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Abstract

This research investigates the case of an unreliable manufacturing system subject to
quality and reliability deterioration. In particular, we conjecture that the deterioration of
the system leads to a continuous increase in the intensity of failures and a decrease on the
quality of the parts produced. As such, deterioration implies a twofold effect on the
manufacturing system. When the machine fails, minimal repair is conducted, leaving the
machine at the same level of deterioration before failure. Hence, the quality of the parts
produced and the failure intensity remain unchanged with this repair. Meanwhile, an
overhaul refers to a perfect repair that completely restores the quality of the parts and the
failure intensity of the machine. This option completely counters all the effects of the
deterioration. Preventive maintenance may also be conducted, but it reduces the level of
deterioration only partially, improving the quality of the units produced and the failure
intensity just in part. These set of characteristics yield to the formulation of a new control
model that simultaneously determines the optimal production plan, the overhaul and
preventive maintenance strategies. Such a joint control policy minimizes the total cost
including the inventory holding, backlog, overhaul, preventive maintenance and
defectives costs over an infinite planning horizon. Since the dynamics of the system
change as a function of the level of deterioration, it is necessary to use its history for a
proper formulation; therefore a Semi-Markov decision process is used. Numerical
methods are applied to determine the control policy and numerical examples are
conducted as illustrations. An extensive sensitivity analysis is presented in order to
confirm the structure of the control policy obtained and examine the effect of several
parameters.
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1. Introduction
Manufacturing system control is a very active domain that has been widely investigated
during the years. However, today the influence of several phenomena on the optimal
production policy is still not clear. For instance, the impact of quality aspects on
the production policy requires more research. Additionally, if we consider the fact that in
practice, manufacturing systems are subject to deterioration (caused by a number of
factors including the environment, the accumulated wearing, usage, etc), then it is logical
to expect that such deterioration is amenable, not only to reduce the normal system
operation, but also may have somehow an impact on the quality of the parts produced. In
this context, various types of maintenance activities are available to resolve the effects of
deterioration, and precisely the determination of the optimal production plan and the most
efficient maintenance strategies is the scope of this research.
A detailed overview of the literature reveals that the production control problem has been
formulated as a stochastic optimal control model motivated mainly by the pioneering
work of Kimemia and Gershwin (1983). They presented a hierarchical control algorithm
for the production management of a failure-prone flexible manufacturing system. Later,
based on their formulation, Akella and Kumar (1986) obtained an analytic solution for
the case of one machine that produces only one part type. Most of the literature in this
research area has its foundation on these works, and recent extensions address the
production control problem from different perspectives. For example, Mok and Porter
(2006) proposed a stochastic optimization procedure to estimate the production rate of a
manufacturing system producing either single product-type or multiple product-types.
Sajadi et al. (2008) proposed another production control model, where they determined
the production rate of a network of multiple machines, and multiple products with
restrictions of the feeding materials. In another study on production control, Gharbi et al.
(2011) treated the case of an unreliable central machine where a reserve machine is called
upon in support to response to the demand. Despite the relevance and diversity of these
papers, a common characteristic is that the aspect of quality is disregarded. Undoubtedly,
this is a major limitation, since real manufacturing systems may be disrupted by the
existence of defective products.
Some ideas have been proposed over the years to analyze the impact of quality aspects on
production systems. For instance, a detailed discussion about the inter-relation between
quality and productivity was presented by Inman et al. (2003). In this work they
identified relevant industrial research opportunities on the interaction of quality and
production system design. In addition, an analytical model was proposed by Tempelmeier
and Bürger (2000), where they analyzed the performance of flow production systems
with imperfect production. Nevertheless, quality issues have in particular attracted much
attention, following the series of works by Kim and Gershwin (2005, 2008) who
introduced mathematical models to analyze the performance of manufacturing system
also producing defective products. Their approach has been extended by Colledani and
Tolio (2009, 2011) who developed mathematical methods to model manufacturing and
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inspection machines monitored by control charts. Even though these works are relevant,
they are unfortunately focused on the determination of performance measures, and they
have not paid attention to the control policy that governs the production system. A
growing research area intends to deal with this matter of incorporating quality aspects in
the production policy, as in Mhada et al. (2011), who studied the production control
problem with defective products. They derived analytical expressions for the production
threshold and for the optimal cost. Hajji et al. (2012) presented another application that
includes defectives. They tackled the joint production control and product specification
for an unreliable multiple-parts production system. These contributions notwithstanding,
they assumed that the rate of defectives is constant during the whole lifetime of the
machine. This is a restrictive assumption in real production. It is clear that production
systems experience wear, usage, corrosion, etc, leading to progressive deterioration that
may have severe effects on different aspects of the machine, such as quality, reliability,
safety etc. Thus, the domain of deteriorating systems provides a useful framework for our
research.
Generally, two kinds of approaches to the modeling of variations in the machine’s
conditions are commonly found in the existing literature on deteriorating systems. In the
first approach, some authors, such as Lam (2004), use the number of failures as an
indicator of the level of deterioration. In particular, he introduced a lifetime distribution
that takes into account the effect of maintenance activities for a deteriorating system
whose operating time after repair decreases. In another study, Wu and Clements-Croome
(2006) succeeded to model complicated changing failure intensities, with the advantage
of capturing the whole system’s lifetime. The second approach utilizes the age of the
machine as state feedback of the deterioration, for example, Lai and Chen (2005) studied
the replacement policy of a two-unit system. The unit’s failure rate increases with their
age, and a failure rate interaction between units is also presented. Even combinations of
both approaches are possible, as in Deyahem et al. (2011), who proposed a joint
production and repair-replacement model, where the failure rate of the machine increases
with its age, while the repair time increases with the number of failures. It is evident that
the aforementioned papers addressed deterioration regardless of quality. By contrast, we
conjecture in this research that deterioration may influence the quality of the parts
produced. Considering the link with quality, we extend the concept of deterioration to
study its effects on the control policy in further detail through age-based maintenance
strategies.
In practice, preventive maintenance is widely applied in a number of industrial sectors to
counter the effect of random failures and the loss of production. The effective
implementation of preventive maintenance policies has been extensively studied as in
Yulan et al. (2008) where the joint determination of preventive maintenance and
production planning was presented. They considered an objective function, consisted of
multiple objectives instead of a single objective as most of the literature. Furthermore
Radhoui et al. (2010) develop a model for one machine system producing lots of product.
In this model, they utilize the proportion of non-conforming units as decision variable to
determine when to perform preventive maintenance. Also they define the size of the
buffer stock. On their part, Dhouib et al. (2012) proposed a model that determines the
production control and the age-based preventive maintenance policy that reduces the shift
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rate to the out of control state, where the system produces defective products. Recently,
Rivera-Gómez et al. (2013) treated a deteriorating system where the quality of the parts
decreases by the influence of the natural wear of the machine and imperfect repairs. In
their model they defined an aging process through a set of operational states. In addition,
they succeeded to determine the optimal production and repairs policies. As we can
notice in the research works mentioned above, a few applications have dealt with
preventive maintenance strategies for manufacturing systems producing defectives
products. Nevertheless, a key observation is that none of them have considered the
simultaneous effect of deterioration on the quality of the parts produced and the
reliability of the system, and how their repercussions can be mitigated through preventive
maintenance strategies. To an extent, our model addresses this drawback, extending
previous models and assumptions.
It is particular worthwhile to mention that this research aims to deepen previous
contributions (i.e., Radhoui et al. (2010), Deyahem et al. (2011)) presented in the
literature review, by specifically seeking to introduce an integrated model that determines
optimal strategies for a manufacturing system subjected to a combined effect of
deterioration. In fact, the assertion is that the machine is severely affected by the twofold
effect of deterioration, and the objective is to provide a wide overview of such effects that
increase the failure intensity, and decrease the quality of the parts produced, something
that has not yet been studied in the literature. Since the machine dynamics are affected by
deterioration, we use the age of the machine to denote its history. Markovian models are
therefore, not appropriate; instead we formulate a Semi-Markov model. The deterioration
decisions considered imply two types of maintenance; a major overhaul, which
completely restores the machine, and preventive maintenance that partially renews the
level of deterioration. The problem yields to the simultaneous determination of the
production, preventive maintenance and overhaul strategies that minimize the total
incurred cost over an infinite planning horizon, comprising the inventory, backlog,
overhaul, preventive maintenance and defectives cost. An extensive sensitivity analysis is
also conducted to illustrate the robustness and effectiveness of the proposed control
policy.
The remainder of the paper is organized as follows. In section 2, the notations and system
description are defined. The control problem formulation is presented in Section 3. The
numerical techniques applied are detailed in Section 4. A numerical example is illustrated
in Section 5, and a sensitivity analysis is conducted in Section 6 to illustrate the
usefulness of the obtained control policy. Discussions are given in Section 7 and the
paper is finally concluded in Section 8.

2. Notations and manufacturing system description
In this section, we introduce the notations used in this paper, and describe the
manufacturing system under consideration.

2.1 Notations
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The following defines the symbols and notations used in the present research:
x(t)
a(t)
u( )
d
(t)
Q
qαα’(·)
τ
β(·)
ρ
∙
h(·)
J(·)
v(·)
c+
ccr
co
cpm
cd
umax
ω ,ω
ω ,ω
θ
θ

Inventory level at time t
Age of the machine at time t
Production rate of the manufacturing system at time t
Demand rate
Mode of the machine at time t
Transition rate matrix
Transition rate form mode α to mode α’
Jump time of (t)
Rate of defectives
Discount rate
Cost rate function
Inventory/backlog cost function
Expected discounted cost function
Value function
Incurred cost per unit of produced parts for positive inventory
Incurred cost per unit of produced parts for backlog
Constant repair cost
Overhaul cost
Preventive maintenance cost
Cost of defectives
Maximum production rate of the manufacturing system
Control variable for the preventive maintenance
Maximal and minimal preventive maintenance rate
Control variable for the major overhaul
Maximal and minimal overhaul rate
Limiting probability at mode i
Adjustment parameter for the failure rate
Adjustment parameter for the rate of defectives

2.2 Manufacturing system description
We shall begin by stating that the manufacturing system analyzed in this paper concerns
the case of a single machine producing one part-type. The machine can produce parts at
different rates to satisfy a constant demand for products. These different rate options
comprise the production decisions of the control policy. The main issue is, however, that
the machine undergoes progressive deterioration which severely degrades its reliability
and the quality of the parts produced. This is clearly an undesirable feature. Another
significant consideration is that a couple of maintenance activities are available to
mitigate the effects of deterioration. A major overhaul consists of a time-consuming and
expensive repair that completely restores the machine, mainly its reliability and quality of
parts, to initial conditions. Meanwhile preventive maintenance is less expensive, but it
only makes a partial restoration of the level of deterioration of the machine. The demand
for products is satisfied exclusively by conforming parts, and so is important to maintain
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a low rate of defectives to reduce the inherent defectives cost. Figure 1 illustrates the set
of characteristics considered in our model. To make the description complete the
objective of the model is to determine, simultaneously, the optimal production plan and
the preventive maintenance and overhaul strategies that minimize the total cost. In this
case the incurred total cost consists of the inventory, backlog, preventive maintenance,
overhaul, repair and defectives costs.

Figure 1: Manufacturing system considered

3. Control problem formulation
In the following subsections, we will describe the problem statement, the deterioration
expressions and optimality conditions for our manufacturing system.

3.1 Problem statement
The aim of this subsection is to develop a stochastic dynamic programming model based
on the optimal control theory that considers a twofold effect of deterioration as
previously mentioned in section 2. The system is subject to a number of random events
(failures and repairs) and a couple of controlled actions (overhaul and preventive
6

maintenance), thus this defines four different modes denoted by the random variable
 ,
0 . The machine’s modes can be classified as operational 
1, at failure

2, under overhaul 
3, and under preventive maintenance 
4.
Evidently, the mode of the machine at time denotes a continuous-time discrete state
stochastic process 
∈
1,2,3,4 such that:



1
2
3
4

operational
failure
overhaul
preventive maintenance

1

The machine may be at any of the four modes over an infinite horizon, as described in the
following transition diagram:

Figure 2: State transition diagram of the proposed model

Let be the constant demand rate to be satisfied, and u
the production rate at the time
, with u
0, if the machine is not operational (i.e., at failure, under overhaul or under
preventive maintenance). When the machine is operational at time , the production rate
u must satisfy the capacity constraint:
0

2

where
is the maximum production rate. To include the deterioration phenomenon in
the model, in what follows we assume that deterioration has a twofold effect on the
system, which can be observed on: a) the quality of the parts produced (implying an
increasing rate of defectives ), and b) the reliability of the system (reducing the mean
time to failure, MTTF, defined as the mean length of time that the machine is expected to
last in operation). Thus, when the machine is operational, with 
1, it produces a
mix of conforming and defective products denoted by the rate of defectives . However,
2, the corrective maintenance conducted is not
when the machine is at failure, 
perfect, in fact a minimal repair that restores the system to as bad-as-old-conditions
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(ABAO) is carried out, where both and MTTF remain at the same values before repair.
And when the machine is under overhaul, 
3, a perfect maintenance that
completely counters the effects of deterioration is performed, restoring the system (both
and MTTF) to as-good-as-new conditions (AGAN), since the deterioration increases
the rate of defectives and decreases the MTTF. Clearly these two maintenance options
define two extreme cases between minimal and perfect repair. A more general option is
4, since an imperfect
when the system is under preventive maintenance, 
maintenance is performed, restoring the system (mainly
and MTTF) to somewhere
between AGAN and ABAO conditions.
In modeling terms, our formulation stresses the fact that the process  is characterized
∙ , , ∈ Ω, and due to deterioration, the time that the system
by transition rates
remains operational decreases progressively, ultimately resulting in a Semi-Markov
model. For this reason we need to employ the machine’s history to determine appropriate
control strategies. The history is denoted by the age of the machine a , therefore the
conditional probability that the Semi-Markov process will stay in the same state or will
make a transition to state within the next
time units, incorporates a feedback on the
age a , as presented in the following two conditions:
Condition 1:


|
1

,
x, a, u

,

, a,

a

a,

3

Condition 2 :


|

,
x, a, u

, a,

,

a

a,

4

with:
x, a, u

0 , a,

x, a, u

0

→

x, a, u

0,

∀ ,

∈ Ω:

In principle, we can improve the performance of the manufacturing system by the use of
the decision variables
and
, which allow us to control the transition to the
major overhaul or preventive maintenance, respectively. To this end, the decision to send
the machine to these maintenance activities is undertaken when the machine is
operational. For instance, when we set the overhaul decision variable to
1 , the
1 represents the expected delay time between the
reciprocal of q ∙
decision to perform the overhaul and the effective switch from the operation mode to the
8

overhaul mode. To say it in other words, the reciprocal corresponds to the delay between
the call of a technician and its arrival. Meanwhile the machine remains operational when
0 . A similar delay is represented by the reciprocal of q ∙
1 ,
when the machine is sent to preventive maintenance. In addition, it follows that
and
define two binary variables that synchronize properly the transitions to the
maintenance options available (overhaul an preventive maintenance), as indicated in the
following expressions:
1,
0,

1,
0,

,

5

The transitions matrix of the Semi-Markov chain  , is denoted by Q
and it depends on the decision variables
,
, as follows:

q

,

,

(6)
a

∙

1
0

∙

1
0

0

0

0

0

with the indicator function defined as:
1
0

where
indicates a given proposition. It follows that the control policy of the model is
and
. Hence, the set of the feasible
defined by the control variables
,
control policies
which includes (
,
and
), depends on the stochastic
process  and is given by:

a, ,

a, ,
0

a,
a,

∈ R3,
,

a, ∈ 0,1 ,

a, ∈ 0,1

(7)

In the stochastic control setting, normally the dynamics for the stock variable
disregards the existence of defective products, as presented in Gershwin (2002).
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Nevertheless, our emphasis for this dynamics is to include two distinctive characteristics:
i) the existence of defective products, and ii) the influence of deterioration. Hence, in our
model the system dynamics evolve based on the following differential equation:
1

,

0

x ,

8

with x , as the given initial inventory level, where
0 represents a positive
inventory, and
0 denotes the backlog of products. While
represents the rate
of defectives as function of the age of the machine a . From the previous expression
8 , we notice that the impact of defective products is to increase the demand to a higher
level, as the quality of the machine deteriorates, to ensure that the demand is satisfied
with flawless product. Moreover we define the age of the machine at time , as an
increasing function of its production rate since its last restart, then the cumulative age
a is the solution of the following differential equation:

a

∙

,

a T

0,
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is a given positive constant, and T represents the last restart time of the
where
machine. In the next section, we provide further details about the expressions that
complement the deterioration modeling, in special we clarify how exactly the age of the
machine is linked with the effects of deterioration (namely, the increase on the rate of the
defectives , and the decrease on the MTTF). In closing this section, we note that the
mathematical form of the problem actually entails that at any given instant of time , the
system is characterized by the following state variables:




The machine mode, 
The stock level,
The age of the machine, a

Consequently, the interpretation of the information provided by the vector
 ,
,a
is fundamental to optimally control the proposed manufacturing
system.

3.2 Deterioration modeling
In formulating the problem, details of how we model the deterioration phenomenon must
be shown. We therefore, concentrate now on the expressions applied in this respect. At
first glance, it appears that productive systems are subject to deterioration because of
several factors, including usage, wear, aging, and so forth. Some authors have dealt with
this matter, for example, Love et al. (2000) proposed that the failure rate depends on the
age of the machine, and so they used that age to determine repair activities that reset the
10

failure rate of the system. In the same direction, Dehayem et al. (2011) suggested that the
deterioration of the machine is denoted by its age and number of failures, and the effect
of deterioration is reflected at increasing several transitions rates. These articles lead to
the identification of an age-deterioration relationship, which serves to propose in this
paper that the trajectory of the failure rate of the machine
, is described by an
increasing function of its age a , because of the link between the age of the machine
and its deterioration, as indicated in the following expression:
1

a

∙ ∙

10

with:
0

θ

1

the parameter θ is used to adjust the trend of the failure rate,
is the value of the
at initial conditions,
is the boundary considered in the deterioration, and
transition
is a given constant. Expressions such as Equation (10) denotes a machine age
increasing failure rate, and have been used by Boukas and Haurie (1990), Kenne and
Gharbi (1999), and Gharbi and Kenne (2005) to model manufacturing systems with
decreasing reliability. The role of the parameter a
is to accelerate the variation of the
increasing function. Moreover, we introduce the parameters θ and θ (in Expression
3.11) to provide with a different speed of deterioration to the failure rate, and to the rate
of defectives. Therefore, these parameters serve us to adjust separately the effects of
deterioration on the production system.
The inverse of such transition
a denotes the
a in function of the age a,
indicating the effect of the age of the machine on more frequent failures. A practical
concern is that we can vary the parameter θ to adjust the trajectory of the failure rate to a
specific system, as presented in Figure 3a (where we use
0.01,
0.16 and
15 10 ).

(a) For the failure rate,

(b) For the rate of defectives,
Figure 3: Trend of deterioration
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Another important aspect is the fact that deterioration also has an effect on the quality of
the parts produced. A number of authors have proposed the link between deterioration
and quality, such as Kim and Gershwin (2008) who suggested that in modeling the wear
of the machine, it can also be used to represent different quality yields. Additionally,
Colledani and Tolio (2011) claimed that the existence of a degrading process in
production systems may have a continuous deterioration on the quality of parts. These
references permit to define an inter-relationship between deterioration and quality. In this
way, based on the links of age-deterioration and deterioration-quality, claiming that in
our model the rate of defectives β can be modeled by an increasing function of the age of
the machine a , is fairly straightforward. In this case we propose an increasing rate of
defectives given by:
β a

∙

1

∙

11

with:
0

θ

1

where θ denotes the adjustment parameter for the trend of the rate of defectives as
0.01,
0.99 and
15 10 ), is the value
illustrated in Figure 3b, (with
of the rate of defectives at initial conditions,
is the boundary considered in the quality
deterioration, and
is a given constant. For the current problem, the parameters θ and
θ , captures one essential feature, namely, that their role is to emphasize whether the
deterioration has a stronger effect on quality (rate β), or on the reliability (failure rate
). The analysis of maintenance service and quality data is the source to determine the
value of the constants needed in Functions 10 and 11, and it can be useful, any historical
information that indicate when the machine failed, how much time it was needed to repair
the machine, and if it is observed a pattern of the deterioration that influence certain
features of the machine. Additionally, well known increasing functions such as the
Weibull distribution can be modeled by selecting suitable values for
and .
In regard to the preventive maintenance strategy, we state that it rejuvenates the age of
the machine of an amount proportional to its age before preventive maintenance, in line
with the so-called Arithmetic Reduction of Age (ARA) presented in Doyen and Gaudoin
(2004). Hence, we propose the following expression to model the benefit of preventive
maintenance:
a

a

a
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where
denotes the efficiency of preventive maintenance and satisfies the
condition: 0
1, whereas a is the age of the machine before preventive
maintenance, and a is the age after preventive maintenance. In practical terms,
expression (12) indicates that preventive maintenance reduces the wear out speed of the
machine by an amount depending on the preventive maintenance efficiency , and this
reduction has a twofold effect on the failure rate and the rate of defectives. The benefit of
preventive maintenance also can be altered with the parameters θ and θ . An additional
trait of expression (12) is that we can model different types of maintenance according to
the value applied in the preventive maintenance efficiency , as follows:
12


1
perfect maintenance,
and β are pulled back to AGAN conditions.
 0
1 imperfect maintenance,
and β reduce partially.

0
minimal maintenance,
and β remain in ABAO conditions.
We proceed by presenting in Figure 4a, a possible reduction of the failure rate when the
efficiency of preventive maintenance is set to =0.6. This Figure 4a enables to realize
that preventive maintenance indeed provides a remarkable benefit. The effect for the rate
of defectives is illustrated in Figure 4b. In general, both figures present the same
behavior, reducing partially its deterioration level with every preventive maintenance.
Even though, we use the same efficiency
for both Figures 4, we observe that the
trajectories are not exactly the same; the differences observed are explained by the values
of the parameters θ , θ , and applied in every figure.

(b) On the rate of defectives,
(a) On the failure rate,
Figure 4: Benefit of preventive maintenance

3.3 Cost function and Optimality conditions
For the sake of completeness, we will now formally declare that the state of the systems
has a hybrid condition, formed by a discrete component  , and continuous
,a
. The cost
components, defined by
and
, denoting the vector  ,
∙ of the model for each initial condition  ,
,a
, is defined as
function
follows:

, ,a
∙

2
∙

3

∙

4

∙ β a ∙

13

with:
0,
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,0

and
are given constants used to penalize the inventory and backlog of parts,
where
every time that the machine is sent to maintenance, it is incurred a cost depending of the
maintenance option conducted. We denoted as the repair cost, is the overhaul cost,
is the preventive maintenance cost, and
is the defectives cost which is originated
by the additional inspection and handling costs related to defective products. The
objective of our model is to determine a control policy that minimizes the integral of the
following expected discounted cost:

, ,a
∙

|

0

,

0

,a 0

a ,

∀

,

,

∈

14

where ρ is the discount rate, and , , a are the initial conditions of the state variables.
The optimal decisions for this problem (u∗ ,ω∗ ,ω∗ ), minimizes ∙ , and simultaneously
defines the production, overhaul and preventive maintenance rates, as a function of the
mode of the system, the inventory level and the age of the machine. The value function of
the problem is defined as follows:

, ,a
,

,

∈

, , a, ,

,

, ∀

∈ ,

∈

, a∈
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The value function
, , a denotes the optimum value of the cost function (14) when
the optimal control policy (u∗ ,ω∗ ,ω∗ ) is applied. One important point to note is that
, , a satisfies specific properties known as optimality conditions which can be
derived regarding the principle of optimality. Let for instance
, denote a cost-to-go
function at time , assuming that we know the best possible control trajectory during the
time interval , ∞ , but we know nothing in the interval 0, , hence we can break up
Equation (15) into two parts as follows:

0 ,

0 ,a 0 ,0

14

,

∙

,

∙

0 ,

0 ,a 0
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To handle the randomness of , the expectation operator
is needed. We can
considerably simplify Equation (16), noting that the second integral in the interval , ∞
is the value function
,
,a ,
and reducing the discounted rate. Moreover
assuming that the value function is differentiable allows us to apply its full derivative.
Therefore, after extensive manipulations, we have:

, , a,

,

,

, , a,

(17)

, , a, ,

, , a,

,

, , a,

a

′, , a,

∑

To simplify matters, since the time horizon is infinite, and a steady-state distribution
exists for , we can state that Equation (17) is independent of , thus eliminating and .
, finally Equation (17)
By replacing the summation term by the generator Q
q
is reduced to:

, ,a

,

,

(18)

min

∈

, , a, ,

, ,a

,

a

, ,a a

∙

, ,

,a

with:

,a

1

a
a

0

1
1

3
4

where
= ∈ ,
and
are the partial derivatives of the value function ∙ ;
denotes the first jump time of
, and
, a defines a reset function that describes the
benefit of the maintenance activities available in the model. The relevance of Expression
(18) stems from its capacity to define the fundamental manufacturing system control
equations so-called Hamilton-Jacobi-Bellman (HJB) equations, which are essentially
important because they lead to the optimal feedback control (u∗ ,ω∗ ,ω∗ ). Further details
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about the procedure to obtain HJB equations, can be consulted in Gershwin (2002).
Nevertheless, the major inherent difficulty in HJB equations is that analytical solutions
are cumbersome to obtain, instead numerical methods have been employed since Boukas
and Haurie (1990). In the next section, we will look at the approach we adopted, in more
detail.

4. Numerical approach
The present section provides further detail of the numerical method applied to solve the
HJB equations (18) presented in section 3. The chief difficulty is to find an analytical
solution of the HJB equations due to their complex structure which involves the solution
of a coupled set of partial differential equations. We overcome such a difficulty by
applying of a numerical method based on the Kushner technique. The main idea behind
this approach is to use an approximation scheme for the gradient of the value
function
, , a , which replaces the unbounded domain of the continuous variables
.
, a by a large but bounded domain, defined in a finite grid of discrete variables
Thus, the Kushner technique approximates the value function
, , by a discrete
function
, , , and the gradients and are approximated by:

1
, ,a

1

,

,a

, ,a

0
19

, ,a

,a

,

0

and

a

, ,a

1

, ,a

a

, ,a

20

where
and
denote the length of the finite differential interval of the variables x and
a, respectively. More details about the Kushner technique can be consulted in Kushner
and Dupuis (1992) and Kenné et al. (2003). The HJB equation (18) can be expressed as a
function of
, , a with step size
and
on the grid
, and this implies discrete
dynamic equations for every mode of the machine. Eventually, the solution of the
, , a as
and tends
discrete form of the HJB equations will tend to the value of
to zero, and successively, it will also provide the structure of the optimal control policy.
In this case the discrete equation derived by the numerical approach is defined as follows:
, ,a
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where r
1
a . From a mathematical point of view, the discrete
optimality conditions (21) obtained, replace the original infinite horizon problem by a
discrete-time and discrete-state Semi-Markov decisions process that is much easier to
solve. Actually, we use the policy improvement method to determine the optimal policy
of the problem.

5. Numerical example
Through the following section, a numerical example is conducted as an illustration of the
manufacturing system presented in section 2. As mentioned previously, the system
capacity is described by a four state Semi-Markov process with mode in Ω
1,2,3,4 .
The objective of the numerical example is to analyze the effectiveness of the
simultaneous production, overhaul and preventive maintenance policies for a
deteriorating system with feedback on the age of the machine and the stock level. We
consider the discrete grid
that defines the computational domain for the inventory
level x, and the age of the machine a, as follows:

x, a :

10

x

20,

0

a

100
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= 0.1, for
We define the value of the required parameters of Equation (9) as:
Equation (10) as:
15 10 ,
0.0001,
0.16 and for Equation (11) as:
15 10 ,
0.01 and
0.99 . Applying these values we can model a wide
interval for the rate of defectives and the MTTF. This will facilitate the analysis of
several scenarios, from AGAN conditions, until extreme scenarios with high levels of
defective products and higher failures intensities. The transition rate from the failure
mode to the operational mode is defined as constant with value
1, and the
transitions rates from overhaul and from preventive maintenance to the operational mode
are also constant, with
3.5 and
5, respectively. Note that the transitions from
the operational mode to overhaul or to preventive maintenance imply a shorter delay,
with values:
12 and
12. In addition, we set
14, this parameter
indicates the number of produced parts per unit of time, and
6 denotes the demand
of product per unit of time. One should remark that the manufacturing system satisfies
the condition of feasibility:
17

∙

1

β a
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where
denotes the limiting probability for the operational mode, which in this case is
computed as follows:

1

1
q
q

q
q
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q
q

It turns out that the feasibility condition guarantees the demand satisfaction of products
are at their peak.
even in the worse scenarios, which are observed when both and
The rest of the parameters needed in the numerical example are presented in Table 1.
Parameter:
Value:
Parameter:

c+

c-

($/products/time units)

($/products/time units)

cr
($/repair)

co
($/repair)

cpm
($/PM)

11
cd

150

7

10

5
0.6

($/products)

Value:
Parameter:

2
θ

0.5
θ

0.5

0.9

Value:
Parameter:

0.6

0.7

0

1

(product/time units)

14

̅
(products/time units)

Value:

0

1

6

Table 1. Parameters for the numerical example

The following results were obtained with the data presented in Table 1, and are analyzed
throughout this section to clearly illustrate the structure of the joint production, overhaul
and preventive maintenance policies that optimally control the manufacturing systems of
interest.

5.1 Production Policy
We concentrate first on the optimal production policy u∗ , x, a , which indicates the
production rate for a certain stock level x t and age of the machine a t . Based on the
numerical results presented in Figure 5a, the production policy defines three control rules,
where the production rate is set to
, and 0. More specifically these rules state that:
a) If the stock level is inferior to the corresponding optimal stock level ∗ ∙ , then the
production rate should be set to the maximum rate. b) Once the stock level is equal to the
optimal threshold level, the production rate should be set to the demand rate. c) If the
current stock level exceeds the optimal stock level, then the system does not produce at
all, and the production rate is set to zero.
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From these rules, one can clearly observe an extra characteristic in Figure 5a, where the
consequence of include deterioration in the model, has the impact of progressively
increasing the production threshold. Specifically, we observe that as the age of the
machine increases, it also increases the failure rate and the rate of defectives, then the
production threshold increases to ensure the demand satisfaction with flawless products.
We use the boundary of the optimal production policy presented in Figure 5b to better
illustrate its pattern, which serves to more easily identify the optimal stock level ∗ ∙ .
From this Figure 5b we identify two zones: The zone , where the optimal production
policy recommends producing at maximum rate to reach the hedging point ∗ ∙ , and the
zone , where the recommendation is to not produce at all.

Zone

∗

∙

Zone

a) Production rate versus stock level and age of the machine
Figure 5: Optimal production policy

b) Production Trace

∗

∙

Examining Figures 5a and 5b, we see that the optimal stock level depends directly on the
level of deterioration of the machine, denoted by its age a t . Consequently, the
corresponding production policy is given by the following machine age-dependent
hedging point policy:
∗

1, , a

∗

∗

0

∗

∙
∙

∙
25

where ∗ ∙ is the function that defines the optimal production threshold at the
operational mode as illustrated in Figure 5b. This production policy highlights the fact
that the optimal stock level ∗ ∙ is not fixed. In fact it changes depending on the
deterioration of the machine. This means that the number of parts to hold in inventory to
hedge against more frequent breakdowns and increasing defectives is adjusted to higher
values as the deterioration of the machine increases.
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5.2 Overhaul control policy
Secondly, we shall discuss in this subsection the optimal overhaul policy obtained from
the numerical example. From Figure 6a, we can observe that when the age of the machine
is moderate, the overhaul activity is not recommended. This is because the rate of
defectives and the transition
remains in a rather small value with moderate ages,
and the demand of products is not seriously affected. Conversely, when the age of the
machine increases, the demand satisfaction of products begins to face serious problems,
and then the overhaul activity is recommended to resolve the effects of deterioration.
From the pattern of Figure 6a, we observe that the area to perform the overhaul activities
spreads in the grid as a function of the age of the production system. To better illustrate
the overhaul policy, we use its trace, presented in Figure 6b, where we notice that this
policy divides the plane x, a in two regions, such that the overhaul rate is set to its
minimum or maximum value
,
mainly according to the age of the machine. The
description of these two zones is as follows:



Zone : here, the age of the machine has reached such a level that the machine
must be sent to overhaul activities, hence the decision variable
is set to its
maximum value.



Zone : in this zone, the performance of an overhaul is not recommended, and
the decision variable
remains at its minimum value.

It should be noted that upon simultaneous consideration of the production and overhaul
boundaries as presented in Figure 6b, only a part of the overhaul Zone
is utilized,
∗
since the stock level is limited by the production threshold
∙ . This implies a reduction
in the zone
defining the feasible overhaul
.

Zone
Zone

feasible Zone

a) Overhaul rate versus stock level and age of the machine
Figure 6: Overhaul policy

b) Overhaul trace
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The overhaul activity is triggered according to a machine age-dependent policy as
presented in Figure 6b. This optimal policy states that overhaul activities must be
performed at a rate ∗ ∙ given by the following equation:

∗

1, , a

1
0

a

∈
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These results may be described verbally by saying that the overhaul policy highlights the
fact that as the age of the machine increases, its deterioration becomes worse, and this
indicates that the machine must be sent to major overhaul to completely resolve the
effects of deterioration. Clearly, the dependence of the age of the machine on the
decisions involved indicates the influence of the deterioration on the overhaul policy.

5.3 Preventive Maintenance Policy
We terminate this section with the discussion of the preventive maintenance policy. From
Figure 7a, it is clear that the age of the machine has to reach a certain level to justify the
cost of preventive maintenance. To facilitate the analysis of the preventive maintenance
policy we use its boundary, as presented in Figure 7b. Such a boundary divides the
plane x, a into two zones:



Zone : it is recommended to send the machine to preventive maintenance, thus
the decision variable
is set to its maximum value.



Zone : the policy consist in not conducting preventive maintenance, and so the
decision variable
is set to its minimum value.

A key point about the production threshold ∗ ∙ is that it limits the stock level, and this
as presented in Figure 7b, where we
defines the feasible preventive maintenance Zone
illustrate the trace of the joint production, overhaul and preventive maintenance policies.
From the numerical results, we note that preventive maintenance is always conducted
before overhaul, because preventive maintenance is less expensive and takes less time
than the overhaul activities. The major overhaul is performed only when the deterioration
of the machine has reached a much higher level that justifies its more expensive cost.
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feasible Zone

Zone

Zone

Zone

a) PM rate versus stock level and age of the machine
b) Trace of the PM policy
Figure 7: Preventive maintenance policy

Based on the above results, we claim that the optimal preventive maintenance policy
follows a switching function based on the age of the machine a for a given stock level
and it has a bang-bang structure, denoted as follows:

∗

1, a,

1
0

a

∈
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Bearing in mind the numerical results obtained so far, we can state that the simultaneous
production, overhaul and preventive maintenance policy are perfectly defined by
Equations (25)-(27) and implementing this control policy is possible to govern the
manufacturing system by monitoring the stock level
and the deterioration of the
machine, denoted by its age a . The production policy can be completely parameterized
by the control factor ∗ ∙ , meanwhile the overhaul and preventive maintenance policies
can be defined by the zones
and , respectively. In order to confirm and validate the
structure of the obtained optimal control policy, an extensive sensitivity analysis is
performed in the next section. This analysis also will illustrate the usefulness of the
obtained control policy.

6. Sensitivity and results analysis
The present section provides further evidence of the usefulness of the obtained control
policy. We performed an extensive sensitivity analysis to illustrate the contribution of the
joint policy, and also it permits to confirm its structure. The sensitivity analysis is
conducted according to the variation of several parameters such as: the inventory cost,
backlog cost, overhaul cost, preventive maintenance cost and defectives cost.
Furthermore we analyze the effect of other parameters as well, including: the efficiency
of the preventive maintenance and the adjustment parameters θ and θ , related to the
trend of the failure rate and the rate of defectives.
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6.1 Variation of the inventory cost
The sensitivity analysis begins with the discussion about the effect of the inventory cost.
We present the production trace ∗ in Figure 8a, for different inventory cost values
c+=8, 11 and 14. The results have been obtained by applying the numerical methods
presented in the previous section. From Figure 8a we notice that when the inventory cost
is moderate, i.e., c+=8, the production threshold has the highest values of the analyzed
cases and it starts increasing at around age
42. When the inventory cost increases to
c+=11, the optimal stock level follows a similar trend but below the previous case, in this
scenario the production threshold begins its increase at age
47. If we set the
inventory cost to c+=14, we observe a considerable reduction in the production threshold
, since it begins its increase at around age
52. From the results presented in
Figure 8a, we can state that the more the inventory cost increases, the more the optimal
stock level decreases. The reason for this condition is that with a higher inventory cost,
the stock of the product is more penalized, hence reducing the production threshold.
Conversely with lower inventory cost there is more liberty to maintain stock, and so the
production threshold increases. Moreover, we note that the deterioration of the machine
has a significant effect on the production policy, because the production threshold
increases as the age of the machine increases. In particular, our results show that
considerable ages denote higher rates of defectives and failures that are more frequent.
Therefore, the production threshold increases as protection against the twofold effect of
deterioration.
14:

11:

8:

∙

a) Effect on the production threshold
b) Effect on the zones
Figure 8: Sensitivity to the variation of the inventory cost

and

To complement the analysis of the inventory cost, we discuss its effect on the preventive
maintenance and overhaul policies. We present in Figure 8b three cases, using the same
data cost as earlier, from them we observe that when the inventory cost is low, i.e., c+=8,
the zone for preventive maintenance
and the zone for overhaul
, cover a more
extensive area in the computational domain. When the inventory cost increases to c+=11,
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the zones
and
reduce, and they decrease even more when the inventory cost
+
increases to c =14. The reductions are explained because with higher inventory cost, the
production threshold reduces, intersecting the zone
and
at a lower position, thus
and . Recall that the production threshold is utilized to
reducing the feasible zones
define the feasible zones for preventive maintenance and overhaul as mentioned
previously in Figure 7b.

6.2 Variation of the backlog cost
The variation of the backlog cost c , affects considerably the optimal production
threshold as presented in Figure 9a, where the production trace for three different cost
values c =110,150 and 200 are analyzed. Analyzing the results of Figure 9a, we notice
that when the backlog cost is c =110, the production thresholds are at their lowest levels
for the entire analysis, and starts to increase at age
54. If we increase the backlog
150, the production threshold also increases, but in this case it begins to
cost to c
200, the production
increase considerably at age
47. Additionally when c
threshold
increases even more than the previous cases, a notable increment from age
42 is observed. Based on the analysis of these results, we can infer that the
underlying pattern for the backlog cost implies that when the backlog cost increases, the
production threshold also increases. This pattern suggests that since the backlog of
product is more penalized with higher backlog cost, more products must be kept to
protect the system from shortages and defectives. The increase in the stock level also
indicates the effect of the deterioration in the production level, since to ensure demand
satisfaction, the stock level increases when the age of the machine increases as well.
Consequently higher ages indicate the presence of more disturbances due to more
frequent breakdowns, and the presence of more defectives.
200:

150:

∙

110:

a) Effect on the production threshold
b) Effect on the zones
Figure 9: Sensitivity to the variation of the backlog cost

and
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We next turn our attention to the effect of the variation of the backlog cost on the
preventive maintenance and overhaul policies. This variation is illustrated in Figure 9b,
where we compare three cases. From these results, we observe that when the backlog cost
is moderate, i.e., c
110, preventive maintenance and overhaul are less recommended.
When the backlog cost increases to c
150, the zone for preventive maintenance
and the zone for overhaul
cover a larger area in the plane (a, ). In addition, if we
increase the backlog cost to c
200, both zones
and
increase even more. The
intuition behind this pattern is that if the backlog cost increases, the production threshold
increases as well, thus intersecting the zone
of preventive maintenance and the zone
of overhaul at a higher position, and this in consequence, increases the feasible zones
and . Thus, we can infer that the backlog cost is directly linked to the size of the
zones of preventive maintenance and overhaul, since both zones increase according to the
value of this cost. Besides, as expected from the results of Figure 8 and Figure 9, we
observe that the effect of the backlog cost on the control policy is the inverse of the effect
of the inventory cost.
6.3 Variation of the preventive maintenance cost
The results of three different cases are presented in Figure 10 to examine the variation of
the preventive maintenance cost and its influence in the optimal policy. The analysis is
2, 4 and 6. From the numerical results, we observe that
made with the values
when the preventive maintenance cost is low, for instance
2, the preventive
maintenance performance zone is the most extended of the analyzed cases. As the
preventive maintenance cost increases to
4, the zone
on the grid is reduced,
6. From these results, we can
and reduces even further with a higher cost of
deduce that the variation of the preventive maintenance cost mainly affects the preventive
maintenance and overhaul policy as observed in Figure 10. Additionally this cost
,
has not reported any effect on the production policy, since the production threshold
remained the same for the three analyzed cases. To an extent, the observed pattern
implies that for a high preventive maintenance cost, the zone
reduces considerably;
indicating more overhauls, as should be logically expected. In addition, we notice that,
since preventive maintenance is less expensive and takes less time, it is always conducted
before major overhauls. Preventive maintenance is only carried out for an intermediate
level of deterioration, when the age of the machine has reached a certain level to justify
the cost of the activity, but if the age reaches a higher level of deterioration, it is more
convenient to perform the overhaul instead.

25

6:

4:

2:

Figure 10: Sensitivity to the variation of the preventive maintenance cost and its effect on the
preventive maintenance and overhaul policies

6.4 Variation of the overhaul cost
The sensitivity analysis of the overhaul cost is presented in Figure 11, and is performed
based on the numerical results of three different cases with values defined as
10, 12 and 14. From the numerical results it follows that when the overhaul cost is
10, we observe that the overhaul zone
is the most prominent of the
low, i.e.,
analyzed scenarios. When the overhaul cost increases to
12, we notice a significant
reduction in the zone
, therefore fewer overhauls are conducted. With a higher
overhaul cost of
14, the zone
decreases more considerably. From Figure 11, the
main issue is clearly that the variation of the overhaul cost has a significant effect on the
preventive maintenance and overhaul policies, where we note upon increasing this
cost , the zone
is reduced, thus less overhauls are conducted. With respect to the
production policy, we observe that the overhaul cost does not change the production
threshold, since they remained unchanged for the three cases. Moreover, it is clear that as
the major overhaul is more expensive and takes more time than the preventive
maintenance, the overhaul is carried out only at a high level of deterioration, when the
age of the machine is high enough to justify the higher cost of the overhaul.
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14

12

10

Figure 11: Sensitivity to the variation of the overhaul cost and its effect on the preventive
maintenance and overhaul policies

6.5 Variation of the defectives cost
In this subsection, we highlight the preventive maintenance and overhaul policies under
the effect of the variation of the defectives cost. Figure 12 indicates these polices with the
values
1, 4 and 7. The size of the zone where preventive maintenance is
recommended is the most considerable when
1. Nonetheless, it can be observed
that increasing the defectives cost to
4, has a significant effect on these policies,
reducing the preventive maintenance zone
. Furthermore, we note that preventive
7. These
maintenance is less often initiated when the defectives cost increases to
results show clearly that as the defectives cost increases, the preventive maintenance
policy exhibits a pattern that recommends fewer numbers of this maintenance, and more
overhauls. Additionally we note that this cost
does not affect the production threshold.
To make things clear, defective products are penalized more severely with higher
defectives cost, and it follows that on increasing , the overhaul is more recommendable
because it restores the level of deterioration of the machine more efficiently and rapidly.
On conducting an overhaul, the rate of defectives and the MTTF are restored to AGAN
conditions, whereas the imperfect preventive maintenance rejuvenates the machine only
to a certain percentage. This logic explains the reasons why more overhaul should be
performed as the defectives cost increases.
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7:

4:

1:

Figure 12: Sensitivity to the variation of the overhaul cost and its effect on the preventive
maintenance and overhaul policies

6.6 Variation of the preventive maintenance efficiency
An equally significant parameter is the variation of the preventive maintenance efficiency
, since it has a remarkable effect mainly on the overhaul and preventive maintenance
policies, as illustrated in Figure 13. The value of such efficiency
has to be attractive
enough to encourage preventive maintenance activities, otherwise this activity will not be
is very useful since it enables the development of
recommended. This parameter
more realistic maintenance policies, modeling scenarios between the extreme cases of
minimal and perfect repair, as discussed previously in section 2. In Figure 13, the
variation of the preventive maintenance efficiency is presented, with values defined as;
0.55, 0.6, 0.65 and 0.7. From these results we observe that when the efficiency
is moderate,
0.55, the zone for preventive maintenance
is the least extensive
0.6, the zone
increases,
on the plane (a, ). If we increase the efficiency to
recommending more preventive maintenance, and when the efficiency further increases
to
0.65, the zone
increases further. For the current numerical example, the
results tell us that when the maintenance efficiency increases, the zone for preventive
maintenance is significantly increased, because the incentive of conducting this activity is
closer to the benefit of performing a perfect repair, reducing the level of deterioration to
almost AGAN conditions. It can also be said that when the maintenance efficiency
0.7, preventive maintenance completely
reaches a certain level, for example,
displaces the major overhaul because with this efficiency level and given the cost of both
activities, it is a better option to conduct preventive maintenance. Conversely, it is no
surprise to note that when maintenance efficiency decreases, the zone
is considerably
reduced, because the benefit of preventive maintenance becomes closer to ABAN
conditions, and the reductions on the rate of defectives and MTTF are negligible.
Therefore, the main point regarding the efficiency
is that the difference in reduction
on the age of the machine (and their corresponding change in the rate of defectives and
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MTTF), is the fundamental reason to explain the variations observed in the preventive
maintenance zones of Figure 13. The effect of the efficiency
is observed only on the
preventive maintenance and overhaul policies, while the production thresholds remain the
same for the four cases.
0.7:

0.65:

0.6:

0.55:

Figure 13: Sensitivity to the variation of the preventive maintenance efficiency
on preventive maintenance and overhaul policies

and its effect

6.7 Variation of the adjustment parameter for the failure intensity
In Figure 14a we illustrate the effect of the variation of the adjustment parameter θ on
the production policy. As discussed previously in section 2, this parameter θ allows to
. In Figure 14a
adjust the trend of the failure intensity, denoted by the transition
0.4, 0.6 and 1. When the parameter is
the adjustment parameter takes three values θ
low, θ
0.4, it means that the system experiences fewer failures, thus the production
reduces. There are more frequent failures when θ
0.6, hence the
threshold
production threshold increases as protection. If the parameter is set to θ
1, the
machine needs more protection against the more frequent failures, leading to an even
greater increase in the production threshold. It is worthwhile to mention that when the
parameter θ increases, the emphasis of deterioration is on more frequent failures,
. This affects the MTTF in such a way that reduces
increasing more abruptly transition
the reliability of the production system, promoting the increase of the production
threshold as protection for shortages.
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∙

θ

1:

θ

0.6:

θ

0.4:

a) Effect on the production threshold
b) Effect on the zones
Figure 14: Sensitivity to the variation of the adjustment parameter

and

As a matter of interest let us now analyze the effect of θ on the preventive maintenance
and overhaul policies. From the results of Figure 14b we notice that when the parameter
is set to a low value such as θ
0.4, both the preventive maintenance zone
and the
overhaul zone
are the smallest in the illustration. When the parameter increases to
θ
0.6, both zones expand along the plane a, . And these zones continue their
1. From this pattern we can draw a first
expansion when the parameter increases to θ
will certainly affect the total
inference that any variation in the production threshold
zone for preventive maintenance and overhaul, precisely because the zones
and
are delimited by their intersection with the stock level as presented previously in
Figure 7b. A second observation is that with higher values of θ we make more emphasis
on failures rather than defectives, and from Figure 14b, it is clear that higher values of θ
encourage the conduction of more overhaul to more rapidly counter the effects of
deterioration. It is not difficult to observe that there is a set of parameters with a strong
influence on preventive maintenance and overhaul policies, with the potential to vary the
obtained results. For example, looking at the maintenance efficiency employed in
0.6 for the three cases), if we increase the efficiency to
Figure 14b, (we used
0.65, then we will observe a general reduction in the overhaul zone , as reported
in Figure 15a, because the preventive maintenance will be more attractive in such cases.
However the trend is the same as in Figure 14b, promoting more overhaul as the value of
θ increases. This pattern is confirmed when we increase the overhaul cost from c
10
14, (in Figure 15b). With a higher c , the overhaul zone
(in Figure 14b) to c
reduces considerably, and there appears then to be an interaction of several parameters
that define the preventive maintenance and overhaul policies. Nevertheless a pattern is
of overhaul increases, when the parameter θ increases to cope
observed, the zone
more efficiently the presence of more frequent failures.
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θ

1:

θ

1:

θ

0.6:

θ

0.6:

θ

0.4:

θ

0.4:

a) Zones
and
(with
. )
b) Zones
and
(with
Figure 15: Sensitivity to the variation of the adjustment parameter

)

6.8 Variation of the adjustment parameter of the rate of defectives
In order to get an idea of the sensitivity of the adjustment parameter θ on the production
control policy, we analyze three cases. Recall that this parameter θ modifies the trend in
the rate of defectives as a function of the age of the machine, as presented previously in
Figure 3. There it can also be noted that when the age of the machine is significant
enough, the rate of defectives will converge to the same limit value regardless of the
amount of θ . We obtain the results presented in Figures 16a and Figure 16b, when the
parameter θ takes the values θ
0.4, 0.6 and 1. Whenever this parameter is set to a
not-excessive value of θ
0.4, it means that the production threshold
does need to
be so considerable because the deterioration of the machine does not imply a huge
amount of defectives.

∙

θd

1:

θd

0.6:

θd

0.4:

a) Effect on the production threshold
b) Effect on the zones
Figure 16: Sensitivity to the variation of the adjustment parameter

and

Then, when θ
0.6, the production threshold increases because the rate of defectives
reaches higher values more rapidly. Additionally, if we increase the parameter to θ
1,
31

the rate of defectives increases so abruptly that in consequence the production threshold
must increase further. On the basis of the results presented in Figure 16a, we can come
to the observation that the role of the increase of the production threshold is to protect the
system against the shortage of flawless products. When the parameter θ increases, the
rate of defectives increases more abruptly, in consequence the demand of product
increases as protection, and this causes an increment in the production threshold .
In essence, according to Figure 16b, the adjustment parameter θ also has a clear effect
on the preventive maintenance and overhaul policies. For instance, when θ
0.4, the
zones in which preventive maintenance
and overhaul
are feasible are the smallest
of the analyzed cases. On increasing the parameter to θ
0.6, the zone
is more
extensive on the grid. Moreover, when the parameter increases to θ
1, the zones
expands further on the plane a, . As a consequence, we remark firstly, that any
variation of the stock level modifies the total region of preventive maintenance and
overhaul, denoted by the zones
and , since they are defined by their intersection
with , as presented previously in Figure 7b. Secondly, the major difference in this case
is that with higher levels of θ , the emphasis is on more defectives instead of failures.
More overhaul is conducted when the value of θ increases, because overhaul completely
restores the rate of defectives with more efficiency than preventive maintenance. This
pattern is confirmed, when we increase the preventive maintenance efficiency from
0.60 (in Figure 16b) to
0.65 (in Figure 17a), where we observe a similar
pattern; the preventive maintenance zone
decreases when θ increases. Conversely,
grows when θ increases. For closure, when we increase the
the overhaul zone
overhaul cost from c
10 (in Figure 16b) to c
14, (in Figure 17b), the underlying
increases when θ increases, replacing the
pattern is the same, the overhaul zone
preventive maintenance zone
that decreases.

θ

1:

θ

1:

θ

0.6:

θ

0.6:

θ

0.4:

θ

0.4:

a) Zones
and
(with
. )
b) Zones
and
(with
Figure 17: Sensitivity to the variation of the adjustment parameter

)
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7. Discussions
From what has been presented on the above sensitivity analysis, it is clearly enough to
state that the simultaneous production, preventive maintenance and overhaul control
and ).
policy is well characterized by the aforementioned control parameters ( ,
For the manufacturing system considered, the joint control policy is given by Equations
(25)-(27) and Figures 5 to 7. It is also important to note that the deterioration
phenomenon influences the dynamics of several variables of the system, since on
denoting deterioration with the age of the machine, its variation implies changes in the
rate of defectives and the MTTF. As analysed in the above results with respect to the
production policy, considering the effect of deterioration, it leads to a control policy that
modifies the traditional hedging point policy to a situation with several threshold values
that increase as a function of the age of the machine. Meanwhile, preventive maintenance
and overhaul exhibit an age-dependent policy; they are triggered for a certain age level.
Through the sensitivity analysis conducted, we observe that the production threshold
decreases when the inventory cost increases, because the stock of the product is more
penalized, and the contrary effect is observed for the backlog cost. There is also an
increase in the production threshold
when the adjustment parameters θ and θ
increase, this as protection against more frequent failures and the presence of more
defective products. With regard to the preventive maintenance policy, when the
preventive maintenance cost increases, the zone
decreases, since this activity becomes
more expensive. Furthermore, when we increase the preventive maintenance efficiency,
, because the incentive to promote this
there is a considerable increase in the zone
activity is more attractive, and on increasing the parameters θ and θ the zone
decreases, since in such cases overhaul is more convenient. As we have seen in the
reduces when the overhaul cost
previous sensitivity analysis, the overhaul zone
increases, and more overhauls are done when the defectives cost increases to completely
cope the effects of deterioration. Further, when the parameters θ and θ increase, more
overhaul is also performed. The relevance of the sensitivity analysis is apparent, since it
seems that our results are logical and consistent, and this enables us to confirm the
structure of the obtained joint control policy.

8. Conclusion
Is has been observed that the simultaneous production planning, preventive maintenance
and overhaul control problem was addressed in this research work for the case of a single
machine subject to random failures and deterioration. The main issue of the paper is to
integrate quality aspects on the control policy, thus extending the concept of deterioration
to create a connection with the rate of defectives and its reliability. We used a
maintenance efficiency parameter to decrease the level of deterioration if
preventive maintenance is carried out. We formulate a stochastic dynamic programming
problem that integrates several types of maintenance; such as perfect, imperfect and
minimal repair. Furthermore, on considering the machine’s history, with the age of the
production system, we devise a Semi-Markov decision model that enables us to take into
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account the twofold effect of deterioration: on the quality of the parts produced and the
MTTF. Another important aspect is the fact that, our research analyzes the interaction of
quality issues and the production control from the perspective of deteriorating systems.
We illustrate the proposed approach thorough a numerical example, in which we
observed that the stock level required as protection against failures and defectives
increases as a function of the age of the production system. Meanwhile we found that the
performance of preventive maintenance and overhaul activities depends on the stock
level and the age of the machine. An extensive sensitivity analysis was also conducted.
This serves to confirm the structure of the joint control policy. Finally, we conclude that
the continuous deterioration of the machine has considerable effects on the joint
production, preventive maintenance and overhaul policies, and the results obtained in this
research are very satisfactory and encourage us to extend the study to more complex
manufacturing systems.
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