimized ballbar, only a small angular adjustment is required
for general circular path measurements, minimizing potential
errors. Ultimately, improved path error compensation can be
achieved through the optimized ballbar structure and its out-
of-plane angle for application on the shop floor. For broader
context beyond the laser tracker baseline, we added a concise
comparison of representative low-cost tools in appendix A6
(table A4), covering accuracy class, cost, setup complexity,
and key pros and cons. Finally, the proposed work occupies a
middle ground: it retains sub-micron sensing from the ballbar
and supports variable radii for task-plane compensation at low
cost, while avoiding the full 3D instrumentation and cost of a
tracker.

6. Conclusion and future work

This study investigates offline path error measurement and
compensation in robotic machining using a ballbar and a
laser tracker. To overcome the limitations of traditional ball-
bars, which operate only at fixed radii, a novel out-of-
plane angle measurement method and corresponding data pro-
cessing approach were proposed for general circular radius
measurements. To extend the maximum angular range of a
ballbar with a radius of 50 mm, a novel small circular adaptor
was developed. Meanwhile, for a better validation of the pro-
posed technology, the factors for circular path error meas-
urement and compensation, including the sampling rate, feed
speed, number of circular path control points, and circular path
radius, were explored. A theoretical analysis and experimental
validation of the proposed out-of-plane ballbar measurement
method and small circular adaptor were conducted, confirming
their applicability for variable-radius measurements and path
error compensation.

(1) The proposed small circular adaptor extends the ballbar
out-of-plane angle range from 20° to 45°, enabling circu-
lar path error measurement for radii ranging from 35 mm
to 50 mm.

(2) For a given circular path error measurement radius, a
higher sampling rate is required when higher feed rates

and a larger number of control points are used. Under
the optimized ballbar measurement setup, the arc-based,
circle-based, and P2P methods yield comparable path
error measurement results. However, the arc-based method
demonstrates superior robustness compared with the P2P
method in path error compensation, particularly when the
number of control points is limited.

(3) The proposed out-of-plane ballbar measurement expands
the traditional ballbar measurement range for circular-
path error measurement and compensation. With an out-
of-plane angle below 30°, a compensation rate exceeding
61% can be achieved, which is only 14% lower than that
of a laser tracker that supports arbitrary circular radii of
movement. However, the ballbar accounts for only 10%—
20% of the hardware cost and requires a simpler setup and
data processing workflow, highlighting its potential as a
practical and economical alternative for shop floor circu-
lar path error compensation.

Although the proposed out-of-plane ballbar measurement
method achieves an optimized compensation comparable to
that of the laser tracker in terms of circular path error com-
pensation, there is still room for improvement in the com-
pensation rate. Further technical enhancements can be realized
through the structural optimization of the ballbar and its calib-
ration pad. In addition, future work will focus on applying the
proposed ballbar angle setup method to real-world scenarios
of circular path error compensation. Moreover, the method
of combining the proposed out-of-plane ballbar measurement
and online path error compensation for FANUC using the
DPM function is also explored.
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Appendix A1. Derivation of angle-induced error terms (YZ plane, X-axis normal)

A.1.1. Nomenclature

To improve clarity, table Al provides a summary of the main symbols used in appendix Al.

Table A1. Nomenclature for appendix A.

Category Symbol Definition
Basic quantities R Nominal circular path radius

mo Nominal ballbar length

« Out-of-plane angle of the ballbar

0 Sampling angle

La Unit vector of the ballbar axis at angle o
Measurement/reconstruction m Measured ballbar length

Am=m—my
A"’lbias

Increment in ballbar length (raw measurement, before projection correction)
Measured increment including static bias (e.g. adaptor clearance, joint tolerance)
Reconstructed radial error after projection correction

Ar Residual radial reconstruction error
Error components/disturbances r True radial error component (in-plane)
t True tangential error component (in-plane)
AX Out-of-plane deviation (axial offset along ballbar normal)
Static bias term (adaptor clearance, joint/socket boundary)
Random noise or synchronization error
Higher order/additional terms O() Higher-order terms relevant for small-radius or high-precision cases
Kei (@) Posture-dependent effective stiffness
F External load (gravity, machining, or inertial force)

A.1.2. Notation and geometric setup

The nominal circular path lies on the YZ-plane. Let e, (radial, in-plane), e, (tangential, in-plane), and e, (out-of-plane, along the
X-axis) form an orthonormal triad. At a sampling angle 6, the nominal point is py (#), the base point of the ballbar is ¢, and the
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nominal ballbar vector is with length mg = ||vo|| = R. The ballbar unit direction at out-of-plane angle « is
Uy = COSaer + sinaey. (A1)
Small deviations are decomposed as
dp =re +te+ AXey, |1, |t],|AX| < R (A2)

where r equals the in-plane radial error PE,, and AX is the out-of-plane (axial) deviation; £ denotes measurement/timing noise.

In addition, ¢ stands for quasi-static bias (e.g. adaptor clearance, joint/socket boundary); m and m0 stand for measured and
nominal ballbar length; Am stands for measured increment in ballbar length and A, stands for reconstruction error in the radial
direction after projection correction.

A.1.3. Linearization of the measured distance
The measured length is m = ||vo + dp||. A first-order expansion around v, gives
m%m0+u25p:m0+rcosa+AXsina+e. (A3)
Hence the measured increment
Am=m—my~rcosa+ AXsina+e€. (A4)
To be mentioned, Am is the raw increment in ballbar length, not yet corrected for projection.

A.1.4. Radial reconstruction and error decomposition

Following the geometric projection used in the paper (AF), the radial component is reconstructed by

. A
Fo 2 (AS)
coso
The reconstruction error along the radial direction is therefore
A, =PE,, — PE,, ~ Ax-tana + ——. (A6)
cos

This shows two angle-dependent channels: cross-axis contamination Ax - tanc and projection amplification _;c— .
For a small quasi-static offset § on the ballbar axis (e.g. adaptor clearance, joint/socket boundary) adds an axial bias to the

measured increment:
Ambias =Am+34. (A7)

Note that Am denotes the measured ballbar length increment, whereas Ar denotes the scalar reconstruction error along the
radial direction. In addition, Amy,,s denotes the actual measured increment including the static bias.
After radial reconstruction (AF), we can get

€ 0

A~ Ax-tano + .
cosa  cosa

(A8)

From equation (A8), even a few microns of & can be amplified by AF. This formulation shows that even a few microns of §
can be significantly amplified by AF, especially at large out-of-plane angles. Therefore, ensuring mechanical stability of joints
and adaptors is critical for reliable measurements.
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A.1.5. Second-order terms and useful bounds

The first-order linearization (equations (A3)—(A6)) already captures the main error channels. However, when the circular radius
becomes small or when higher precision is required, second-order contributions may no longer be negligible. To evaluate their
influence, we expand the norm to the second order

1 2
mzmo+u15p+2—(\|5p||2—(ulép) ) (A9)
m
So that
1
Am ~rcosa+ AXsino + o (r2 +£ + (AX)® — (reosa+ AXsina)2> . (A10)
0

After division by cos o

Far+ AXtano+ — <r2+t2+(AX)2—(rcosa+AXsina)2). (A1D)
cosax  2mpcosa
Hence
242 4 (AX)?
A, ~ AXtana + — +o<'+ +(AX)7) (A12)
cosa m(Ccos o

Therefore, the second-order contribution is generally negligible for standard robotic machining conditions, but may become
noticeable for very small-radius paths or in high-precision tasks.

A.1.6. Small misalignment of the ballbar direction

In addition to out-of-plane inclination «, the ballbar may suffer from a small misalignment toward the tangential direction e;.
If the ballbar direction departs slightly toward e, by a small angle £,

U3~ cosacos e, +sinBe + sinocos Gey. (A13)
Then
Am ~rcosacos(3+tsin3+ AXsinacos3 + €. (Al4)

And reconstructing with cos accos 3 gives

€

F—r~AX tana+t-tan3+ —.
cosacos (3

(A15)

For typical fixtures |3| < 1°, the ¢ - tan 3 term is negligible.

A.1.7. Posture-dependent stiffness link.

Out-of-plane deviations can also be influenced by the robot’s effective stiffness. If ' denotes the external load (gravity, machin-

ing, or inertial forces) and Kegr («v) is the effective stiffness at angle «, the axial deviation is approximated by AX ~ K"F(‘cx)'

Substituting into equation (A6), we obtain

F €
A~ t . Al6
Ko (@) ana+ cosw (Al6)

This equation shows that reduced stiffness at large o further magnifies the Ax - tan o pathway.
A.1.8. Takeaways and validity range
Equations (A6)—(A16) justify the observed knee beyond o & 30°: both tancv and 1 /cosc rise rapidly, and any stiffness reduction
increases. The derivation assumes |r|, |t|, Ax < R and small misalignment |r| < 1 rad; under these conditions the second-order

remainder (equation (A12)) is negligible.
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Appendix A2. Qualitative decomposition of the compensation-rate gap

To interpret the difference between the tracker-based compensation rate (around 75%) and the ballbar-based rate (around 61%),
table A2 presents a qualitative decomposition grounded in the projection model of section 2.2 and the compensation procedure
in equations (10)—(14). It identifies the governing mechanisms, outlines their sensitivity to out-of-plane angle, control-point
density, and sampling rate, and lists practical mitigations.

Table A2. Qualitative decomposition of the compensation-rate gap.

Cause Qualitative impact on compensation rate Sensitivity Mitigation

3D — 2D projection

Axial leakage (cross-axis
contamination)

Control-point discretization

Sampling/instrumentation

Removes out-of-plane
components and distorts in-plane
magnitude; reduces effective
recoverable error

Injects axial disturbances into
the radial channel, lowering
usable signal

Misses high-frequency
components; under-fits local
deviations

Averaging instability if samples
per interval are low; noise leaks
into PE,

Increases with «

Increases with « and axial
vibration level

Decreases as N1 increases

Decreases with higher rate and
stable signal-to-noise ratio

Keep a < 30°, use task-plane
evaluation

Reduce «; speed/junction
smoothing; stiffness
improvement

Increase N1; prefer arc-based
smooth trajectories

Satisfy equation (12); ensure
stable 1000 Hz stream and
proper filtering

Appendix A3. Summary of measurement error sources
This appendix provides a detailed breakdown of the error sources that may influence circular path measurements in robotic

machining. These errors originate from both the measurement setup and the robot system itself. Table A3 summarizes the main
categories of error sources together with their potential influence on the results.

Table A3. Sources of measurement errors in circular path experiments and their potential influence.

Potential influence

Error source Description on results

Projection distortion Geometric distortion introduced by the out-of-plane
angle (AF = 1/cos o)

Mismatch between robot motion commands and

Amplification of radial error, especially when
a > 30°

Sampling/synchronization Phase shift or loss of accuracy in radial error patterns

error ballbar sampling (1000 Hz)

Small-radius adaptor Mechanical tolerance and stability of the custom Local offsets or reduced repeatability in

error adaptor small-radius tests

Robot-induced Vibrations, structural compliance, servo noise Periodic fluctuations and additional noise in radial

disturbances during motion error data

Instrument limitations Ballbar resolution (0.1 wm), repeatability Baseline uncertainty, limits in compensation
(£0.5 pm); laser tracker accuracy (10-30 pm) accuracy

Appendix A4. Angle dependence and diagnostics
Building on section. 2.2 and the derivations in appendix Al, this appendix summarizes how each distortion source scales with

the out-of-plane angle «.. Table A4 lists, for each source, the mechanism term, its angle dependence, and practical mitigation.
For consistency with the yz-plane convention, out-of-plane deviations are denoted AX (along the X-axis).
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Table A4. Angle dependence of distortion sources and diagnostics.

Source Mechanism term Angle scaling Mitigation

Axial deviations (vibration/compliance) Ax-tana tana Stiffer pose, damping
In-plane noise, timing mismatch e/cosa 1/cosa Better sync/filtering
Posture-dependent stiffness AX ~ ﬁ(a) Keff] with o Pose planning
Adaptor/joint boundary dlcosa 1/cosa Tolerances, lubrication

Appendix A5. Out-of-plane ballbar measurement conducted on FANUC serial robot

To assess the transferability of the proposed offline compensation method, supplemental experiments were performed on a six-
degree-of-freedom FANUC serial robot (FANUC LR Mate 200iR, figure Al(a)) under conditions comparable to those used on
the hexapod platform (circular path radius 50 mm, feed speed 1200 mm min~!, CW trajectory, 720 control points). For ballbar
measurement on each radius, three measurements were conducted.

Figure A1(b) shows the ballbar raw signals of the serial robot in the CW direction for radii R50, R49, R48, and R45 (suffix
‘-a/-b’). The traces exhibit a dominant periodic component with consistent phase across repetitions, indicating structure-driven
errors rather than random noise. As the effective out-of-plane angle increases when the tested radius becomes smaller, the
peak-to-peak amplitude grows and the curve shows stronger low-frequency undulation, which is consistent with angle-induced
projection effects and axial leakage. Figure A1(c) summarizes CDs BC (BC, blue) and after compensation (AC, orange). Across
R50-R45, BC values are roughly in the 486.4-541.3 pm range, while AC decreases to about 145.7-197.9 um with small
error bars, showing good repeatability. This corresponds to compensation rates on the order of 60%—71.8% for most radii.
Figure A1(d) presents the compensation rate as a function of the out-of-plane angle « (the bracketed number indicates the
corresponding measured radius). The trend is monotonic: performance is highest around o ~ 10° and decays as « increases
toward 30°, where the rate approaches about 59.3%. This angle sensitivity agrees with the projection analysis in the main
text, where larger v both amplifies in-plane distortion and injects more axial disturbance into the radial channel. Practically,
maintaining o < 30° preserves a stable 60%—70% compensation range on the serial robot, which is within roughly 10%-15%
of the hexapod results under comparable settings.

Repeatability:
' +/-0.01 mm

Value [mm]

02f —— RS04 R48-a RS0-b — R48D
——R49-a R45-a ————R49DH - R45-b
-0.3 1 L L 1
0 1 2 3 4 5
- : Points «10%
(@) (b)
600 . . , 100 . -
—+—CW
1 g% -
—400 f EEcwBC | = I
g Emcw-ac | £ 90f - 1
» £
a 8 40 1
~ 200 -
o 20F ]
O 1
R50 R49 R48 R45 0°[50] 10°[49.24] 20°[46.98] 30°(43.3]
Status Angle [Radius]
© (d)

Figure A1. Ballbar measurement with the radius of 50 mm and its measurement results conducted on the FANUC serial rebot (LR Mate
200iR), (a) experimental setup of the FANUC serial robot with out-of-plane ballbar measurement; (b) ballbar raw data of the serial robot in
the clockwise (CW) direction at R50, R49, R48, and R45. For each radius, ‘-b’ indicates before compensation and ‘-a’ indicates after
compensation; (c) circular deviations (CDs) before (BC) and after (AC) compensation at different radii; (d) compensation rate of
out-of-plane ballbar measurements as a function of out-of-plane angle «; bracketed numbers correspond to the measured radius.
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The ballbar measurement results demonstrate that the compensation procedure effectively corrects the dominant radial error
components independent of robot architecture. These findings further confirm that the proposed out-of-plane ballbar method is
applicable not only to parallel hexapod systems but also to conventional serial robots, provided the out-of-plane angle is kept
below 30° to minimize axial disturbances.

Appendix A6. Contextual comparison of low-cost circular-path assessment tools

This appendix positions the proposed out-of-plane ballbar approach among representative low-cost options that are com-
monly considered for shop-floor path evaluation. Table A5 summarizes sensing dimension, typical accuracy class, dynamic
suitability, setup complexity, indicative cost level, and key pros and cons. Values are order-of-magnitude estimates syn-
thesized from representative sources and common practice. They serve as background context rather than brand-specific

benchmarks.

Table A5. Representative tools for circular-path assessment and compensation context.

Method Sensing Typical accuracy  Dynamic Setup Indicative
(representative) dimension class suitability = complexity costlevel Main pros Main cons
Proposed 2D radial inthe ~ Sub-micron High Moderate  Low to Variable radii; Sensitive to
out-of-plane task plane; sensor resolution; (1000 Hz) medium fast cycle; direct ~ out-of-plane
ballbar variable radius few-micron link to angle and axial
via adaptor effective compensation disturbances; 2D
circular-path error projection
for o < 30°
LVDT contact 1D radial Micron-level Medium Low Low Low price; stable; Contact friction
displacement displacement Non sensitive to  and speed limits;
+ simple center ~ along the radius lighting requires a reliable
fixture circle-center
reference
Single-point laser 1D radial Micron to Medium to  Medium Low to Non-contact; Sensitive to
triangulation displacement tens-of-microns high medium higher bandwidth  surface
+ center fixture class reflectivity and
incidence angle
Capacitive or 1D near-field Sub-micron to Medium Medium Medium  High precision; Short range;
eddy-current displacement micron class high bandwidth requires metal
displace- (short range) target or close
ment + metal standoff
target
Camera with 2D or pseudo-3D  Tens-of-microns  Medium Medium Very low  Low-cost Sensitive to
AprilTag fiducials image space to several hardware; large calibration and
tens-of-microns field of view lighting
class
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