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Abstract

This article presents an approach to extend the capabilities of vat photopolymerization
(VPP) 3D printing using a robotic arm, with a focus on robust path planning. The robotic
cell consists of a Mecademic Meca500 six-axis robot mounted on a Zaber X-LRQ300AP
linear guide. The kinematic chain is inverted to reflect the logic of VPP: the world refer-
ence frame is fixed to the robot’s tool (the build plate), while the tool frame is attached
to the polymerization zone. A virtual degree of freedom for screen image rotation is in-
troduced, bringing the system to eight degrees of freedom. Inverse kinematics are solved
under constraints (pose tolerance, joint limits, collision avoidance, and continuity) and
evaluated using multi-criteria metrics: manipulability, normalized joint-limit margin, and
positional /angular sensitivity. The algorithm follows a deterministic coarse-to-fine search
procedure: discrete sweeping of global part orientations, initial sampling with Halton
sequences, abd feasibility filtering on a sparsified trajectory, followed by refinement and
multi-criteria ranking. The pipeline successfully discarded infeasible orientations and
identified feasible printing trajectories for six of the seven benchmark parts, while the
remaining case highlights a limitation that may be addressed in future improvements.

Keywords: robot manipulator; kinematic redundancy; additive manufacturing; constrained
search/configuration selection; motion planning; vat photopolymerization

1. Introduction

Robot-assisted vat photopolymerization (VPP) combines the geometric freedom and
precision of resin printing with the reachability and dexterity of serial manipulators. This
integration enables the manufacturing of conformal geometries (where the exposure plane
can tilt or move to match the shape of the part), multi-material workflows, and greater in-
line automation capabilities than conventional one-dimensional-movement resin printers
can typically offer [1]. However, this flexibility also makes motion planning considerably
more challenging: to conform to the part geometry throughout the exposure sequence
generated by slicing, the robot must satisfy pose constraints while respecting joint limits,
remaining distant from singularities, and avoiding collisions within a confined workspace
that includes the resin vat, projector, evolving printed part, and potentially other robots.

Robot control and robot path planning are two key steps for any robot-operated
machining process [2]. Selecting an appropriate global configuration and executing the
trajectory pose by pose then become critical to ensuring part quality, process robustness, and
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cycle time [3,4]. When additional degrees of freedom (DOFs) are added to the six degrees of
freedom of the robot arm, as in our system with a vertical linear guide (Figure 1), kinematic
redundancies are introduced.

At the workcell level, recent surveys in robotic additive manufacturing [5] show
growing use of multi-axis and multi-robot setups [6]. These systems operate in a factory
environment, where multiple robots share the same workspace. Path planning and collision
avoidance are therefore critical to prevent accidents and downtime. Since the robots are
part of a production process, planning must be reproducible. The system should produce
the same motions each time to facilitate pre-process verifications and ensure consistent
quality. These studies focus on FDM, but resin-based processes face the same planning
issues. The literature on robotic resin printing is still limited, yet the core constraints and
challenges remain the same.

At the controller level, modern real-time inverse kinematics schemes for redundant
manipulators explicitly handle joint limits and task priorities while keeping computation
predictable [7].

At the same time, learning-based methods aim to generate feasible joint trajectories
efficiently. For example, the authors of [8] proposed collective neural dynamics that
compute coordinated joint motions for high-DoF arms without relying on full second-order
dynamics models.

These methods work well for smooth tracking, but in our VPP cell, we must enforce
strict constraints—pose tolerances, joint limits, and collision clearances—at every slice
while maintaining continuity during the entire printing process. We also need consistent
results across runs. To handle redundancy, we use a constrained solver and a deterministic
coarse-to-fine search procedure for feasible path selection in VPP.

(b)

Figure 1. Overview of the robotic cell: (a) simulation of a printing process and (b) photograph of the

physical system during calibration.

Prior work shows that robot-assisted VPP is feasible. Parallel-robot platforms can per-
form basic tasks but have limited exposure accuracy and photopolymerization control for
complex geometries [9,10]. Serial arms have been used to decouple fabrication from single-
axis motion and enable conformal, multi-material printing [1]. These systems typically use
only a six-DOF arm, demonstrate simpler test parts, and pay limited attention to configura-
tion selection and reproducible search procedures. They also leave open the problem of
planning along slice-derived paths under tight kinematic and collision constraints.

The work reported in this manuscript advances the state of the art by (i) formulating
VPP as an inverted kinematic problem with the task frame anchored at the exposure contact,
(ii) augmenting the system with a virtual screen-rotation DOF (7 + 1 DOFs) to capture
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projector alignment, and (iii) introducing a deterministic coarse-to-fine search procedure
pipeline that combines constrained inverse kinematics (hard pose, limit, and collision
margins) with multi-criteria ranking (manipulability, joint-limit margin, and sensitivity).

The pipeline identifies feasible configurations across challenging trajectories with
predictable computation and run-to-run reproducibility. This work does not prove that
conformal VPP printing with a robot is feasible—Huang et al. [1] already demonstrated
this—but it provides a practical tool to convert a resin sliced trajectory for VPP printing
(i.e., a series of projected images assigned to poses of the build plate in space) into a robot
path plan that respects constraints and redundancy. It enables planning for tightly con-
strained printing cells while maintaining collision awareness and deterministic outcomes.

For “inverted” tasks—where the environment acts as the tool and the part is carried
by the robot—the literature usually expresses constraints in a task-oriented frame using the
Task Frame Formalism (TFF) so that constrained and free directions are explicit [3,11]. In
this work, we use TFF not to encode force constraints but to decouple projector-related
orientation requirements from robot kinematics and to simplify differential kinematics.
Concretely, by anchoring the task frame at the exposure (part-vat-window) contact point,
the Jacobian needed for pose constraints and small corrective motions is evaluated directly
in that frame, which avoids redefining the tool reference frame (TRF) at every printing step
and avoids repeated frame-change matrix inversions between tool, world, and projector
frames. This reduces implementation complexity and computational cost during slice-by-
slice planning. Using the window as the tool reference frame also allows us to apply a
standard serial robot model for inverse kinematics. The projected image can be treated as a
virtual rotary joint: the window itself does not rotate, but this virtual rotation simplifies the
orientation requirements of the printing process and makes planning more straightforward.

Inverse kinematics (IK) methods fall into three families. Closed-form analytical so-
lutions are extremely fast but rely on structural assumptions (e.g., spherical wrist) that
are often violated after fine calibration due to numerous non-null dimensions [12,13].
Jacobian-based numerical iterative methods are effective locally and popular in real-time
control, yet they handle hard inequalities such as joint limits and clearance margins only
indirectly [14-17]. Optimization-based IK under constraints instead formulates a nonlinear
problem with equalities (pose) and inequalities (limits and distances) and has become a de
facto standard in modern libraries due to its flexibility [18,19]. In robotized VPP—where
safety margins and smooth handover between hundreds of poses are required—the latter
is generally preferred.

Beyond local IK, several discrete global decisions strongly condition feasibility and
performance: build-plate geometry, the pose of the part on the build plate, and the initial
joint configuration (the seed) for trajectory generation. Deterministic low-discrepancy
sequences (Halton and van der Corput sequences) provide efficient, bias-free exploration
of such decision spaces with far fewer trials and improved reproducibility compared
with random sampling [20-22]. In additive manufacturing, a coarse discrete sweep over part
orientations is widely used to reduce the search space before local refinement [23].

To compare feasible candidates, the community evaluates metrics a posteriori along
the path. Three recurrent ones are (i) Yoshikawa’s manipulability, which is used to increase
the distance to singularities and improve local motion capabilities [24]; (ii) the normalized
margin to joint limits, which not only prevents joint limits but also quantifies the robot’s
residual maneuverability; and (iii) pose sensitivity to small joint perturbations, as captured
by the differential propagation (Zy ~ J£,JT), which helps limit error amplification, even
away from singularities [25]. Because these metrics are typically non-convex and sometimes
conflicting, multi-objective optimization is required [26].
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Optimization strategies for competing objectives span from stochastic to determinis-
tic methods. On the stochastic side, simple random or metaheuristic searches, such as
simulated annealing, genetic algorithms, and particle swarm optimization (PSO), and
evolutionary multi-objective algorithms, such as NSGA-II, explore diverse regions of the
search space and approximate a Pareto front, but they are computationally costly and
less reproducible due to their use of random seeds, population initialization, and muta-
tion schedules [27]. Previous work using Ant Colony Optimization (ACO) for machining
and additive manufacturing demonstrated repeatability in specific scenarios, but this
approach remains sensitive to workspace discretization, offers no guarantee of global
optimality, and suffers from high computational cost for collision checking and parame-
ter tuning [28]. Other studies in robotized metal additive manufacturing have proposed
optimization tools for trajectory planning and kinematic redundancy management but
focused on empirical validation (e.g., accelerometer-based behavior analysis) and process-
specific criteria, without a general, deterministic framework for constrained, collision-aware
planning [29]. A related study showed good results with a PSO algorithm in a work-cell
(6R arm + 6-DOF hexapod + 1-DOF rotary table) placement optimization [2], effectively
solving 6 + 6 + 1 subproblems rather than a fully coupled 13-DOF search, and without
explicit collision checking.

A related class is represented by learning-based planners and controllers—deep re-
inforcement learning and learned sampling for motion planning—which can discover
powerful heuristics but often require substantial training data and careful reward/shaping
design and still exhibit variability across tasks and hardware (generalization to a different
robot cell is not guaranteed) [30-32]. In our VPP setting, where geometric clearances are
tight and failures are costly, we observed that stochastic and learning-based approaches
were too unpredictable for routine use and difficult to reproduce faithfully across runs
and setups.

As a practical alternative, we propose a deterministic, reproducible, and computationally
economical pipeline that (i) performs a coarse, discrete sweep over global choices (here,
in-plane part orientation); (ii) uses deterministic low-discrepancy seeding to initialize robot
joint configuration without bias; (iii) applies a fast feasibility filter on a sparsified path
under hard constraints (joint limits and collision margins) using constraint-aware IK; and
(iv) fully evaluates all feasible candidates and ranks them by aggregated metrics specially
chosen for VPP (manipulability, joint-limit margin, and sensitivity) via scalarization or
Pareto reporting [18,26,33]. Crucially, we formulate the problem in a task-oriented frame
anchored at the exposure contact, which cleanly separates process-driven orientation
requirements from robot kinematics and simplifies differential kinematics (Jacobians are
evaluated directly in the task frame, avoiding repeated frame changes). Unlike approaches
that decompose redundancy or freeze subsets of joints, every IK solverin our pipeline
performs a full eight-DOF configuration search simultaneously—coupling the linear rail,
the six-DOF arm, and the virtual screen rotation—thereby avoiding inconsistencies from
staged /partial search and improving feasibility and smoothness along the entire trajectory.

This design is tailored to robot-assisted VPP: early filtering removes infeasible orien-
tations before costly evaluation; deterministic seeds and solvers keep the computational
cost predictable and the results reproducible; and the ranking step makes the trade-offs
between manipulability, joint-limit margin, and sensitivity explicit. In short, the pipeline
favors predictability and transparency—two properties essential in a safety-critical, tightly
constrained printing cell. Since the robot operates at moderate speeds and the manipulator
is rarely close to kinematic limits, our goal is to find a feasible and sufficiently good config-
uration that stays away from singularities rather than to explicitly optimize manipulability.
This simplification reduces computational cost without affecting trajectory quality for VPP.
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The printing process studied in this manuscript proceeds as follows. First, a 3D part
is designed in CAD software. While robot-assisted VPP allows for more complex curves,
the part must still meet manufacturability requirements for VPP, such as limited cavities to
prevent liquid resin from being trapped. Then, the part has to be sliced: a series of planes is
defined along a sweep curve that approximates the shape of the CAD model. Each plane
is offset from its neighbor by a small distance, called the printing resolution, and tilted
at a small angle. Both the distance and angle are chosen to avoid collisions between the
already printed layers and the bottom window. Once all planes are defined, a series of
images is generated by slicing the CAD part and keeping the solid sections. These images
will be sent into the projector to polymerize specific areas for each printing layer. Finally,
the method described in this manuscript uses each step of the curve and translates it into a
pose in space (positions and orientations with respect to the first layer, the z-component
of which corresponds to the plane normal used for slicing). These poses are then used for
the inverse kinematics computation between the reference frame (the build plate mounted
on the robot) and the tool frame (the virtual image projected at the bottom of the printing
vat). Once the robot’s path is selected, the printing process begins: the robot reaches the
first printing position (the build plate is nearly in contact with the vat window), and the
corresponding image is projected during a brief moment to allow the resin to polymerize.
After exposure, the robot raises the part slightly to separate the newly cured layer from the
vat window before moving to the next layer. At the end of the printing phase, the robot
uses the pneumatic tool changer to place the build plate on a support, such as the one
displayed in Figure 1 of [34]. An empty build plate can then be attached to print either the
same or another part.

On a set of seven representative sliced trajectories, the pipeline detects infeasible
options early, then selects print configurations that balance manipulability, joint-limit
margins, and sensitivity better than naive orientation/initialization choices. In six of
seven benchmark parts, it delivered feasible printing trajectories with predictable compute
and identical results across repeated runs. The selected trajectories were executed on
the experimental robotic cell shown in Figure 1b to validate the kinematic feasibility and
geometric constraints of the proposed path-planning approach within the context of the
VPP printing process. This process imposes specific constraints that are critical for ensuring
the theoretical viability of the trajectories prior to material deposition. Note that runs were
conducted without resin exposure, focusing on the validation of the trajectory-planning
framework rather than the static response of the robot, which is highly system-dependent
and difficult to generalize across different robotic platforms. The remaining case highlights
a current limitation—an instance where no feasible trajectory was found under the imposed
constraints—which may be addressed by future extensions (e.g., broader orientation search,
additional slack in free rotations, or richer feasibility heuristics).

In summary, we place configuration search and optimal selection at the core of VPP
planning: modeling at the right level, guarantee of local feasibility, and global decision
making through multi-criteria evaluation. In Section 2, we detail the robotic cell, the
inverted-chain system model, the constrained IK formulation, the collision model, the
evaluation metrics, and the deterministic coarse-to-fine optimization pipeline (with pa-
rameter settings for reproducibility). Section 3 presents the experimental results obtained
on four benchmark parts. Section 4 discusses the implications, limitations, and possi-
ble extensions of this work, and Section 5 concludes the paper. Tables A1-AS8 provide
per-angle summaries.
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2. Materials and Methods
2.1. Robotic Cell and Software Stack

The printing cell consists of a serial 6-DOF robot (Meca500 from Mecademic, Montreal,
QC, Canada) mounted on a vertical linear guide (X-LRQ300AP from Zaber, Vancouver, BC,
Canada), yielding seven physical DOFs. The resin vat and DLP projector form the exposure
subsystem. A virtual eighth degree of freedom models the in-plane rotation of the projected
image (screen rotation about its normal). Calibration (geometric and elastic) is assumed to
be available from prior work [34,35]. The robot’s architecture and linear guide follow the
same configuration as in that work, and the Denavit-Hartenberg parameters are identical
to those reported there. Accordingly, realistic forward and inverse kinematic models of the
robot chain are used here in place of the nominal models.

For modeling and simulation, the complete robotic cell was reconstructed in Blender
(version 5), including both visual meshes and collision proxies, and a URDF of the inverted
kinematic chain was exported using Phobos. Collision checking operates on simplified
primitives (boxes, cylinders, and spheres) that conservatively approximate the visual
meshes. All optimization and kinematic routines were implemented to use the URDF
model directly. To maintain consistency between the digital and physical robot, the URDF
can be updated automatically from calibration data by editing a set of approximately
80 parameters (link lengths, offsets, and joint frames).

2.2. System Model

In projection-based VPP, the environment (projector and resin vat) remains fixed in the
world, while the printed part is carried by the robot. Most robotic simulation frameworks,
however, define the robot’s tool reference frame (TRF) as the active end effector and keep
the workpiece stationary. To match the physics of the process, we therefore model an
inverted kinematic chain: the world frame is fixed to the robot flange, and the tool frame is
fixed at the vat window. This inversion has two key advantages: (i) trajectories produced
by slicing (poses of the part relative to the vat) map directly to end-effector targets without
per-step matrix inversions, and (ii) task-space quantities can be evaluated at the exposure
contact point, which is the physically relevant location for constraints. We assume slicing
has already been performed, taking the surface normal tangent to the curve, and do not
address material deposition or fill patterns, which are important but out of scope for this
robotics-focused study.

The task frame is anchored at the part—vat contact (exposure) point, and pose con-
straints are expressed in that frame. Evaluating the translational and rotational Jacobians,
ie., Jo(q) and J, (q), at this location avoids redefining the TRF at every slice and removes
repeated frame transformations between the tool, world, and projector frames. It also
preserves the correct differential coupling between small orientation errors and linear
deviations at the front of the part, which would otherwise be underestimated if computed
at the nominal TRF as the printed part grows layer by layer.

The screen’s in-plane image rotation is modeled as a revolute joint located at the center
of the vat and aligned with the screen normal (Figure 2). This choice reflects the assumption
that printing occurs near the vat center, where the projected image can only rotate about its
optical axis. In principle, planar translations between layers could also be modeled, but
doing so would introduce two additional degrees of freedom and significantly complicate
the inverse kinematics, with little expected benefit in terms of trajectory feasibility.

This virtual joint carries the commanded image angle (Gscreen k) returned by the IK;
it adds no inertia or limits to the model. With this addition, the chain has eight DOFs
(seven physical and one virtual; see Figure 3).
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Figure 2. Virtual degree of freedom (in blue) modeled as a revolute joint added to the kinematic chain
of the serial robot.

Importantly, the virtual joint does not introduce any risk of discontinuity and cannot
be used to generate discontinuity. This is because the printed trajectory is continuous:
the kinematic chain is closed by the part currently being printed. In other words, with
continuous printing, the only way to produce a discontinuity atjoint 8 would be to induce a
discontinuity at another joint of the chain. Since the other joints are physical and constrained
by mechanics, such discontinuities are impossible during normal operation. Therefore, the
virtual joint simply tracks the commanded image angle, without affecting the continuity or
feasibility of the motion.

Link 3

Figure 3. Inverted kinematic chain of the robotized VPP system. A joint is modeled between each
link, resulting in a total of eight degrees of freedom.

2.3. Reference Parts and Trajectories

To exercise diverse geometric conditions, we use seven reference parts (P1-P7) from 2D
curves to more complex 3D paths. The slicing-generated exposure paths define the target
pose sequence ({Tk}{c\’zl) in the task frame. Table 1 summarizes the dimensions and path
length, and Figure 4 shows each geometry (left) and its trajectory (right). The last column
(Total Absolute Curvature or TAC) is used as a complexity criterion for printing, alongside
path length. TAC is a well-known measure in differential geometry that quantifies the total
amount of bending along a curve [36], providing insight into the geometric complexity and
the difficulty of following the path with a robot or printer. Higher TAC values indicate

https://doi.org/10.3390/robotics15050085


https://doi.org/10.3390/robotics15050085

Robotics 2026, 15, 85

8 of 25

more complex, highly curved trajectories, which typically require more precise control and

'\\
W

can increase the risk of errors or instabilities during printing.
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Figure 4. Overview of the seven reference parts (P1-P7). The geometry (top) and planned printing
trajectory (bottom) are shown for each part.
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Table 1. Reference parts used for evaluation: bounding-box dimensions, total path length, and total
absolute curvature.

Part Dimensions [mm] Path Length [mm] TAC

P1—Simple 2D curve 32 x 38 x 157 170 0.867
P2—90 deg—2D circle arc 25 x 100 x 125 200 0.846
P3—S-curve—high-profile torsion 105 x 83 x 254 300 1.260
P4—Complex 2D curve 8 x 102 x 325 450 1.760
P5—S-curve—low-profile torsion 70 x 60 x 180 240 0.824
P6—3D oscillating curve 8 x 102 x 220 360 2.018
P7—140 deg—2D circle arc 100 x 8 x 60 280 0.785

2.4. Collision Modeling

Collision checks are performed between a selected set of robot—environment pairs (i, )
with a signed distance of d;;(q). We enforce a conservative clearance of d;;(q) > dmin using
primitive proxies, where dpi, represents the minimum allowable distance between objects;
adjacent or rigidly connected links are excluded from self-collision tests. Unless otherwise
stated, dpjn = 10 mm.

2.5. Constrained Inverse Kinematics (IK)

R(q) p(q)]
1

Let T(q) = be the forward kinematics homogeneous matrix, and let

Rr Pk
of 1|
Let ||qx — qx_1]|% be the joint-space norm that measures the “distance” between

two joint configurations. It is defined by ||qx — qx_1/13%y = (qx — qx—1) "W (qx — qx_1),
where the diagonal weighting matrix (W) homogenizes scales (rotary vs. prismatic) and

OT

the target sequence of N poses be {T}I¥ | with Ty =

can encode joint-motion preferences.
Foreachk € {1,...,N}, we solve for q; € RS:

min lak — k-1l
st qmin < 9k < qmax  (joint limits),
Ip(ar) — prllo < €p, B(R(qk),Rk) < er (pose tolerances), 1)
dij(qx) > dmin V(i,j) (collision margin),

lqr — qx_1ll3y < 7> (trust region, optional),

where [[p, — ppll = max; [(ps — pp)i| is the fo norm of the positional difference and

(R4, Ry) = Cos’l(%) denotes the geodesic rotation error (angular difference)
between the rotation matrices (R, and Ry).

Note that q; contains both revolute (radians) and prismatic (meters) joints. There-
fore, the joint-space norm (||qx — qx_1||w) combines quantities with different units. The
weighting matrix (W) is a diagonal matrix used to balance revolute and prismatic joint
contributions. In this work, it is defined using simple unit-based scaling so that angular
joints (radians) and linear joints (meters) have comparable magnitudes. No task-dependent
tuning is applied, and W is fixed across all experiments.

In this problem, minimizing the quadratic term (||qx — qx_1]/3,) biases the solution
toward the previous configuration to promote continuity and avoid branch switching. This
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soft penalty complements the hard trust-region constraint that caps per-step joint changes.
The choice of the initial joint configuration (qp) is detailed in Step 2 of Section 2.7.

2.6. Evaluation Metrics for Trajectory Ranking

Metrics are computed a posteriori on feasible trajectories, with Jacobians evaluated at
the task frame (exposure contact).

(i) Yoshikawa manipulability.

Translational and rotational manipulability are

wi(q) = \/det(lo(@To(@)T),  wy(q) = /det(Ju(@)Tw(q)T).

For a trajectory, we take the minimum along the path: w;min = mingwi(qx) and
Wy min = Ming wy(qx), where higher values indicate better dexterity and distance
from singularities.

(ii) Normalized margin to joint limits.
For joint i with bounds [1;, u;],

qi — ¢
h;

L li+”i, h = ”z‘_li,

mi(q)zl_ ’ Ci= 3 ]

with m(q) = min; m;(q) being the minimum value among all joints and 1y, = ming m(qx)
being the minimum value along the entire trajectory. This also serves as a proxy for residual
maneuverability (headroom for additional motions such as a peel/detachment routine at
the end of printing).

(iii) Pose sensitivity to small joint errors.

Let X, = diag(c?,...,03) model the expected joint position variances, where 0; is
the standard deviation of joint i (radians for revolute and meters for prismatic). The
propagation of joint errors to task space is modeled using first-order kinematics [3].

First-order kinematics map these joint errors to task-space errors via the
following Jacobians:

Zi(q) = Jo(q) Zq]U(‘l)T/ Zw(q) =Jw(q) Zq]w(q>Tr

where X; and L, are task-space covariance matrices. Their diagonal entries give the
variance of the position and orientation errors, respectively, along each Cartesian axis,
while the off-diagonal entries represent the covariances between errors along different
task-space axes, reflecting kinematic coupling introduced by the Jacobian. For simplicity,
we reduce each matrix to a scalar score by summing the diagonal terms (trace), giving the
total expected variance along all axes [37].

si(q) = t(Z(q)),  sw(q) = t(Zw(q)),

with lower values meaning “less amplification” of joint errors. We evaluate their mean
along the trajectory.

Its aim is to minimize the expected task-space variance induced by joint perturbations,
i.e., it prefers joint configurations that attenuate the propagation of encoder/compliance
noise. This criterion favors configurations where the Jacobian’s singular values are small in
directions that amplify errors, promoting robustness at the potential cost of dexterity. Unlike
Yoshikawa’s manipulability, which maximizes the volume of the manipulability ellipsoid,
this trace-based metric minimizes the total task-space variance induced by a model of
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potential joint errors (encoder noise, compliance, and backlash). It favors configurations
where the Jacobian has a globally small magnitude—a condition that does not coincide
with singularities, where only select task-space directions lose amplification, while column
norms may remain large.

2.7. Deterministic Coarse-to-Fine Search Pipeline

We select (i) a global in-plane rotation (0) of the part about the screen normal and (ii) an
initial joint configuration (seed) to roll out the constrained IK over the full pose sequence.
To control cost and improve reproducibility, we use the following staged procedure:

Step 1—Discrete sweep of global orientation.

We discretize 6 into My equally spaced angles over [—7t, 77), with a step of AG = ]%T”g (in
our experiments: My = 24, A = 15°). We then rotate all target poses as T,(6) = R;(0) T}
(examples in Figure 5).

(a) 0° (b) 120° (c) —120°

Figure 5. Examples of global part rotations for P1: (a) 0, (b) 120°, and (c) —120°. These correspond to
discrete in-plane orientation samples.

Step 2—Deterministic seeding of initial joint configurations.
For each orientation (¢), we generate My initial joint configurations (qp) using a

low-discrepancy sequence (e.g., Halton) within [qmin, qmax], then solve a single-pose IK to
anchor trajectory generation (examples in Figure 6). (In our experiments: M,y = 100.)

(a) Example 1 (b ) Example 3 (c) Example 3 (d) Example 4

Figure 6. Four examples of initial printing joint configurations for a global part rotation of 0°.

Step 3—Fast feasibility filter on a sparsified path.

Using a stride of s (every s-th pose), we attempt a constrained IK evaluation per seed
and early exit on the first violation (limits, pose, and collision). Surviving candidates receive
a coarse score; we keep the best 12 per 6.

Step 4—Refinement on the full path.

The selected 12 candidates are recomputed with a stride of 1, full constraints, and
continuity regularization.
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Step 5—Multi-criteria evaluation.

Each refined trajectory is scored using the metrics mentioned above (manipulability
minima, joint-limit margin minimum, sensitivity means, and optional extras such as joint-
space length or smoothness). The joint-space length measures the total distance traveled by
all joints along the trajectory:

N-1 )
L= llam1 —atlliv 2)
i=1

where q; is the vector of joint positions at step ¢, containing both revolute (radians) and
prismatic (meters) joints. The weighting matrix (W) is defined in Section 2.5. Lower values
indicate more direct and efficient motion.

Smoothness is defined using a discrete second-order difference along the joint sequence:

N-2
S= Y llar2 —2qe+1 + q¢ll, 3)
=1

This term corresponds to a second-order finite difference without time normalization.
It does not represent a physical acceleration. Instead, it measures variations in joint velocity
between successive discrete steps. High values indicate sharp changes in velocity. Low
values indicate smoother motion along the planned sequence.

Step 6—Selection (and optional windowed rescan).

For each metric, values are normalized between 0 and 1 using min-max scaling across

all candidate trajectories:
;= Mmax — M , (4)
Mmax — Mmin

where m; is the raw metric value for a trajectory and mmin and mmax are the minimum and
maximum values of this metric over all candidate trajectories. Metrics to maximize are
scaled inversely so that a higher 7i1; value is always better.

Normalized metrics are aggregated into a single score for each trajectory using a
weighted sum:

score = Zwi 1i;, 5)
i

where w; is the weight assigned to metric i. Trajectories that violate constraints receive
strong penalties. The trajectory with the highest aggregated score is selected as the
best candidate.

Alternative aggregation methods exist, such as the Tchebychev distance-based ap-
proach, which evaluates trajectories based on their worst normalized metric. Although not
used here, it could be interesting to study its impact on trajectory selection in future work.

Finally, we return the best (6*,{qj}) according to the global score. If no feasible
trajectory is found after the initial sweep, we optionally rescan a restricted angle window for
Step 1 [0T — ¢, 0" + ¢] around the most promising coarse region, then repeat Steps 1-5 once.

3. Results

The seven benchmark parts are shown in Figure 4; their main geometric properties
are summarized in Table 1. A video illustrating the execution of the selected candidate
trajectories for six of these parts is available at https://youtu.be/XPKsUUgA1AQ, accessed
on 21 April 2026.

We sweep the in-plane part orientation on a uniform grid: we use My = 24,
so Af = 15°. For each angle, we generate 100 initial joint configurations from a low-
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discrepancy (Halton) sequence and run a coarse feasibility test on a sparsified trajectory
(stride of s = 5) with early exit at the first constraint violation.

Hard constraints include joint limits, pose tolerances (e, = 1077 m, ¢g = 10 rad), and
a collision clearance of dpin = 10mm. A trust region limits per-step joint changes to ~2-3 mm
and ~ 1° during the coarse pass and is tightened (0.1-0.2 mm) for refinement.

Each trajectory is scored by combining multiple metrics with assigned weights. The
chosen weights are arbitrary and serve to balance the influence of each metric in the
aggregated score. For translational and rotational manipulability minima, the weights are
w, = 1.0 and w; = 0.8, respectively. The joint-limit margin is weighted 0.5. Positional and
rotational sensitivity means are weighted 1.0 each. Optional metrics include the joint-space
path length (L), which is weighted 0.1, and discrete smoothness (S), which is weighted 0.05.

The top 12 seeds per angle are then recomputed pose by pose on the full path under the
same constraints. When no refined solution is found in the first pass, a second pass rescans
a £15° window around the most promising coarse angle. No stochastic components are
used; given identical inputs, the pipeline produces identical outputs. Metric definitions,
tolerances, and clearance margins appear in Section 2; per-angle summaries are reported
in Tables A1-AS8.

3.1. Feasibility Versus Orientation and Compute Cost
3.1.1. Feasibility Maps

Figure 7 contrasts coarse-feasible (turquoise) and refined (yellow) solutions across
orientation and seed index. Two consistent trends emerge:

*  Orientation is decisive. Entire angular ranges are infeasible, while others concentrate
most solutions. For P3, feasibility clusters between roughly 0° and 135°. P6 presents
two clusters around 60° and —180°. A single cluster is clearly visible for P7, where
every solution is bound between 0° and 150°.

¢  Task difficulty aligns with expectations. The density of feasible points appears to
decrease when the total absolute curvature (TAC) increases and the trajectory length
is significant. Smaller trajectories with a high TAC, like P6, seem more accessible in
our case. This, however, may vary depending on the robotic system used and the
placement of the cell.

For P4, a second pass restricted to a £15° window uncovers additional coarse-feasible
candidates but still yields no fully refined trajectory (Figure 8). The main cause is the
inverse-kinematics solver failing under the joint-limit proximity constraint: although a
solution exists in isolation, it is unreachable from the previous joint configuration due to
the limited motion allowed between consecutive slices. Other contributing factors may
include insufficient seed diversity at useful angles or the geometric complexity of the part
relative to our cell.

3.1.2. Compute Time per Angle

Figure 9 reports stacked computation times (coarse at the bottom, refined on top).
Two regimes appear:

¢  Sterile angles: few or no coarse survivors (refine time negligible);
¢  Promising angles: multiple seeds reach refinement, increasing time but producing
validated full trajectories.

The coarse stage is executed for all seeds, while the refinement stage is executed only
for selected candidates that satisfy the coarse criteria. Thus, the coarse stage reduces compu-
tation by filtering out unfavorable orientations. Higher refinement cost at promising angles
reflects the number of validated trajectories rather than a per-evaluation cost increase.
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Figure 7. Feasibility maps for the seven benchmark parts (P1-P7) as a function of the part’s in-plane
rotation angle and initial joint configuration. Turquoise: coarse-feasible candidates; yellow: fully
refined, constraint-satisfying trajectories.

P4 — Complex 2D curve [pass2]
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-141°
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0 20 40 60 80

angle [deg]

initial robot configuration index

Figure 8. Feasibility map for part P4 in the second (refined) pass, restricted to a narrower angular
window around the most promising orientations. Turquoise: coarse-feasible candidates; yellow:
refined feasible trajectories (none found in this case).
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P1 — Simple 2D curve — computation time per rotation angle

P2 — Long 2D curve — computation time per rotation angle
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P7 — computation time per rotation angle
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Figure 9. Computation time per rotation angle for each benchmark part (P1-P7). Each bar shows total
computation time per angle, split into coarse-stage (blue) and refined-stage (orange) contributions.
The coarse stage is executed for all seeds, while the refined stage is applied only to selected candidates
that pass the coarse filtering step. Sterile angles yield only coarse evaluations. Promising angles show

higher refinement cost due to full trajectory validation. The x-axis corresponds to the rotation angle
of the platform in degrees.

3.2. Refinement and Multi-Criteria Evaluation

For each angle, the top 12 seeds are refined along the full trajectory and scored
with manipulability (positional (w;) and rotational (w,)), normalized joint-limit margin,

and sensitivity, as defined in Section 2. Aggregated results (see Tables A1-A8) show
the following:

e P1 (2D simple curve): Several angles reach refine_ok = 12 (—180° to 165°); best
scores near —45° and 45-60°;

e P2 (2D long curve): Dense feasible region for [0°,120°] with robustness peaks at 60°;

e P3 (3D simple curve): Active window [0°,120°]; best score near 60°;

* P4 (2D complex curve): No fully feasible trajectory in either pass;
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e P5(3D simple curve): Main feasible window in the negative range [—135°, —45°], with
a robustness peak at —75° where 12 initial joint configurations out of the 12 selected
joint configurations resulted in a success; secondary and weaker feasible cluster around
135°-150°; no solution near 0°;

e P6 (3D complex curve): Two separated feasible bands—one around [—-180°, —135°]
(best score at —165°) and another around [0°, 60°|—with a robustness peak at 0°
(highest score overall); large infeasible gap between —120° and —15°;

e P7 (2D simple curve): Broad positive feasible region [0°,150°] with multiple fully
feasible angles; strongest robustness at 60° and high seed density at 150°; no feasible
solution for negative angles.

Table 2 lists the champion configuration per part (orientation (6*); seed index; best
score; and minima of w,, w, and joint-limit margin). All winners lie in the promising
orientation bands identified earlier, validating the coarse-to-fine design. The minimum joint-
limit margin (m; = 0) indicates that at least one joint reaches its limit momentarily—often
the linear rail—which should be monitored experimentally.

Table 2. Champion configurations per part. w;, w,: positional and rotational manipulability; m;: min-
imum normalized joint-limit margin along the trajectory; s¢, s.,: positional and rotational sensitivity.

Part 0* Seed BestScore minw, minw; m; Mean (s;) Mean (sy)
P1(2D) —45 43 2.572 2.868 0073 00 689x1077 21x10°°
P2 (2D) 75 35 2.091 2.903 0091 00 871x1077 21x10°°
P3 (3D) 60 89 2.383 2.596 0078 00 1.08x10¢ 21x10°°
P5@D) —135.0 38 1.881 2.706 0090 00 9.19x1077 21x107°
P6 (3D) 0.0 22 3.000 2.303 0081 00 838x1077 21x107°
P7 (2D) 60.0 90 2.399 2.815 0065 00 782x1077 21x107°

4. Discussion

This work investigated a deterministic, coarse-to-fine pipeline for finding a reliable
printing configuration in robot-assisted vat photopolymerization (VPP). The approach
integrates an inverted kinematic chain (vat window as end effector), a virtual screen-
rotation degree of freedom, constrained inverse kinematics (IK) with hard limits (pose,
joint ranges, and collision margins), and deterministic exploration (angular sweep + low-
discrepancy seeding), followed by multi-criteria ranking (manipulability, joint-limit margin,
and sensitivity).

Across the seven benchmark parts, the results highlight three points. First, global
orientation strongly conditions feasibility: solutions concentrate in “orientation bands”,
whereas large angular intervals contain no valid trajectories. Second, early feasibility
checks on a sparsified trajectory effectively prune sterile regions, keeping compute time
predictable while preserving promising candidates for refinement. Third, when feasible,
the pipeline typically yields several high-quality options whose trade-offs are explicit in
the scalarized view (Tables A1-A8). These observations align with the design goals stated
in the Introduction: predictable performance, reproducible exploration, and transparent
decision criteria in an industrial robotic cell.

Limitations follow naturally from the problem structure. Feasibility depends on the
discretization of the angular sweep; compute scales with trajectory length and the number
of seeds taken to refinement; and joint-limit margins can be locally tight when workspace
clearances are tight. The failure on P4 indicates that some geometries remain outside the
feasible set under current constraints. Practical extensions include (i) local continuous
orientation optimization around favorable angles; (ii) adaptive stride on the sliced path
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(coarser where constraints are loose and denser near tight clearances); (iii) null-space bias-
ing, which exploits the redundancy of the eight-DOF chain to project secondary objectives
(e.g., joint-limit margin maximization) into the Jacobian null space, improving joint config-
uration quality without affecting end-effector pose, or adaptive joint weights, where the
diagonal entries of W are updated along the trajectory to penalize joints approaching their
limits more heavily, providing a continuous margin-preserving behavior; and (iv) coupling
the per-step IK solver with a look-ahead motion planner to guard against long-horizon infea-
sibility (since each IK solution implicitly constrains the reachable set of future configurations,
a locally valid solution can propagate by continuity into a dead end where no subsequent
configuration satisfies both pose and collision constraints simultaneously; a global planner
operating over the full trajectory horizon would anticipate such failure modes and reject
branching decisions that, while locally feasible, lead to inevitable future collisions or joint-limit
violations); and (v) integrating a peel/delamination micro-motion criterion relevant to VPP.

Looking ahead, three extensions merit attention. First, a deeper analysis of the P4
failure could help pinpoint root causes—by monitoring the feasibility at each layer, track-
ing active constraints, examining clearance margins, and monitoring joint-limit proxim-
ity—to assess whether infeasibility comes from orientation gaps, narrow passages, or
sustained limit saturation; such insights could guide targeted local orientation refinement
and constraint tuning. Second, the benchmark could be broadened to a larger, more
demanding panel of parts to stress generality. Third, head-to-head comparisons with
stochastic/evolutionary baselines (e.g., PSO and NSGA-II) under identical constraints
and compute budgets could be conducted, reporting the success rate, best/median score,
runtime, and run-to-run variance; hybrid variants—stochastic warm-starts followed by
constrained IK refinement—could also be explored.

5. Conclusions

We presented a deterministic path-planning framework for robot-assisted VPP that
(i) models the process with an inverted chain and a virtual screen-rotation DoF; (ii) enforces
feasibility through constrained IK with explicit limits and collision margins; (iii) reduces
search cost via a coarse angular sweep and deterministic seeding; and (iv) ranks feasible
trajectories using manipulability, joint-limit margin, and sensitivity. On six of seven bench-
mark parts, the method identifies at least one feasible and well-scored trajectory; it also isolates
the orientation bands where solutions concentrate, providing actionable guidance for setup.

Although this study did not test physical printing, it demonstrates a method for
finding valid configurations and selecting the best configuration specialized for VPP, laying
the groundwork for future work on physical implementation.

The study highlights practical implications: it enables predictable trajectory generation,
transparent decision making in safety-critical setups, and early pruning of infeasible regions,
which are crucial for planning in complex VPP geometries.

Limitations are acknowledged: feasibility depends on angular discretization, joint-
limit margins can be tight in constrained workspaces, and some geometries (e.g., P4)
remain infeasible under current constraints. These observations motivate targeted im-
provements in local orientation refinement, adaptive path sampling, and hybrid motion
planning strategies.

Future work will expand the benchmark set to test generality, incorporate head-
to-head comparisons with stochastic/evolutionary baselines (PSO and NSGA-II), and
explore hybrid variants combining deterministic IK refinement with stochastic warm
starts. Logging of per-slice feasibility and constraint activity can further guide automated
trajectory adaptation and constraint tuning.
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Opverall, the presented framework provides a structured, reproducible, and transparent
approach to robot-assisted VPP path planning, offering a foundation for both practical
deployment and further research in constrained robotic additive manufacturing.
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Abbreviations

The following abbreviations are used in this manuscript:

2D Two-dimensional

3D Three-dimensional

CAD Computer-aided design

DLP Digital Light Processing

DOF Degree of freedom (plural: DOFs)
IK Inverse kinematics

NSGA-II Non-dominated Sorting Genetic Algorithm II
TRF Tool reference frame

TFF Task Frame Formalism

URDF Unified Robot Description Format
VPP Vat photopolymerization
Appendix A

Tables in this section summarize feasibility per part and rotation angle for the coarse
and refined stages of the search. “shortlist” denotes the number of seeds retained for
refinement; “refine_ok” counts trajectories validated pose by pose; “best_score” is the top
multi-criteria score at that angle.

Table Al. Summary for Part P1—2D—simple curve: feasibility vs. rotation angle (pass 1).

Angle [deg] coarse_ok Shortlist refine_ok best_score
—180 51 12 12 1.827
—165 37 12 12 1.700
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Table Al. Cont.

Angle [deg] coarse_ok Shortlist refine_ok best_score
—150 20 12 9 1.958
—135 6 6 6 2.508
—120 5 5 5 1.400
—105 5 5 4 0.800

-90 4 4 3 1.622
—75 5 5 5 1.400
—60 12 12 10 1.546
—45 17 12 5 2.572
-30 7 7 7 1.400
—15 6 6 0 —
0 1 1 0 —

15 82 12 12 1.400
30 78 12 10 0.800
45 70 12 9 2.543
60 69 12 12 2.571
75 51 12 0 —
90 73 12 10 1.807
105 0 12 7 2.200
120 49 12 12 1.510
135 61 12 3 1.700
150 45 12 11 1.699
165 36 12 12 1.700

Table A2. Summary for Part P2—2D—Ilong curve: feasibility vs. rotation angle (pass 1).

Angle [deg] coarse_ok Shortlist refine_ok best_score
—180 0 0 0 —
—165 0 0 0 —
—150 66 12 8 2.045
—135 29 12 8 1.983
—120 4 1.750
—105 2 1.700

-90 1 0.800
-75 3 1.400
—60 10 10 9 1.589
—45 11 11 11 1.745
—30 17 12 6 1.912
—15 1 1 0 —

0 36 12 11 1.700
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Table A2. Cont.

Angle [deg] coarse_ok Shortlist refine_ok best_score
15 55 12 12 1.670
30 65 12 11 1.799
45 22 12 12 2.059
60 71 12 12 1.915
75 55 12 12 2.091
90 79 12 6 1.400

105 95 12 12 1.122
120 96 12 12 1.605
135 0 0 0 —
150 0 0 0 —
165 0 0 0 —

Table A3. Summary for Part P3—3D—simple curve: feasibility vs. rotation angle (pass 1).

Angle [deg] coarse_ok Shortlist refine_ok best_score
—180 0 0 0 —
—165 0 0 0 —
—150 0 0 0 —
—135 0 0 0 —
—120 0 0 0 —
—105 0 0 0 —

—90 0 0 0 —
—-75 0 0 0 —
—60 0 0 0 —
—45 0 0 0 —
—30 0 0 0 —
—-15 0 0 0 —
0 8 8 7 1.794

15 13 12 1 0.800
30 11 11 0 —
45 6 6 3 2.014
60 6 2.383
75 4 4 3 1.454
90 38 12 10 1.582
105 39 12 7 1.700
120 35 12 5 1.700
135 0 0 0 —
150 0 0 —
165 0 0 0 —
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Table A4. Summary for Part P4A—3D—complex curve (pass 1): feasibility vs. rotation angle.

Angle [deg] coarse_ok Shortlist refine_ok best_score
—180 0 0
—165 0 0
—150 0 0
—135 1 1
—120
—105

-90
—75
—60
—45
-30
—15
0

15
30
45
60
75
90
105
120
135
150
165
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Table A5. Summary for Part P4—3D—complex curve (pass 2; restricted angle window):
feasibility vs. rotation angle.

Angle [deg] seeds_ok Shortlist refine_ok best_score
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Table A5. Cont.

Angle [deg] seeds_ok Shortlist refine_ok best_score
—119 17 12 0 —
—117 4 4 0 —
—115 2 2 0 —
—113 8 8 0 —
—111 7 7 0 —
—109 5 5 0 —
—107 6 6 0 —
—105 10 10 0 —
—103 7 7 0 —
—101 5 5 0 —

-99 5 5 0 —
-97 3 3 0 —
—95 2 2 0 —

Table A6. Summary for Part P5 (pass 1): feasibility vs. rotation angle.

Angle [deg] seeds_ok Shortlist refine_ok best_score
—180.0 0 0 0 —
—165.0 0 0 0 —
—150.0 25 12 1 0.800
—135.0 7 7 5 1.881
—120.0 40 12 8 1.590
—105.0 25 12 7 1.740

-90.0 41 12 11 1.653
—75.0 23 12 12 1.864
—60.0 20 12 11 1.783
—45.0 16 12 10 1.682
-30.0 0 0 0 —
—15.0 0 0 0 —
0.0 0 0 0 —
15.0 0 0 0 —
30.0 1 1 0 —
45.0 1 1 0 —
60.0 0 0 0 —
75.0 0 0 0 —
90.0 0 0 0 —
105.0 3 3 1 0.800
120.0 42 12 0 —
135.0 49 12 2 1.700
150.0 53 12 6 1.103
165.0 0 0 0 —
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Table A7. Summary for Part P6 (pass 1): feasibility vs. rotation angle.

Angle [deg] seeds_ok Shortlist refine_ok best_score
—180.0 18 12 5 2.221
—165.0 22 12 9 2.444
—150.0 14 12 0 —
—135.0 9 9 4 2.234
—120.0 0 0 0 —
—105.0 0 0 0 —

—90.0 0 0 0 —
—75.0 0 0 0 —
—60.0 0 0 0 —
—45.0 0 0 0 —
—-30.0 0 0 0 —
—15.0 0 0 0 —
0.0 4 4 2 3.000
15.0 16 12 9 1.400
30.0 21 12 9 1.400
45.0 14 12 4 1.700
60.0 15 12 8 2.344
75.0 5 5 3 1.354
90.0 35 12 0 —
105.0 0 0 0 —
120.0 0 0 0 —
135.0 0 0 0 —
150.0 0 0 0 —
165.0 2 2 0 —

Table A8. Summary for Part P7 (pass 1): feasibility vs. rotation angle.

Angle [deg] seeds_ok Shortlist refine_ok best_score
—180.0 0 0 0 —
—165.0 0 0 0 —
—150.0 0 0 0 —
—135.0 0 0 0 —
—120.0 0 0 0 —
—105.0 0 0 0 —

—90.0 0 0 0 —
—-75.0 0 0 0 —
—60.0 0 0 0 —
—45.0 0 0 0 —
—-30.0 0 0 0 —
—-15.0 0 0 0 —
0.0 77 12 12 1.714
15.0 23 12 10 1.774
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Table A8. Cont.

Angle [deg] seeds_ok Shortlist refine_ok best_score
30.0 68 12 4 1.489
45.0 8 8 8 1.688
60.0 12 12 12 2.399
75.0 6 6 6 1.405
90.0 11 11 11 1.664

105.0 2 2 2 1.400
120.0 11 11 11 1.542
135.0 46 12 12 1.850
150.0 94 12 12 1.636
165.0 0 0 0 —
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