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Abstract—Design tools have existed for decades for standard
step-index fibers, with analytical expressions for cutoff conditions
as a function of core size, refractive indices and wavelength.
We present analytical expressions for cutoff conditions for fibers
with a ring-shaped propagation region. We validate our analytical
expressions against numerical solutions, as well as via asymptotic
analysis yielding the existing solutions for standard step-index
fiber. We demonstrate the utility of our solutions for optimizing
fibers supporting specific eigenmode behaviors of interest for
spatial division multiplexing. In particular we address large
mode separation for orbital angular momentum modes and fibers
supporting only modes with a single intensity ring.

I. I NTRODUCTION

T

HE surge in interest in space-division multiplexing
(SDM) requires new tools for the design of novel optical
fibers supporting a variety of mode types. We focus on an
annular fiber, or ring-core fiber (RCF), with a step-index ring
geometry (Fig. 1) and develop analytical expressions for the
eigenmodes supported. Design tools have existed for decades
for standard solid-core step-index fiber (SCF), providing analytical expressions for modal cutoff as a function of core
size, refractive indices and wavelength. Those expressions are
simplified by the use of a single parameter, the normalized
frequency (V0 ). With RCF, there is now not only one, but two
parameters defining the geometry of the core: the ring outer
radius, and ρ, the ratio of inner radius to outer radius. As a
consequence, even when using normalized frequency, cutoff
conditions are no longer given by single points.
Cutoff conditions define the boundary between regions
supporting specific modes, i.e. a modal map. Analytical relationships are well known for SCF cutoff for both vector
and scalar versions of the propagation equations. Solutions
for vector versions are valid for arbitrary refractive indices
contrast between the core and cladding, and yield mode maps
for SCF eigenmodes. This index contrast can be defined by the
parameter n20 , n21 /n22 . Under the scalar or weakly guiding
assumption (when n20 → 1), the mode maps cover only scalar
LP modes.
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Superieure, Montréal H3C 1K3, Canada (e-mail: Bora.Ung@etsmtl.ca).
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The LP mode maps are the simplest and most familiar,
however they cannot be used to predict or target support of
other modes of interest, including modes carrying discrete
states of orbital angular momentum (OAM). On the other hand,
eigenmode maps are the most versatile, as they constitute a
complete basis set for all propagating modes (including the
LP and the OAM modes). This distinction has tremendous
impact on fiber design as well as the demultiplexing reception
strategy for SDM. We therefore focus on vector mode analysis
to provide analytical eigenmode mode maps for RCF.
Annular fibers are of renewed interest because of their
applications in SDM [1] and optical sensing [2]. In particular,
this type of fiber appears well suited for transmitting OAM
modes [3]–[6], because its refractive index profile closely
matches that of the annular intensity profile of OAM beams.
RCF is also being investigated for few-mode transmission
of LP modes [7]–[9], as RCF can be tailored to minimize
differential group delay (DGD).
To the best of our knowledge, the analytical description of
modal cutoffs in RCF have been limited to LP modes under the
weakly guiding approximation [10]–[12]. In light of the recent
advances in high-index contrast waveguides and the emerging
interest in OAM-guiding fibers, a fully-vectorial description
of RCF is necessary. In this paper, the solution of the modal
cutoffs for the vector modes of RCFs is derived without any
approximations. A summary of the key SCF and RCF modal
mapping and cutoff results is provided in Table I.
SDM design goals for RCF for OAM modes transmission
require eigenmodes with separations of their effective indices
greater than 10−4 [3]. Greatest effective index separation is
achieved at maximal index contrast, in direct violation of the
weakly guiding condition where indices are approximately
equal [6]. Therefore LP mode maps are doubly inappropriate:
1) results are inaccurate as OAM fibers target high refractive
index contrasts, and 2) modal maps are provided for LP modes
only, but not the eigenmodes that constitute the OAM modes.
While the LP modal maps are still useful, the knowledge of
the underlying effective index separations for the eigenmodes
based on our vector analysis may be exploited towards gaining
precise control over the number of vector modes that can be
supported. This is particulary important when designing fibers
for OAM transmission.
In section II we define fiber parameters and start from
the modal equations to derive the cutoff conditions for all
RCF vector modes. In section III we validate our results by
examining three asymptotic versions of our results: 1) when
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TABLE I
C OMPARISON BETWEEN SCALAR AND VECTOR MODES
IN STANDARD AND ANNULAR FIBER

Standard fiber
2b

2b

n1

2a = 2ρb
n2

LP
Scalar

III

II

n2

I
n2

b

Fiber geometry

n1
n2

n2

n1
Modes mapped

1D

2D

Dimensions of
modal map

V0

V0 , ρ

Parameters of
modal map

analytical [13]

analytical [10]

HE, EH, TE, TM, OAM
Vector

a

Annular fiber

n

Dimensions of
modal map

V0 , n20

V0 , ρ, n20

Parameters of
modal map

analytical [13]

numerical [4]
this work: analytical

III
n2

a

b

r

Fig. 1. Annular fiber geometry (top view, and profile).

Solution of map
boundaries

n2
0 →1

Vector mode −−−−→ Scalar mode
Asymptotic behavior

Annular fiber −−−→ Standard fiber

n21 → n22 (weakly guiding RCF), 2) when the inner ring
diameter shrinks to zero (RCF becomes SCF), and 3) when
fiber core diameter is very large, i.e. both a and b → ∞
(becomes like a planar waveguide). In section IV we discuss
application of the results of section II to specific SDM design
targets, including number of modes supported, targeting a
subset of mode types, and maximizing mode separation. We
also present an snapshot of where published OAM fibers and
fiber designs fall in a modal map for annular fiber. Readers
interested in the fiber design alone could skip details in
sections II, III and go directly to section IV.
II. D ERIVATION OF THE CHARACTERISTIC EQUATION FOR
VECTOR MODES

A. Fiber parameters and modal equations
Annular fiber geometry is illustrated in Fig. 1. It is characterized by the inner and outer radii a and b, and by the
refractive indices of cladding (n2 ) and annular core (n1 ),
where n1 > n2 . This kind of fiber is also known as ring-core
fiber [9] or M-type optical fiber [12].
The modal solutions for RCF are found by solving Maxwell
~ r) and magnetic H(~
~ r) fields,
equations for the electric E(~
where ~r = (r, φ, z) in cylindrical coordinates. The timedependent electric and magnetic fields for a mode propagating
in the z direction are given by:
~ r, t) = E(r,
~ φ)ej(ωt−βz)
E(~
~ r, t) = H(r,
~ φ)ej(ωt−βz)
H(~

II

n2

Modes mapped

3D

ρ→0

I

Solution of map
boundaries

2D

n1

(1a)
(1b)

where β is the propagation constant, and ω is the angular
frequency.

To solve for this electro-magnetic field, we first specify the
longitudinal components Ez and Hz , from which we derive
the transverse components. In RCF, the longitudinal fields,
obtained from the well-known Helmholtz equations, are of the
form:

C1 Iν (wr) cos(νφ + φ0 )
r≤a



A1 Jν (ur)+ 
Ez =
a<r≤b
A2 Nν (ur) cos(νφ + φ0 )



C2 Kν (wr) cos(νφ + φ0 )
r>b

D1 Iν (wr) sin(νφ + φ0 )
r≤a



B1 Jν (ur)+ 
Hz =
a<r≤b
B2 Nν (ur) sin(νφ + φ0 )



D2 Kν (wr) sin(νφ + φ0 )
r>b

(2)

(3)

where ν ≥ 0, the azimuthal order, is an integer, φ0 is an
arbitrary phase angle, Jν and Nν are Bessel functions of the
first and second kind, and Iν and Kν are modified Bessel
functions of the first and second kind. Parameters u and w are
defined as:
u2 = n21 k02 − β 2
2

2

w =β −

n22 k02

(4a)
(4b)

where k0 is the wavenumber in the vacuum (2π/λ).
Propagation constant β and the eight constants
(C1 , A1 , A2 , C2 )(D1 , B1 , B2 , D2 )
are
determined
by
enforcing the continuity of the tangential components
Ez , Eφ , Hz , and Hφ at the boundaries, when r = a and
r = b. These conditions lead to a set of eight homogeneous
equations for which the eigenvalues (i.e. the propagation
constants β) are found by solving the linear system of
equations. The mode index, ν, is an index to multiple
solutions to this system of equations, each solution being a
mode.
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for the TE0,m modes, and by

B. The characteristic equation
The modal characteristic equation is obtained by calculating
the (8×8) determinant of the system of equations. In principle,
the analytical solution can be obtained by eliminating the
constants C1 , C2 , and D1 , D2 from the eight equations, thus
simplifying the problem to a four equation (5), (6), (7), (8)
system.


i
1
1 νβ h
A
J
(ua)
+
A
N
(ua)
=
+
1
ν
2
ν
u2
w 2 a2


N ′ (ua)
J ′ (ua)
+
+ B2 ν
k0 B 1 ν
ua
ua
i
Iν′ (wa) h
B1 Jν (ua) + B2 Nν (ua)
(5)
(wa)Iν (wa)







i
1
1 νβ h
B
J
(ua)
+
B
N
(ua)
=
+
1 ν
2 ν
u2
w 2 a2

 
N ′ (ua)
J ′ (ua)
+
+ A2 ν
k0 n21 A1 ν
ua
ua
h
i
Iν′ (wa)
2
n A1 Jν (ua) + A2 Nν (ua)
(wa)Iν (wa) 2


i
νβ h
A1 Jν (ub) + A2 Nν (ub) =
2
b


J ′ (ub)
N ′ (ub)
k0 B 1 ν
+
+ B2 ν
ub
ub
i
Kν′ (wb) h
B1 Jν (ub) + B2 Nν (ub)
(wb)Kν (wb)

1
1
+ 2
u2
w

(6)


i
1
1 νβ h
B
J
(ub)
+
B
N
(ub)
=
+
1
ν
2
ν
u2
w 2 b2
 

J ′ (ub)
N ′ (ub)
k0 n21 A1 ν
+
+ A2 ν
ub
ub
h
i
Kν′ (wb)
n22 A1 Jν (ub) + A2 Nν (ub)
(wb)Kν (wb)

(7)

n21
.
n22
When ν 6= 0 and w → 0, we find that the electric and
magnetic longitudinal fields are zero at r = a, because of the
limits of the Iν Bessel functions in (2) and (3). Therefore we
can write:
A1 Jν (ua) + A2 Nν (ua) = 0
B1 Jν (ua) + B2 Nν (ua) = 0

C. The cutoff frequencies
The modal cutoff frequencies are obtained for β → n2 k0
and w → 0. In Appendix A we provide useful recurrence
relations and asymptotic limits of various Bessel functions
when their argument goes to zero.
The TE and TM mode cutoffs are obtained by setting ν = 0,
with A1 = A2 = 0 for the TE modes, and B1 = B2 = 0
for the TM modes. The four continuity equations (5–8) thus
reduce to two equations: (5 and 7) for the TE modes, and (6
and 8) for the TM set. With the help of the asymptotic relations
in Appendix A, we can show that the cutoff frequencies
calculated from the (2 × 2) determinant are given by
(9)

(11a)
(11b)

at the cutoff conditions. Equations (5) and (6) are then zero
and the continuity relations consist of only (7) and (8), where
A2 and B2 can be eliminated using (11). The determinant of
this (2 × 2) system of equations leads to the following cutoff
relation for HE modes when ν ≥ 2:

(12)

As shown in Appendix B, the asymptotic behavior is logarithmic for ν = 1, and the resulting cutoff condition becomes
J1 (ub)N1 (ua) = J1 (ua)N1 (ub)

(8)

(10)

for the TM0,m modes, where n20 ,

Jν−2 (ub)Nν (ua) − Jν (ua)Nν−2 (ub) =

1 − n20
[Jν (ub)Nν (ua) − Jν (ua)Nν (ub)]
(1 + n20 )

The characteristic equation can now be retrieved from a
(4 × 4) determinant. However, the corresponding analytical
expression would be so long and complicated that it would be
of little practical use. Instead, modern personal computers and
optimization algorithms directly solve for the modes.

J0 (ub)N2 (ua) − N0 (ub)J2 (ua) = 0

J0 (ub)N2 (ua) − N0 (ub)J2 (ua) =
(1 − n20 )
[J0 (ub)N0 (ua) − J0 (ua)N0 (ub)]
n20

(13)

The first zero ua = ub is associated with the HE1,1 mode of
the annular core fiber, and the following zeros with HE1,m ,
where m = 2, 3, . . .
It is also possible to set the longitudinal electric and
magnetic fields at r = b to be zero at cutoff, as it is the
case for EH modes in standard fiber. From (2) and (3), this
gives
A1 Jν (ub) + A2 Nν (ub) = 0
B1 Jν (ub) + B2 Nν (ub) = 0

(14a)
(14b)

For w → 0, (7) and (8) are zero, and the remaining equations
(5) and (6) can be written as a (2 × 2) system of equations.
As shown in Appendix B, the determinant gives the cutoff
condition for the EHν,m modes of the annular core fiber:
Jν+2 (ua)Nν (ub) − Jν (ub)Nν+2 (ua) =

1 − n20
[Jν (ua)Nν (ub) − Jν (ub)Nν (ua)]
(1 + n20 )

(15)

To conclude this section, our main results are the cutoff
equations (9, 10, 12, 13, and 15). This completes the analytical
study of annular fibers. In the following sections, we will
demonstrate the accuracy of these formulas by examining their
asymptotic behavior and through numerical validations.
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Similarly, substituting (A.35) and (A.36) into (10) gives

TABLE II
C UTOFF CONDITIONS FOR STANDARD FIBERS
Mode

sin(ud) +

cutoff

TE0,m , TM0,m

J0 (V0 ) = 0

(16)

HE1,m

J1 (V0 ) = 0

(17)

HEν,m

1 − n20
Jν−2 (V0 ) =
Jν (V0 )
1 + n20

(18)

EHν,m

Jν (V0 ) = 0

(19)

1 − n20
sin(ud) =
n20
sin(ud) = 0

Therefore, the cutoff condition for both TE and TM modes is
the same, as expected for a planar waveguide. The same result
could be obtained from the cutoff condition in weakly guiding
regime (20). This condition can be expressed as
ud = mπ

III. VALIDATION

(23)

which is the expected cutoff condition for a planar waveguide
[13]. A similar demonstration is given in [11].

A. Asymptotic results
1) a → 0 (RCF → SCF): A first validation of the cutoff
relations for RCF can be performed by the asymptotic analysis
when a → 0. In that case, the center part of the fiber
completely collapses and RCF approaches a SCF. Cutoff conditions for SCF are well known, and summarized in Table II.
The asymptotic behavior of Bessel functions Jν and
Nν when their argument approaches 0 is given in (A.31)
and (A.32) in Appendix A. One can easily verify that all the
cutoff equations of the RCF (9, 10, 12, 13, and 15) collapse
as expected to those of the SCF when a → 0.
2) n1 → n2 (weakly guiding RCF): Under the weakly
guiding approximation (n20 ≈ 1) it can be shown that the cutoff
equations reduce to that of the scalar LP modes of the RCF
[10]–[12]. In particular, the cutoff equations for the TE0,m
(9) and HE1,m (13) modes remain the same under the weakly
guiding approximation, since they do not contain the n20 term.
Moreover, for the TM0,m modes we can see that the cutoff
equation becomes the same as that of the TE0,m modes, and
the same can be said of the HE2,m modes (ν = 2). Finally,
using (12) and (15) we can demonstrate that the HEℓ−1,m and
EHℓ+1,m modal cutoffs (for ℓ ≥ 2) reduce to the degenerate
form:
Jℓ+1 (ua)Nℓ−1 (ub) = Jℓ−1 (ub)Nℓ+1 (ua)

(22)

(20)

The above analysis (based on the weakly guiding approximation) is in complete agreement with the standard description
of LP modes in weakly guiding SCF and RCF. We show in
Appendix C that (20) is a simpler but equivalent expression
to those found in [10, eq. (8)] and [11, eq. (13)].
3) a, b → ∞ (planar waveguide): When the ring diameter
increases, the fiber becomes highly multimode. In the limit
condition where a, b → ∞, the fiber behaves like a planar
waveguide, and the number of guided modes only depends on
the ring thickness d = b − a. Since planar waveguides only
support TE and TM modes, we start the development from (9)
and (10).
Substituting (A.35) and (A.36) into (9), we obtain


π
π
sin ua − π −
−
cos ub −
4 
4 


π
π
sin ub −
cos ua − π −
=
4
4
sin (u(b − a)) =
sin(ud) = 0
(21)

B. Normalized notation
In RCF, in contrast to SCF, we have two fiber geometry
parameters, namely a and b. By defining ρ , ab , we can
normalize our parameters in a similar way to that done in
SCF. In this way, the cutoff conditions can be expressed in
terms of the normalized frequency V0 and the ratio ρ using
this equivalent notation:
q
(24a)
V0 = ub = k0 b n21 − n22
q
(24b)
ρV0 = ua = k0 a n21 − n22
The cutoff conditions can be written explicitly as a function
of these parameters and n20 , as seen in Table IV of section IV.
We also define the normalized propagation constant as
β 2 − n2 k 2
neff − n2
βe = 2 2 2 2 0 2 ≈
n1 k0 − n2 k0
n1 − n2

(25)

The cutoff frequency occurs for β → k0 n2 , or βe → 0.
With these definitions we will first validate our analytical
results via numerical simulation in the next subsection. These
definitions are critical to section IV on design tools for RCF
fiber, and will be used extensively there.
C. Numerical validation
In this section we will provide a numerical validation
of our results for one value of n20 , and one value of ρ.
Fixing these values leaves the normalized frequency V0 to
e We solve
determine the normalized propagation constant β.
for it numerically, using the transfer matrix method [14], to
find the vector modes supported. Similar results are obtained
in [4] using finite elements method (FEM).
We fixed n20 at 1.042 which corresponds to the case n1 =
1.474 and n2 = 1.444. This case has limited index contrast
such that the weakly guiding mode is a reasonable assumption.
These values are typical of telecommunications silica fiber
designs. The ratio ρ was fixed at .25. Numerical solutions are
given in Fig. 2 where each curve is labeled by the vector mode
name whose normalized propagation constant is plotted. When
βe approaches zero we are in the cutoff condition. Hence the
asymptotic value of βe → 0 should correspond to our analytical
prediction to have validation.
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HE3,1

EH1,1

LP2,1

|E|

Ez

Fig. 3. E field intensity (top) and Ez field (bottom), for HE3,1 , EH1,1 , and
LP2,1 modes, in an annular fiber with parameters: V0 = 4.13, ρ = 0.5, and
n20 = 1.042.
Fig. 2. Normalized propagation constant βe as a function of the normalized
frequency V0 , for RCF with ρ = 0.25 and n20 = 1.042.
TABLE III
N ORMALIZED CUTOFF FREQUENCIES (V0 )
AS FUNCTION OF ρ (n2
0 = 1.042)
ρ

0

0.25

0.5

0.75

TE0,1
HE2,1
TM0,1
EH1,1
HE3,1
HE1,2
EH2,1
HE4,1
TE0,2
HE2,2
TM0,2

2.4048
2.4221
2.4048
3.8317
3.8533
3.8317
5.1356
5.1597
5.5201
5.5277
5.5201

2.4161
2.4336
2.4257
3.8330
3.8561
4.4475
5.1359
5.1603
5.7336
5.7418
5.7610

2.5544
2.5742
2.5822
3.9294
3.9648
6.3932
5.1976
5.2316
7.3236
7.3337
7.3583

3.1663
3.1943
3.2188
4.6458
4.7123
12.6056
5.9360
6.0074
13.3513
13.3631
13.3822

For each mode we solve equations in Table IV numerically.
We present our analytical predictions of V0 at βe → 0 in
Table III, for n20 = 1.042 and four values of ρ. Values in
column two (ρ = 0) are the well-known solutions for SCF,
and are given as a comparison point.
In Fig. 2, the analytical cutoff values, plotted as vertical
dashed lines, correspond to the values in column three of Table III. The numerical solutions for the normalized propagation
constant go to zero at the analytical values found for cutoff,
as expected.
In the inset, we zoom on the cutoff of the first mode group.
We can see how the numerical solutions fall short of reaching
the precise cutoff value. We were unable to achieve closer
values due to numerical instabilities. Numerical calculation of
cutoff frequencies is prone to error as the value of Bessel K
function diverges as w → 0, leading to numerical instabilities.
Analytical expressions for cutoff are particularly useful for this
reason.
Equation (11) implies that at cutoff the electrical field Ez is
zero at r = a for HE modes. In a similar way, (14) implies that
Ez is zero at r = b for EH modes. Consider the vector modes
HE3,1 and EH1,1 for n20 = 1.042 and ρ = 0.5 (shaded cutoff
frequencies in Table III), which compose LP2,1 . We select
V0 = 4.13 that is above but near cutoff. We plot in Fig. 3

the electric field of the LP2,1 mode group and its constituent
eigenmodes. The dashed circles define the boundaries of the
annular core for ρ = 0.5. This plot confirms that near cutoff,
Ez field of HE modes is located at the exterior interface of
the annular core, while the Ez field of EH modes is located
at the interior interface of the core.
This completes the validation of cutoff equations for annular
fibers. In the next section, we will explore in more detail the
use of these analytical expressions for the design of specialty
fibers supporting spatial-division multiplexing applications.
IV. D ESIGN TOOLS
In section II, we found analytical expressions for the cutoff
conditions in annular fiber. In section III-B, we introduced a
normalized parameterization of the fiber using the normalized
frequency, V0 , and ρ, the ratio of annular radii. Our results for
cutoff conditions are given in Table IV using the new fiber
parameterization. Clearly the triplet V0 , ρ and n20 completely
characterize the cutoff conditions. We will now use these
equations to meet specific fiber design goals by exploiting
this triplet. For the first two subsections (IV-A and IV-B)
we continue with n20 = 1.042 where the weakly guiding
assumption is accurate. Our conclusions will be applicable
to LP modes as well as vector modes. In section IV-C
we will violate the weakly guiding assumption and target
widely separated propagation constants among mode groups.
In sections IV-C, IV-D, and IV-E we focus on fibers supporting
OAM modes.
A. Modal map
For each fiber mode, the cutoff condition specifies the
functional relationship between ρ and V0 for that mode. Those
cutoff conditions define boundaries of parameter regions where
a specific number of modes are supported (i.e. guided) by the
fiber. In a SCF, ρ = 0, and the number of modes is only
determined by intervals of the V0 parameters; in this case the
modal map only has one dimension. In the case of RCF, the
modal map has two dimensions (ρ and V0 ). This is illustrated
in Fig. 4. The white region on Fig. 4 is the region where the
fiber is monomode, thus supports only the HE1,1 mode. Any
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TABLE IV
C UTOFF CONDITIONS FOR ANNULAR FIBERS
Mode

cutoff

TE0,m

J0 (V0 )N2 (ρV0 ) − N0 (V0 )J2 (ρV0 ) = 0

(9)

J0 (V0 )N2 (ρV0 ) − N0 (V0 )J2 (ρV0 ) =
(1 − n20 )
[J0 (V0 )N0 (ρV0 ) − J0 (ρV0 )N0 (V0 )]
n20

TM0,m

(10)

Jν−2 (V0 )Nν (ρV0 ) − Jν (ρV0 )Nν−2 (V0 ) =

1 − n20
 [Jν (V0 )Nν (ρV0 ) − Jν (ρV0 )Nν (V0 )]
1 + n20

(12)

HE1,m

J1 (V0 )N1 (ρV0 ) = J1 (ρV0 )N1 (V0 )

(13)

EHν,m

Jν+2 (ρV0 )Nν (V0 ) − Jν (V0 )Nν+2 (ρV0 ) =

1 − n20
 [Jν (ρV0 )Nν (V0 ) − Jν (V0 )Nν (ρV0 )]
1 + n20

(15)

HEν,m

B. Targeting number of supported modes
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To design a monomode fiber, we have to choose parameters
to eliminate the first higher-order mode, namely the TE0,1 . We
write this cutoff condition from (9) as
J2 (ρV0 )
J0 (V0 )
=
N0 (V0 )
N2 (ρV0 )

1.0

0.8

Other regions are defined on a similar way, forming together
a modal map. Fig. 2 has vector mode solutions on the boundary
curves, and listed in boxes is the set of all modes supported
within a region proscribed by the boundaries. The cutoff of
the HE1,2 mode forms an interesting boundary. In the regions
above that cutoff (red shading), all the supported modes
have their m parameter equal to one. Below that limit (blue
shading), fiber begins to support modes with m parameter
greater than one. We will discuss this in more detail in a later
section.

HE1,1
TE0,1
HE2,1
TM0,1
EH1,1
HE3,1
EH2,1
HE4,1
HE1,1
TE0,1
HE2,1
TM0,1
EH1,1
HE3,1
EH2,1
HE4,1
HE1,2

Fig. 4. Modal map defined by the cutoffs of the first order modes as function
of V0 and ρ, with n20 = 1.042.

combination of V0 and ρ falling in that region will yield a
monomode fiber. While SCF fibers are monomode only for
V0 < 2.405, it is possible to design an RCF with V0 > 2.405
that is still single-mode, assuming ρ is high enough.
The monomode region is delimited by the cutoff of the
TE0,1 mode (or LP1,1 mode under the weakly guiding approximation). For n20 near one, the case of Fig. 4, cutoffs of
HE2,1 and TM0,1 modes are very close to the cutoff of TE0,1
mode. This is visible on Fig. 4 where there are actually three
lines between the monomode region and the region below, but
they are too close to be clearly distinguished.
Below the monomode region is a region where the fiber
supports the second mode group (TE0,1 , HE2,1 and TM0,1
modes, or LP1,1 under the weakly guiding approximation),
in addition to the fundamental mode. The next boundary is
the cutoff of the third mode group, namely EH1,1 and HE3,1
modes (or LP2,1 ). Fiber in the region between these two
boundaries is the simplest case of few-mode fiber (FMF). This
includes fibers supporting the first OAM mode (OAM±1,m ).

(26)

In a similar way, we can find the parameters for an RCF
having only a limited number of modes. For example, for a
fiber supporting only the TE0,1 , TM0,1 , HE1,1 , HE2,1 , EH1,1 ,
and HE3,1 modes, the modal region limit is approximated by
the cutoff of the mode LP2,1 (20):
J3 (ρV0 )
J1 (V0 )
=
N1 (V0 )
N3 (ρV0 )

(27)

In RCF, the key parameter determining the number of
supported modes is ρ, the ratio between inner and outer radii
of the core. When ρ is very small, the fiber cutoffs are very
close to those of a SCF having core radius b. When ρ is small
to moderate (approximately below 0.4, as a rule of thumb), the
cutoffs of the modes with m parameter equal to one behave
like those of SCF, while cutoffs of modes with higher m
parameter are at increasing V0 for increasing ρ. Finally, the
characteristics of fibers with large ρ (i.e. very thin ring width)
approach those of planar waveguides. For arbitrary ρ, fibers
with high V0 parameter are usually highly multimode.
C. Targeting mode separation
The third parameter, n20 , dictates the separation between the
vector modes. When n20 approaches one, we are under the
weakly guiding condition. When n20 increases, the separation
between the effective indices of the different modes also
increases. Exploitation of LP modes for spatial multiplexing
relies on the use of multiple input, multiple output (MIMO)
processing. This processing is simplified when the propagation
constants of the LP modes are similar. Therefore, when
designing a fiber for LP modes, we want n20 to be as close as
possible to one, in order to minimize intra-modal dispersion.
In the case of OAM modes, MIMO processing may be avoided
completely if the inter-modal coupling is minimized by having
greatly disparate propagation constants among vector mode
groups forming OAM modes. Therefore, for OAM we want n20
as large as possible, violating the weakly guiding assumption.
The value of n20 we can reach is usually limited by the
properties of the materials used in fiber fabrication.
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Fig. 5. Modal map defined by the cutoffs of the first order modes as function
of V0 and ρ, with n20 = 2.085.

For the transmission of OAM modes, we target effective
index separation greater than 10−4 , as this value is suggested
by the literature [3]. We cannot directly infer the mode
separation from the modal map; the modal map only shows the
separation at cutoff condition. However, the cutoff separation
can still give a rough approximation of the mode separation,
as explained in Appendix D.
In the previous two sections we examined scenarios where
n20 was near one, typical for the design of FMF for LP spatial
multiplexing. Previously developed analytical solutions [10]
for RCF could be applied as the weakly guiding assumption is
valid. In this subsection we consider the design of OAM modes
that require high contrast fibers for greater modal separation.
Maximizing the number of supported modes requires the
highest contrast possible, motivating the use of a fiber with
an air core – that is, air as the innermost guiding medium [5],
[6].
Consider the scenario where n1 = 1.444 and n2 = 1 (air),
yielding n20 = 2.085. The modal map for this case is plotted in
Fig. 5. Once again, the cutoff curve is labeled with the vector
mode it describes; red shading indicates regions with m = 1,
while blue shading indicates m > 1. The number of vector
modes supported in a given region is indicated by a circled
number rather than an exhaustive list.
With increased index contrast, we first note that all mode
cutoffs are shifted right except TE0,m and HE1,m . This is as
expected from cutoff equations in Table IV, since all equations
depend on n20 , with the exception of equations for TE0,m
and HE1,m mode cutoffs. A second important difference
is that there now are regions defined inside mode groups.
For instance, region marked with 2 , i.e. with two modes
supported, includes only HE1,1 and TE0,1 modes. While this
region also exists when n20 is smaller, it becomes so small that
it is of no practical use. The red shaded region supporting five
modes, and the blue shaded region supporting six modes are
another example, where the EH1,1 mode exists without the
HE3,1 mode.

Fig. 6. Delimitations of the different radial orders for annular fiber. Plain
lines are the exact solutions, while dashed lines are calculated from the
approximation.

D. Single radial order condition
We define the radial order as the number of concentric
intensity rings in a guided mode, which corresponds to the
modal parameter m. In the context of LP/OAM modes guiding
in a single-ring RCF, it is important to define a single radial
order condition which determines the parameter space for
which only modes of radial order m = 1 are excited. An
interesting property of the RCF is that as ρ increases (i.e.
for thinner core rings), the cutoff of the HE1,2 mode does not
follow the cutoff of the EH1,1 –HE3,1 group. Within this single
radial order region (red shaded area in Fig. 4), all supported
modes are of the first radial order (m = 1), meaning that their
modal field distribution consists of only one intensity ring
which is well-matched to the RCF refractive index profile.
Crucially, the latter observation also means that RCFs open
up the possibility of supporting a much larger number of firstorder radial modes exclusively, compared to standard SCFs
in which, for example, excitation of the EH1,1 , HE3,1 and
EH2,1 modes inevitably occurs concurrently with that of the
(unwanted) HE1,2 second-order radial mode.
In a more general way, the mth radial order condition is
determined by the cutoff of the HE1,m mode. This condition
is simply given by
V0,cutoff =

(m − 1)π
+ǫ
1−ρ

(28)

where ǫ, as well as the derivation of this equation, is given in
Appendix E. In Fig. 6, we plot the boundaries that delimit the
first radial order regions. For the important and practical case
of m = 2, the cutoff condition (28) can be further simplified to
π
V0,cutoff ≈ 1−ρ
, which explicitly defines the upper boundary of
the single radial order condition. In most cases, the correction
term ǫ can be neglected without sacrificing much accuracy.
This formula is no longer precise when ρ approaches zero.
However, as ρ → 0, the fiber approaches SCF, and we can
simply use the roots of J1 (V0 ) to find the cutoffs.
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TABLE V
VALUES OF n20 IN REPORTED ANNULAR FIBERS
Paper
Yan2012
Doerr2011
Kasahara2014
Yue2012
Jin2013
Ramachandran2009
Li2013

n20
1.0008
1.0052
1.016, 1.006 – 1.020
1.014, 1.042, 1.070
1.020
1.032
1.13

Reference
[15]
[17]
[9]
[4]
[8]
[3]
[16]

E. OAM fibers and fiber designs in the literature
In this section we take published parameters for OAM fibers
and OAM fiber designs and plot them on a single modal
map. Our goal is to put into perspective the similarities and
differences of these fibers, to identify proximity of designs to
the cutoff condition, and highlight the utility of an analytical
solution for the RCF vector cutoff conditions.
Fig. 7 shows normalized parameters of different reported
RCF. We generated this plot using the weakly guiding approximation, as in all reported cases n20 is close enough to
one to justify this assumption. As a reference, with give
values of n20 in Table V. Including variable n20 would need
another dimension in the plot of the modal map. When n2
was not explicitly specified, we assumed n2 = 1.444. When
only a specific fiber at a specific wavelength was reported,
we indicated it with a star; when a range of parameters
were tested, we plotted the range using a solid line. Red
and blue regions behind indicate the number of scalar modes
supported for given V0 and ρ parameters, the red region being
the single radial order region. Results from Yue2012 [4],
Yan2012 [15], Li2013 [16], and Kasahara2014 [9] (dashed
rectangles on the graph) are simulations, while results from
Ramachandran2009 [3], Doerr2011 [17], and Jin2013 [8]
(solid rectangles) are experimental. The fiber in [3] is not
exactly annular, but we approximated it to get a comparison
point. According to our simulations, it should support the
third group of modes (HE3,1 , EH1,1 ), but it does not support
OAM±2,1 , because effective indices of the two vector modes
are too close. Fiber in [16] is multicore, but we only considered
one core. In all cases, the number of modes we predict using
our cutoff relations is in agreement with the reported number
of modes. It is interesting to note that all the reported RCF
designs to date, with the exception of [9], operate in the single
radial order condition (red tinted region).
V. C ONCLUSION
In this paper, we performed a vector mode analysis of
annular core optical fibers (RCFs) and fully derived the cutoff
conditions for all the vector modes. We then showed that those
equations were in full agreement with the cutoff equations of
LP modes obtained with the weakly guiding approximation.
Furthermore, we gave the LP mode characteristic equation in
a much simpler and compact form than what was previously
reported. Analytical results were verified using numerical
simulations.
We have shown that precise knowledge of the modal cutoff
frequencies is critical to design a RCF tailored for guiding

Fig. 7. Parameters of different reported annular fibers, compared to modal
regions in weakly guiding approximation. Dashed rectangular boxes around
author names indicate simulation results; solid rectangles indicate fibers that
were produced and characterized.

cylindrical vector modes or for OAM-carrying fibers. Chiefly,
it allows the fiber designer to know precisely the number
of supported modes as function of the design parameters.
Most notably, we provided a single radial order condition
via a simple analytical expression which enables to identify
the relevant wave guiding parameters permitting the exclusive
guiding of vector modes or OAM modes presenting a single
intensity ring that is well-matched to the studied RCF index
profile.
A PPENDIX A
S ELECTED B ESSEL FUNCTION IDENTITIES
A. Recurrence relations
2mZm (x) = x[Zm−1 (x) + Zm+1 (x)]
m
m
= Zm−1 − Zm = −Zm+1 + Zm
x
x
where Zm (x) is either Jm (x) or Nm (x).
′
Zm
(x)

(A.29)
(A.30)

B. Asymptotic behavior when x → 0
 x m

m!
2 
2


ln x

π
 m
lim Nm (x) =
x→0
2
(m − 1)!


−
x
π
lim Jm (x) =

x→0

(A.31)
m=0
(A.32)
m≥1
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K ′ (wb)

I ′ (x)
lim m
x→0 xIm (x)

′
Km
(x)
x→0 xKm (x)

lim


1



2
=
1
m


 2+
x
2(m + 1)

1



2


 x ln x

1
= − 2 − ln x
x




1
m


− 2 −
x
2(m − 1)

m=0
(A.33)
m≥1
m=0
m=1

(A.34)

m>1

C. Asymptotic behavior when x → ∞
r

2
lim Jν (x) =
cos ϕ
x→∞
r πx
2
sin ϕ
lim Nν (x) =
x→∞
πx
where

(A.35)
(A.36)

νπ π
−
2
4
A PPENDIX B

ϕ=x−

D ETAILS OF THE CALCULATION OF THE CUTOFF
FREQUENCIES
2

Assuming that at w → 0, (11) makes that (5) and (6)
are zero. We are left to solve for the system of equations (7)
and (8), where A2 and B2 are changed in term of A1 and
B1 according to (11). Here it is convenient to introduce the
function Fν (ub)
Fν (ub) = Jν (ub) − γa Nν (ub)

(B.37)

where the asymptotic form of wbKν ν (wb) have been used for
ν > 1.
We note that
2

 2

1
n21 + n22
n22 2
n1
1
2
(B.42)
+ 2
+ 2 2 + 4 k0
β =
u2
w
u4
u w
w
where β 2 have be written in term of u2 and w2 (see (4)).
Evaluating (B.41) for w2 → 0, we obtain

 (ν − 1)
Fν (ub) Fν (ub) − n20 + 1
(ub)2
h
i
νFν (ub) + (ub)Fν′ (ub)
= 0 (B.43)
for ν > 1.
Now, assuming that Fν (ub) 6= 0 and using the recurrence
relation for the Bessel functions, the cutoff frequencies are
calculated from

1 − n20
Fν−2 =
Fν
(B.44)
(1 + n20 )
for ν > 1. After writing explicitly Fν (ub), the cutoff frequencies of the HEν,m modes (12) is obtained.
K ′ (wb)
For ν = 1, the asymptotic behavior of wbK1 1 (wb) is logarithmic and in order to satisfy the relation (B.43), we have to
conclude that F1 (ub) = 0, which gives the cutoff frequencies
of the HE1,m modes (13).
Notice also that Fν (ub) = 0 will satisfy equation (B.43),
but will imply that at r = b, the axial electric and magnetic
fields are zero. This is the case for a standard fiber, and also
for EHν,m modes in RCF.
We now consider the situation where we have

where

Jν (ua)
(B.38)
Nν (ua)
Fν (ub) is a combination of the two Bessel functions Jν (ub)
and Nν (ub), and thus satisfy all the recurrence relations of Zm
of Appendix A.
Now, (7) and (8) can be written as


1 νβ
1
+
Fν (ub) =
A1
u2
w 2 b2
 ′

Fν (ub)
1 Kν′ (wb)
B 1 k0
+
Fν (ub)
(B.39)
ub
(wb) Kν (wb)
γa =


1 νβ
1
+
Fν (ub) =
u2
w 2 b2
 2

n
n2 Kν′ (wb)
A1 k0 1 Fν′ (ub) + 2
Fν (ub)
(B.40)
ub
(wb) Kν (wb)
The determinant of this system of 2 equations
2 2 2

1
ν β
1
2
+
[Fν (ub)] =
u2
w2
b4




1
ν
1 ′
2
Fν (ub) ×
+
F (ub) −
k0
ub ν
(wb)2
2(ν − 1)
 2



n1 ′
1
ν
2
Fν (ub)
(B.41)
F (ub) − n2
+
ub ν
(wb)2
2(ν − 1)
B1



A1 Jν (ub) + A2 Nν (ub) = 0

(B.45a)

B1 Jν (ub) + B2 Nν (ub) = 0

(B.45b)

Introducing the function Gν (ua)
Gν (ua) = Jν (ua) − γb Nν (ua)
where
γb =

Jν (ub)
Nν (ub)

(B.46)
(B.47)

Equations (7) and (8) are zero for w2 → 0 and we will solve
the system of equations (5) and (6), after writing A2 and B2
according to equation (B.45). Proceeding as before, we end
up with

 (ν + 1)
Gν (ua) Gν (ua) − n20 + 1
(ua)2
h
i
= 0 (B.48)
νGν (ua) − (ua)Gν′ (ua)
for ν ≥ 1. Gν (ua) 6= 0 in order to avoid finding a trivial
solution, the cutoff frequencies of the EHν,m modes can be
calculated according to

1 − n20
Gν (ua)
(B.49)
Gν+2 (ua) =
(1 + n20 )
where the recurrence relation was used in (B.48).
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0.8

A PPENDIX C
D ERIVATION OF THE SCALAR CUTOFF EQUATIONS

While this seems rather complex, we will show it can be
reduced to (20).
We first multiply both sides by Jν′ (ua)Nν′ (ua):
h
ih ν
i
ν
Jν′ (ua) −
Jν (ua)
Nν (ub) + Nν′ (ub) =
ua
ubi h
i
h
ν
ν
′
Nν (ua)
Jν (ub) + Jν′ (ub) (C.51)
Nν (ua) −
ua
ub
Then we use (A.30) to transform all the derivatives:
hν
i
ν
Jν (ua) − Jν+1 (ua) −
Jν (ua)
ua h
ua
i
ν
ν
Nν (ub) + Nν−1 (ub) − Nν (ub) =
ub
i
hubν
ν
Nν (ua) − Nν+1 (ua) −
Nν (ua)
ua h
ua
i
ν
ν
Jν (ub) + Jν−1 (ub) − Jν (ub) (C.52)
ub
ub
This simplifies to:
Jν+1 (ua)Nν−1 (ub) = Nν+1 (ua)Jν−1 (ub)

(C.53)

A PPENDIX D
R ELATION BETWEEN CUTOFF SEPARATION AND EFFECTIVE
INDEX SEPARATION

As stated in section IV-C, a rough idea of the separation
between the effective indices of the modes can be found
from the modal map. Effective index separation between
modes is often a design criteria for RCF, especially for OAM
mode propagation. Effective index separation correlates with
normalized frequency (V0 ) separation between modes. Modal
maps can serve as a first order approximation of normalized
frequency separation, and hence effective index separation.
Calculation of V0 at cutoff is computationally fast using
equations provided in table IV. These equations can be used as
the first step in the design process, restricting fiber parameters
(to be searched via computationally heavy simulations) to a
region with promising prospects for the desired effective index
separation.
Consider a modal map such as that in Fig. 4 or Fig. 5, with a
horizontal line fixing a value for the ρ parameter. The distance,
in terms of V0 , between the boundaries of two different modes
intersecting this horizontal line is what we call the cutoff
separation. Consider next the curve that gives normalized
propagation constants as a function of V0 , such as Fig. 2 or
Fig. 8. In these plots, the cutoff separation corresponds to the
horizontal distance between the two mode curves at βe = 0,
i.e., along the abscissa. We are interested in the separation in
terms of effective indices (or propagation constants) between

0.7
Normalized propagation constant ( )

Cutoff condition for scalar modes is given by (8) in [10],
and in a very similar form in equation (13) of [11]. Using our
notation, this equation is equivalent to:



ν Nν (ub)
Nν′ (ub)
ν Jν (ua)
=
+
1−
ua Jν′ (ua) ub Nν′ (ua) Nν′ (ua)



ν Jν (ub)
Jν′ (ub)
ν Nν (ua)
(C.50)
+
1−
ua Nν′ (ua) ub Jν′ (ua) Jν′ (ua)

0.6

0.5

ne

0.4

EH1,1

0.3

0.2

HE3,1
cuto
separation

0.1

0.0
0

1

2
3
4
Normalized frequency (V0 )

5

6

Fig. 8. Normalized propagation constant βe as a function of the normalized
frequency V0 , for RCF with ρ = 0.25 and n20 = 2.085.

two modes, for a given wavelength (i.e., a given value of V0 ).
We read this on Fig. 2 and Fig. 8 as the vertical distance
between two lines for a given V0 . Assuming that the curves
between two modes inside a given mode group (HEν+1,m –
EHν−1,m ) are roughly following each other, we can infer that
the greater the separation between cutoffs inside a mode group,
the greater the separation between their effective indices. This
is purely a qualitative inference that can be used as a rule of
thumb to find promising fiber parameters. These parameters
must be probed via numerical simulations of a fiber design to
verify the targeted performance.
A PPENDIX E
A SYMPTOTIC EXPANSION FOR THE CUTOFF OF HE1,m
In [18], equations (9.5.27)–(9.5.29) give an asymptotic
expansion of the sth zero of the cross-product function
Jν (z)Nν (λz) − Jν (λz)Nν (z)

(E.54)

Using z = ρV0 , λ = 1/ρ, ν = 1, and s = m − 1, we can
directly use this development to solve for the cutoff conditions
of the HE1,m modes. The first term of the expansion becomes:
V0 =

γ
sπ
(m − 1)π
z
≈ =
=
ρ
ρ
ρ(λ − 1)
1−ρ

(E.55)

On a similar way, we can develop the other terms of the
expansion as
ǫ=

p
q − p2
r − 4pq + 2p2
+
+
+ ···
ργ
ργ 3
ργ 5

(E.56)

where
(m − 1)πρ
1−ρ
21 (1 − ρ3 )
ρ
q=−
128 (1 − ρ)

γ=

3
ρ
8
1899 (1 − ρ5 )
r=
ρ
5120 (1 − ρ)

p=

However, we must be very careful when we use this,
because it becomes numerically unstable when ρ is small.
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funds at UniversitéLaval, Quéec, Canada. He has been a visiting professor
at the Physics Institute of So Carlos, Brazil; the Universitéde Bourgogne,
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